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Anomalous Self-Similarity in a Turbulent Rapidly Rotating Fluid
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Our velocity measurements on quasi-two-dimensional turbulent flow in a rapidly rotating annulus yield
self-similar (scale-independent) probability distribution functions for longitudinal velocity differences,
dv(€) = v(x + €) — v(x). These distribution functions are strongly non-Gaussian, suggesting that the
coherent vortices play a significant role. The structure functions {{Sv(€)]?) ~ €% exhibit anomalous
scaling: {, = £ rather than the expected ¢ p = £. Correspondingly, the energy spectrum is described
by E(k) ~ k=2 rather than the expected E(k) ~ k3.
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In large scale flows in the earth’s atmosphere and oceans
or in gaseous planets, the Coriolis force dominates other
forces and to lowest order is balanced by pressure gradi-
ents (geostrophic balance). The dimensionless number that
characterizes this regime is the Rossby number, the ratio of
magnitudes of the inertial term in the Navier-Stokes equa-
tion (u - Vi, where u is the velocity) to the Coriolis term
(2Q X u, where () is the rotation rate). For planetary
flows on large scales the Rossby number is typically in
the range 0.05-0.2, and turbulence in such flows is quite
different from three-dimensional (3D) turbulence in an in-
ertial reference frame. Our experiments on a rotating an-
nulus are the first to determine the statistical properties of
turbulence in a low Rossby number flow.

One of the most significant effects of rapid rotation
on a fluid is the two-dimensionalization of the flow [1].
Experiments have been recently conducted on quasi-2D
turbulence in several nonrotating fluid systems [2], and
simulations have been conducted on strictly 2D flows [3],
but turbulence in a low Rossby number flow is different
it is a special mathematical limit on the 3D Navier-Stokes
equations. Rapidly rotating flows contain large coherent
vortices and jets, and the interplay between coherent vor-
tical and/or wave motions and disorder is central to the
understanding of quasi-2D turbulence in these flows.

A major question regarding turbulence is whether the
statistics are self-similar across a wide range of spatial
scales. This is usually investigated by examining the
probability distribution function (PDF) of longitudinal
velocity differences between two points of separation €,
Sv(f) = v(x + €) — v(x), where v is along the line
connecting the two points. Self-similarity means that the
PDFs have a functional form independent of the separation
€. Self-similarity can also be determined from the scaling
of the velocity structure function, S,(€) = (|6v(€)|?") ~
¢%r: for any self-similar flow, ¢, will vary linearly with p
[1]. In particular, the theory for homogeneous isotropic
turbulence predicts that if a flow is self-similar, there will
exist an inertial range with ¢, = p/3 [1]. However, 3D
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turbulence is generally not self-similar [1]. In contrast, our
experiments on low Rossby number turbulence reveal a
self-similar flow with strongly non-Gaussian statistics and
anomalous scaling of the structure function, ¢, = p/2
instead of {, = p/3. We now describe these experiments
and results.

Our apparatus consists of an annular tank filled with
water and covered with a solid lid; the inner diameter
of the tank is 21.6 cm and the outer diameter is 86.4 cm
[4]. The depth of the tank increases from 17.1 cm at the
inner radius to 20.3 cm at the outer radius [5]. Flow in
the annulus is produced by continuously pumping water in
a closed circuit through two concentric rings of 120 holes
each in the bottom of the tank; the source ring is at a radius
of 18.9 cm and the sink ring is at 35.1 cm. The radially
outward flux from the pumping couples with the Coriolis
force to generate a counterrotating jet. The rapid rotation
leads to a flow that is essentially 2D except in the thin
Ekman boundary layers at the top and bottom surfaces [4].

In the present experiments the tank rotates at 11.0 rad/s,
sufficiently fast to produce an essentially 2D flow [4], and
the flux is 150 cm?/s, sufficiently large to produce turbu-
lent flow. The azimuthal velocity is measured using two
hot film probes that are inserted through the top lid and ex-
tend 1 cm into the water on opposite sides of the tank, mid-
way between the inner and outer walls. Each probe was
sampled at 150 Hz for periods of two hours, giving 10°
data points per probe for each run, and the measurements
were repeated four times, yielding a total of 8 X 10° data
points. Using the maximum velocity (Upax = 22 cm/s)
as the velocity scale and the distance between the forcing
rings (L = 16.2 cm) as the integral length scale, we cal-
culate the Rossby number (Upax/2€2L) to be 0.06 and the
Reynolds number Re to be 35000 (the Reynolds number
based on the Taylor microscale is Re, = 360).

