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Motiv ated by the variation of Coriolis e®ectson planetary scale°ows, we explore

rotating turbulent °ows in a 1 m diameter tank, as the rotation rate is varied. For

fast rotation (Rossby number Ro ' 0:1), the °ow becomesquasi-two-dimensional

(2D) and leadsto an inversecascadeof energy from the injection scaleto the scale

of the system. In the low-rotation case(Ro ' 1), the °ow is three-dimensional

(3D), and only small vortices are observed. A gradual transition is found in the

intermediate cases,wherestructures of increasingsizeare formed for faster rotation.

The statistics of the velocity increments are comparedfor the di®erent rota-

tion rates. We observe a transition from typical intermitten t behavior in the case

of the 3D °ow to scale-independent (self-similar) statistics for fast rotation. The

self-similar 2D statistics match the predictions for 2D turbulence when using the

relative (Sp vs. S3) scaling, but the scaling of the pth order structure functions

(Sp) with distance (`) display an anomalousslope Sp » `p=2. This scaling is further

con¯rmed by the slope of the energyspectrum, where E(k) » k ¡ 2.

The ¯ - and ° - tests of the hierarchical symmetry model [She and L¶ev̂eque,
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Phys. Rev. Lett., 72 p.336,(1994)] are alsoapplied. ¯ remainsconstant at ¯ ' 0:75

for low and high rotation rates, indicating °ows that are highly intermitten t in

both cases. The value for ° changesfrom ° 3D = 0:18 to ° 2D = 0:34 which is the

expected value for self-similar turbulence. The combination of thesestatistics with

quantitativ evisualization showsthat the coherent structures which populate the °ow

produce intermitten t statistics in all the casesabove, but that the intermittency is

scale-independent in the 2D case.

Finally, we apply the Beck-Tsallis nonextensive entropy [C. Beck, Physica,

277A p.115 (2000)]. The model is slightly modi¯ed and used to ¯r the velocity

di®erencehistograms, yielding a value for the nonextensivity parameter q. The

value of q is found to agreewith other 3D °ows for the low rotation rate. In the

caseof 2D °ows, we ¯nd a value which is nearly constant at q ' 1:32§ 0:03, thus

quantifying the departure from Gaussianscaling.
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Chapter 1

In tro duction
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This thesis addressesthe e®ect of rotation on turbulent °ows. Rotating

°ows are often of interest in turb o-machinery and other engineering applications

(e.g. rotating satellites), but the main motivation for the work described here is

the large-scalemotion in the atmosphereand oceans,or on other rotating planets.

These rotating °ows constitute very complicated systemswhere many parameters

can be of major importance, such asstrati¯cation or geometry. Complicated models

attempting to producedetailed predictions on short time scaleshavebeendeveloped,

but their predictive power is often limited. In the caseof weather predictions for

example,oneis often facedwith a compromisebetweenaccuracyand detail; detailed

predictions can be made for times on the order of a day, whereas only general

predictions can be made for times up to one week1.

In this work, we will follow the standard technique of simplifying the problem

to a minimal set of parameters, in order to make it tractable. A simpli¯ed experi-

ment such asourscannot makedetailed predictions, but it canprovide deeper insight

into the signi¯cance of the few components under study. Of the many variables that

changein geophysical °ows, we will concentrate on the e®ectsof rotation.

On planetary °ows, the e®ectof rotation can undergo signi¯cant changesas

a function of several parameters. Let us consider a few example °ows to explore

this variation:

First, let us compare atmospheric °ows on the Earth and on Venus. The

size of the two planets is comparable, but while the Earth makes a full revolution

once a day, Venus rotates with a period of 243 terrestrial days. Therefore °ows

with similar length and velocity scaleson the two planets would feel the rotation

200 times more on Earth than on Venus! The e®ectsof this di®erenceare visible in

the motion of the Venusian atmosphere,which rotates almost asa solid body in the

samedirection of rotation as the planet, but much faster than the solid core [34].
1Forecastersin Austin are known to predict a \50% chance of rain tomorrow": It might rain, or

it might not.
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Figure 1.1: Schematic representation of the circulation cells due to convection in
the atmosphere,and their dependenceon the local rotation component
(from Ref. [34]).