Instantaneous 2D velocity fields were obtained using a
particle image velocimetry (PIV) system with a horizontal
light sheet at midfluid depth and a rotating camera above
the tank. Data were collected in sets of 50 instantaneous
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velocity fields, equivalent to approximately 3 X 10* veloc-
ity values at the radius of the hot film probes. Although this
sample size is inadequate for high order statistics, the spa-
tial information provided by the PIV measurements com-
plements the long velocity time series obtained with the
hot film probes. We also made PIV measurements at the
same rotation rate at a higher pumping rate of 550 cm?/s
(Re = 100000).

Two vorticity profiles obtained with the PIV system are
shown in Fig. 1. When the pump is first turned on, the
flow consists of rings of small cyclonic and anticyclonic
vortices that form above the sink and source rings, respec-
tively. Small vortices of like sign merge and grow, and a
counterrotating jet forms between the two rings. At long
times the merging process leads to large vortices, which
are larger at higher pumping rates (compare the two flows
in Fig. 1).

We compute energy power spectra from the velocity
time series data assuming Taylor’s frozen turbulence
hypothesis, which is applicable because the turbulent in-
tensity (ratio of the rms velocity fluctuation to the mean ve-
locity) is less than 10%. The spectra contain a region with
E(k) ~ k=2 (Fig. 2), in contrast with the Kolmogorov-
Kraichnan prediction of E(k) ~ k~5/3 [1] for the inverse
(energy) cascade of 2D turbulence. Spectra obtained from
PIV measurements of the azimuthal velocity at Re =
100000 yield the same scaling as the time series data,
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FIG. 1. Vorticity field at Reynolds number 35000 (Q =
150 cm?/s) and 100000 (Q = 550 cm?®/s) for rotation rate
11.0 rad/s. Vortices with a light (dark) center are cyclonic
(anticyclonic). The vortices are advected by the clockwise jet.
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although the PIV data are noisier (see upper curve in
Fig. 2).

The probability distribution functions for velocity dif-
ferences, dv(f), reveal that the flow is self-similar: mea-
surements for different separations € collapse onto a single
curve when normalized (Fig. 3). The PDF is far from
Gaussian. The enhanced probability in the tails is likely
due to the strong velocity differences [6] that arise as co-
herent vortices pass the probes. The standard deviation
of the velocity differences is given by Svyys(€) ~ € 172,
as seen in the insets of Fig. 3; this is consistent with
the anomalous scaling found for the energy spectrum,
E(k) ~ k2.

Despite the strong effects of rotation, our quasi-2D flow
is nearly isotropic in the plane: the standard deviations
of the azimuthal and radial components of the velocity at
the radial position of the hot film probes (obtained from
PIV measurements) are comparable, at 2.4 and 3.0 cm/s,
respectively. The velocity increments [Sv,(€)]ms and
[6vg(€)]ms are also comparable for a wide range of
separations € in the azimuthal direction (e.g., Ref. [7]).
The approximately circular shape of the coherent vortices
in Fig. 1 is further evidence for local isotropy of the flow.

Now we examine the structure function scaling, plotting
Sp as a function of €, as shown in Fig. 4(a). Consider the
region labeled A, from about 2 to 8 cm. While the range
in scales is narrow, the data yield values for the scaling
exponents {, that are clearly different from the expected
values: the slopes in region A of Fig. 4(a) are p/2 rather
than p /3 as shown in curve A of Fig. 5. There is also a hint
of another scaling region, labeled B in Fig. 4(a), but the
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FIG. 2. Energy spectra (arb. units) with dotted lines showing
the k53 inverse cascade and solid lines showing k2 behav-
ior. Fits of all of the hot film spectra in the range 0.1 < k <
1.22 cm™! give a slope of —2.04 + 0.06. The sharp spectral
peaks correspond to harmonics of the tank’s rotation rate, not to
dynamics of the flow.
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FIG. 3. Normalized probability distribution function for the
velocity differences, demonstrating self-similar behavior: data
for different separations (¢ = 0.6,4.6,9.2,17.3 cm) collapse
onto a single curve. The velocity differences are normalized
by their standard deviation (8v)y,s and the probability by its
maximum value, Py,,x. The standard deviation of the velocity
differences (see insets) scales as €%, where @ = 0.50 = 0.06
for Re = 35000 and o = 0.54 = 0.06 for Re = 100 000.

spatial range is too small to deduce a scaling exponent. The
transition between the two regions can be seen more clearly
in the plot of S;9/€>> vs € in the inset of Fig. 4(a) [8].