Another way that the importanceof rotation might vary is due to the planet's

curvature. We are interested in the Coriolis force on the °ow, and since that force

depends on a crossproduct of the rotation vector with the velocity, only the local

vertical component of the rotation vector is important. For this reason,the signif-

icance of rotation is maximum at the pole, while the Coriolis e®ectsvanish at the

equator. This variation has a signi¯cant e®ecton the motion in the atmosphere,as

sketched by Ghil and Childress [34] in Fig. 1.1.

The importance of the rotation is measuredby the Rossby number (Ro),

which can be thought of as the ratio of two time scales:The ¯rst scaleis the time

scaleassociated with the rotation (1=­, where ­ is the rotation rate in rad/s). The

secondtime scaleis the oneassociated with the °ow, e.g. the ratio of a typical length

to a typical velocity (L=U). The signi¯cance of the Rossby number will become

evident in later chapters, but for now let us say that by de¯ning Ro = U=2L­, a

small Rossby number indicates a °ow whereCoriolis e®ectsfrom the rotation of the

system are dominant.
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The other important parameter is the Reynoldsnumber, which comparesthe

inertial forces to the viscous forces in the °ows. The large size of the geophysical

°ows implies that the Reynolds numbers are usually very large. Therefore the

dependenceof the °ow characteristics on the Reynolds number is weak, since we

are always in the high-turbulence regime. However, the dependenceon the rotation

rate is signi¯cant.

As a ¯nal example, consider a river of width 100 m and with typical °ow

velocity 1 m/s. The corresponding Reynolds number is 108. Now consider an

atmospheric °ow, e.g. a wind, extending 10 km in width, and °owing at 10 cm/s

(36 km/h). This wind also has a Reynolds number of 108. To the uninitiated, the

Reynolds number similarit y would suggestsimilar °ows to the extent that we can

ignore the boundaries and the strati¯cation in the atmosphere. Owing however to

the Rossby number di®erence,these °ows are extremely di®erent! Assuming that

we are at 45± latitude, the local rotation is [­ e cos(45±)] where ­ e = 7£ 10¡ 5 s¡ 1 is

the rotation rate of the earth, so Roriv er ' 100 while Rowind ' 0:1. This indicates

that while the e®ectof the earth's rotation is 100 times smaller than the inertial

forcesin the caseof the river, Coriolis e®ectson the wind are 10 times greater than

inertial e®ects2. The variation in Rossby number meansthat even for a ¯xed Re,

the two °ows will have very di®erent \character".

It is this change in the character of the turbulence that we are interested

in examining in the course of this thesis. We will examine the switch by visually

observing the coherent structures in the °ows, and by recording long Eulerian time

serieswhich will shed light on the relationship between the structures of di®erent

intensities that make up the wide spectrum of the turbulence.

To explore these changes, one would like to keep all parameters constant

and only vary the Rossby number. Numerical simulations are sometimesused to
2The Rossby number can be extracted from the Navier-Stokes momentum equation by taking

the ratio of the nonlinear inertial term to the coriolis term

4



achieve such control, but simulations are limited in several ways. They cannot

reach the high Reynoldsnumbers that experiments can reach. They alsosu®erfrom

numerical instabilities when the separationof scalesis very high, as is the casewith

the important boundary layers in rotating °ows. The alternativ e controlled way

to vary a single parameter is experimental work that is sometimesreferred to as

\analog computing". In our experiments, we keep the geometry and the forcing

method ¯xed, and vary only the rotation and forcing rates in order to keep all

parameters¯xed and isolate the e®ectsof Rossby number on the °ows under study.

In a laboratory experiment, Reynolds numbers of 108 are very di±cult to

reach, but one can typically obtain Re ' 105. On the other hand, we are able to

achieve Ro < 0:1 by rotating the experiment rapidly, or we can rotate very slowly

and obtain Rossby numberslarger than 1. Sinceit is the Rossby number dependence

that we are interested in studying, our apparatus is uniquely positioned to look at

the questionsraised above.

In particular, one e®ect of rotation is to force the °ow to become two-

dimensional (2D). Since this is true for turbulent as well as laminar °ows (Chap-

ter 2), it is important to understand the theory of turbulence for 2D turbulence,

and in particular how it relatesto the traditional three-dimensional(3D) turbulence

theory. Chapter 2 starts by outlining the theory of 3D turbulence as developed by

Kolmogorov in 1941,after which Kraichnan and Batchelor's analysesfor 2D turbu-

lenceare described. The e®ectof rotation on °uid °ows is discussedin the second

half of the chapter (Sections2.3 and 2.4) from a theoretical, experimental, and nu-

merical points of view. What is known (or believed) about the e®ectof rotation on

turbulence is also described.

Probing the e®ectsof rotation variations on °ows is therefore analogousto

exploring the di®erencebetween 3D and 2D turbulence. The two regimesof tur-

bulent °ow are di®erent enough that there is somecontroversy about whether 2D
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°ows can be consideredturbulent at all! However, we are able to switch continu-

ously between3D and 2D °ows in our apparatus by varying the rotation rate. The

experiment and its subsystemsusedto produce and measurethe °ow are described

in Chapter 3.

The main di®erencebetween2D and 3D turbulence is the absenceof vortex

stretching in the 2D case.This stretching corresponds to the nonlinear term in the

Navier-Stokes equation, i.e. the term responsible for the transfer of energy among

di®erent scalesin the system. We achieve the 2D °ow by inhibiting the vortex

stretching to varying degreesby controlling the rotation rate. This transition and

the associated dynamical and statistical changesin the °ow will be the subject of

Chapter 4.

The dynamics of the 2D °ow are also interesting as a model of geophysically

relevant turbulent °ows, and also as a model for plasma turbulence. They are

explored in Chapter 5 where some surprising results are shown. These results,

previously unpredicted, point to a °ow which fails to obey someof the most solid

predictions of Kolmogorov's 1941 theory of turbulence, namely the 4/5th law. A

possiblereasonis given for this discrepancy, which involves the strong anisotropic

shearexperiencedby the vortices.

Finally, Chapter 6 explores the connection between turbulence and non-

equilibrium statistical mechanics. In particular, the di®erencebetween2D and 3D

turbulence is explored from the standpoint of the Tsallis non-extensiveentropy (big

words which will be explained in due time).

The discussionchapter then summarizesthe results in this thesis and gives

a brief list of interesting subjects that can be pursued as extensionsof this work, or

using this apparatus.
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Chapter 2

Theory and Literature Review

W
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Is the three dimensionalstructure of turbulence really important? Is the

stretching of vortex lines crucial? a sine qua non feature of the evolution

of turbulence?

(Phillip Sa®man,The Global Geometry of Turbulence, Impact of Non-

linear Dynamics)

This thesis deals with switching between three-dimensional (3D) and two-

dimensional (2D) high Reynolds number °ows in a rotating system. While much

work hasbeendoneon the 2D and 3D regimesseparately, the relation betweenthese

two kinds of turbulent °ow is complicated and badly understood. Rotating systems

o®er an ideal framework to explore the transition from 3D to 2D, since the fast

rotation forcesthe °ow to becomequasi-two-dimensional,and the 2D approximation

depends strongly on the rotation rate. We can therefore inhibit the motion in

the third dimension to varying degreesby rotating more or lessrapidly. As these

questions begin to be studied numerically, preciseexperimental measurements are

neededto comparewith numerical results. No experiments have explicitly addressed

the 3D-2D transition sincethe late 1980's,and our experiment should ¯ll this void,

and provide the ¯rst quantitativ e measurements of the transition.