We also determine the relative structure function scaling
using Benzi et al.’s extended self-similarity (ESS) method,
where values of the exponent ratio ¢, /{3 are deduced from
the slopes of log-log plots of S, vs S3 [9]. This approach
extends the scaling range from 0.5 to 15 cm, as Fig. 4(b)
illustrates, and the ratios {,/{3 have the value p/3, as
they must for ESS scaling of a self-similar flow. The
exponent values £, deduced from the € dependence of S,
[region A in Fig. 4(a)] and from the ESS plot [Fig. 4(b)]
are compared in Fig. 5.

The only other experimental observation of self-similar
quasi-2D flow was by Paret and Tabeling [10]. They
observed near-Gaussian statistics and a Kolmogorov-
Kraichnan k%3 energy spectrum in an experiment on a
nonrotating thin layer of electrolyte in a magnetic field
[11]. A prediction of a steeper wave number dependence,
E(k) ~ k™2, has been made for a turbulent flow made
up of Lundgren spiral vortices that were not allowed
to stretch in the third dimension [12]. The k2 energy
spectrum has also been predicted by phenomenological
theories for rotating turbulent flow [13]. Further, a recent
direct numerical simulation by Smith and Waleffe [14]
of the 3D Navier-Stokes equations showed that rapid
rotation led to a quasi-2D flow with large scale vortices
and an energy spectrum steeper than k /3. We conclude
therefore that rotation and/or strong vortices (see Fig. 1)
are likely responsible for the anomalous k=2 energy
spectrum that we observe in our experiments.

The k2 energy spectrum apparently corresponds to the
inverse energy cascade of 2D turbulence. In the early
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FIG. 4. Even order structure functions (a) as a function of €
and (b) as a function of S3 (an extended self-similarity plot),
for the hot film data at Re = 35000. The graph of S;/¢>3
in the inset in (a) emphasizes the sharpness of the bend in Sj
at € = 2 cm. The data in (b) were fit over the range 5 X 1072 <
S3; < 10.

stages of formation of our flow, the inverse cascade is vis-
ible in the merging of small vortices to form larger vor-
tices. This process becomes less apparent in the later
stationary phase due to the presence of many other vor-
tical structures. But evidence for the cascade direction is
suggested by the sign of S3(€) since S3 > 0 implies an in-
verse cascade in a homogeneous isotropic flow. In our flow,
which is only weakly anisotropic in the plane, S3(€) > 0
for 1 <€ < 10 cm. The lower bound of the range is
the injection scale, corresponding to the distance between
the source holes (1 cm); the upper bound varies with the
pumping rate and is limited by the size of the system.

The p/2 value obtained for ¢, in our flow is possibly a
consequence of a cascade driven by a radial velocity shear.
This process would yield an energy flux & ~ vo(Sv))?/¥,
where vo would be a velocity governing the time scale
for the merging of vortices, v the azimuthal velocity, and
€ the azimuthal separation. For a scale invariant ¢, the
resulting pth order velocity structure function would have
the scaling exponent p/2.

In summary, this is the first laboratory study of the sta-
tistical properties of a rotating quasi-2D turbulent flow,
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FIG. 5. Scaling exponents £, as a function of p for region

A of Fig. 4(a), and from the extended self-similarity analysis,
Fig. 4(b). Region A, the inverse energy cascade region, yields
£, = (0.50 = 0.03)p, while the ESS analysis yields {,/{ =
(0.33 = 0.01)p, in accordance with the results of the direct
scaling in region A. The error bars show the standard deviation
of the eight separate data sets of 10° points.

and the results show surprising differences from nonro-
tating quasi-2D flows: our velocity difference PDFs are
non-Gaussian due to the presence of coherent vortices, yet
the PDFs are self-similar, collapsing onto a single curve
in the range 0.5 < € < 15 cm. Previous reports of self-
similar quasi-2D flow statistics showed very slight depar-
tures from Gaussianity and no large coherent structures.
The self-similarity is also evident in the scaling of the
structure function exponents, i.e., the exponent values in-
crease linearly with order. However, our exponents are
given by {, = p/2 instead of the expected p/3. Our re-
sults suggest that low Rossby number flows, such as large
scale planetary flows, may exhibit statistics different from
those of nonrotating 2D turbulence.
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