This chapter starts by intro ducing someessential conceptsin turbulence the-

ory through a discussionof the 1941Kolmogorov (K41) theory. This theory provides

a statistical approach to the description of turbulent °ow, by searching for scalings

of variablessuch as the energyor the moments of the velocity di®erences.We begin

by intro ducing the lengths which bound the applicabilit y of Kolmogorov's theory in

the context of the energy cascadein Section 2.1.1. In Section 2.1.2, we look at the

processesin the cascadein more detail, by intro ducing the fundamental hypothe-

sesthat the theory is basedon, namely the self-similarity of the cascade. Finally,

deviations from K41 (usually in the form of intermitten t bursts) in experimental

measurements of 3D °ows are discussed. These deviations will be compared in
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future chapters with the behavior of 2D °ows.

After 3D turbulence, the theory and conceptsof 2D turbulence are developed

in Section 2.2, as intro duced by Kraichnan and Batchelor and others. Here, the 3D

forward energy cascadeis replaced with an inversecascadeof energy to the large

scales,and the questionsof self-similarity and intermittency are raisedin the context

of a turbulent °ow populated by long-lived coherent vortices. These initial theory

sectionscan be skipped by readerswho are already familiar with the basic ideasof

turbulence.

With these conceptsin hand, we then survey the e®ectof rotation on °uid

°ows, and derive the geostrophic equation by intro ducing the important dimen-

sionlessparameters of rotating °ows. Section 2.3 shows the classic argument of

the Taylor-Proudman theorem which predicts that a rotating °ow becomestwo-

dimensional. Finally, Section 2.4 addressesthe applicabilit y of this theorem to

turbulent °ows, and surveysexperimental, numerical and theoretical work that has

goneinto checking whether rotating turbulent °ows are two-dimensional.

2.1 Kolmogoro v '41 and 3D turbulence

In a broad sense,the engineeringapproach to turbulence is di®erent from

a physicist's approach. Engineers are usually interested in °ows interacting with

engineering structures, such as wall bounded °ows (aerodynamics) or pipe °ows.

They are also typically concernedwith the large, energy-containing scales[66]. In

contrast, physicists are more inclined to study the aspects of turbulence that are

universal, and this typically involvesmoving away from any boundaries,often con-

sidering the idealized caseof isotropic homogeneousturbulence which occurs at the

smaller scales.However, both the physicist and the engineeruseas their basis the

formalism intro duced in Kolmogorov's 1941(abbreviated as K41) theory of turbu-

lence,and the later corrections to it.
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The physicist's approach is adopted in this thesis. In other words, we use

statistical tools to look for deviations from K41, in a way that can shed light on

the detailed mechanisms at play in the bulk of the °uid. Since we are interested

in the di®erencesbetween turbulence in 3D and 2D, we need to ¯rst develop an

understanding of full 3D turbulence. This is done in this section where the most

relevant aspects of Kolmogorov's theory are intro duced. Someof the known results

in 3D °ows, including deviations from K41 are also discussed,in anticipation of

comparing to 2D °ows.

2.1.1 Length scales and the energy cascade

Two length scalesare important in K41: they describerespectively the largest

and smallest scalesat which the theory is applicable. We proceed in this section

following the description of Monin and Yaglom [65].

Let us imagine a °ow in a wind tunnel at very high Reynolds number, Re0;

let us also suppose,for simplicit y, that there exists a critical Reynoldsnumber Recr

at which turbulence starts1. Our wind tunnel °ow contains eddiesthat are about

the size of the tunnel. The relevant Reynolds number for these large eddies(Re1)

is slightly smaller than Re for the mean °ow, but if Re0 is large enough, then Re1

is still far above the Recr . If these large eddiescan transfer their energy to smaller

sizes, then the °ow will contain eddies at scale l2, smaller than the scale of the

largest eddies. The Reynolds number for that scale,Re2, is again smaller than Re1

but is still larger than Recr . One can imagine the processrepeating over and over,

until we reach a length scaleln at which the Reynolds number is around the same

order as Recr .

Kolmogorov used a similar argument to predict the existenceof a scaleat

which viscouse®ectsbecomeimportant [65]. He argued that at thesesmall scales,
1While this critical value might not be well de¯ned in the senseof dynamical systems, there

exists a range of values above which the °ow is clearly turbulen t.
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only length (´ ), viscosity (º ), and the mean rate of energy transfer (h" i ) are im-

portant quantities; this is known as the ¯rst universality hypothesis, sinceit should

apply regardlessof the large scale°ows in the system [33]. By dimensional anal-

ysis, the only length that can be extracted from the above three quantities is the

Kolmogorov length scale,

´ =
µ

º 3

h" i

¶ 1=4

: (2.1)

The \dissipation scale" at which most of the transfer of kinetic energy into heat

occurs is related to ´ , as noted by Libby who quotes the value 10 £ 2¼́ as the

length where viscous e®ectsbecome important [55]2. Nonetheless,´ is a useful

number characterizing the scaleabove which the turbulent °uctuations can be safely

interpolated, for example in numerical simulations [55].

In calculating ´ in an experimental situation, a major hurdle is to estimate

h" i . This is often done by using the formula for a shear°ow [55],

h" i ' 15
º

U2

* µ
@u
@t

¶ 2
+

; (2.2)

where U is the meanvelocity and u is the °uctuating velocity in the direction of U.

This equation is basedon the assumption of local isotropy and on the Taylor frozen

turbulence hypothesis. The h¢idenotesan appropriate average,usually ensemble or

time average.

Next, we turn our attention to length scalesmuch larger than ´ . The °ow is

boundedat the largest scalesby the systemsizeL , but the largest energycontaining

structures are typically slightly smaller than L . The integral scale, L i , is a measure

of these large scales,and it is de¯ned as the integral of the two-point correlation
2Frisch gives the value 30́ [33].
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function. For a stationary time seriesu(t), we can de¯ne the two-point correlation

as

R(¿) = hu(t) ¢u(t + ¿)i : (2.3)

The integral of R with respect to ¿, which convergesif the correlation decays fast

enough,de¯nes a time scale¿i , by equating

Z ¿i

0
d¿ =

Z 1

0
Rd¿; (2.4)

and solving for ¿i . By using Taylor's frozen turbulence hypothesis,¿i can be trans-

formed into a length scaleby using the identit y L i = U¿i . This length scale is a

useful measuredescribing the large, energy-containing scalesin the °ow.

The scalingsof K41 apply in the range bounded by the two lengths ´ and

L i , or the length scaleswhere both viscosity and boundary e®ectscan be ignored.

Energy must be conserved in this range, sinceviscosity is unimportant, and we as-

sumethat no energyis being injected at thesescales.This implies that in the steady

state, at a given wavenumber k, the amount of energy added to E(k) from smaller

wavenumbers (larger lengths) must equal the amount of energy\cascaded" down to

larger k (smaller lengths). This spectral range is known as the inertial subrange,

and it is characterizedby the presenceof the energycascadewhich transfers energy,

without loss, from larger to smaller length scales.

The dependenceof energy on wavenumber was predicted by Kolmogorov,

using dimensional arguments again, to scaleas

E(k) » Ckh" i 2=3k¡ 5=3: (2.5)

Here,Ck ' 0:5 is the (elusive) Kolmogorov constant which is believed to beuniversal

for 3D turbulence [91]. This energycascadehas beenveri¯ed over many decadesof
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scaling, for a wide variety of open and closed°ows, as shown in Fig. 2.1. The slope

of the energyspectrum is found to be very closeto ¡ 5=3.

2.1.2 Similarit y hyp otheses and structure functions

Kolmogorov's 1941theory of turbulence involvesthree assumptionsregarding

isotropic homogeneous°ows; by using theseassumptionsand dimensional analysis

arguments, Kolmogorov wasable to make quantitativ e predictions about the scaling

of certain quantities such asenergyE(k), or the moments of the velocity di®erences

(see below). Since the publication of the 1941 paper, a large part of turbulence

research has consisted of verifying the predictions and then re¯ning the assump-

tions by looking for deviations from theoretically predicted results. In this sense,

Kolmogorov's assumptions can be viewed as hypotheseswhich can be tested and

re¯ned. Frisch [33] presents the K41 theory using the three main hypotheses,quoted

here and discussedbelow:

² H1 In the limit of in¯nite Reynolds number, all the possiblesymmetries of

the Navier-Stokesequation, usually broken by the mechanismsproducing the

turbulent °ow, are restored in a statistical senseat small scalesand away from

boundaries.

² H2 Under the sameassumptionsas H1, the turbulent °ow is self-similar at

small scales.

² H3 Under the sameassumptionsas H1, the turbulent °ow has a ¯nite non-

vanishing mean rate of dissipation h" i per unit mass

Starting with the third hypothesis, we note that it is readily veri¯ed in 3D

°ows. This is the reasonwhy even very fast airplanes still experiencea large drag,

even though viscouse®ectsareminimal at such high Reynoldsnumbers. In 2D °ows,

it is not known whether this assumption applies, and this is a current research
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Figure 2.1: Compilation of measurements of the energy spectrum, E(k), from
many di®erent sources. Copied from Libby [55], originally appeared
in Saddoughy, 1992.
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question. There is also some controversy about its validit y in the true limit of

Re ! 1 , but this question is outside the scope of the current study.

In the ¯rst hypothesis,by small scaleswe meanthosemuch smaller than the

integral length, yet larger than the dissipation scale. The symmetries in question

are symmetries of time and spacetranslation, rotations, Galilean transformations,

etc. Theseappear as a result of the symmetries in the equationsand the boundary

conditions, are might be system speci¯c (e.g. in our rotating tank, we ¯nd an

\angular translation" symmetry). It is intuitiv ely obvious that these symmetries

are broken by turbulence, for exampleby considerthe time-translation of a velocity

time series. While a laminar time seriesmight be invariant under time translation

(at least for an integer number of the period, for a periodic °ow), a turbulent time

seriesnever repeats itself, and therefore the translational symmetry is broken for

any time step.

In order to proceedwith length scales,let us transform the time seriesto a

spatial record using Taylor's frozen turbulence hypothesis, and de¯ne the velocity

increment over a distance ` as

±v(x; `) = v(x + `) ¡ v(x):

By lack of translation symmetry, it is clear that ±v 6= 0 in general. These velocity

increments are a useful tool to consider, becausethey contain all the statistical

information about the °ow structure at the small scales[65]. The study of the

statistics of these velocity di®erencesand their high-order moments has becomea

standard approach to the study of turbulence in recent years. The pth order moment

or ±v, or structure function, is de¯ned as Sp(`) = h[±v(`)]pi . The statistics of these

structure functions allow us to test the recovery of the symmetries in a statistical

sense.
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Symmetry with respect to rotation is more commonly referred to as isotropy;

K41 assumesthat isotropy is recovered at small scales,even in a °ow which is

anisotropic at large scalessuch as a boundary layer °ow or a jet. Departures from

this assumptionare the subject of somecurrent research, and small correctionshave

been found [50]. Translation symmetry implies that the statistics are stationary,

sinceit implies that the results obtained do not depend on the starting point. This

allows us to usethe statistics of the structure functions and to replacetime averages

with ensemble averages.

It is the secondhypothesiswhich will concernus the most in this thesis. Self

similarit y implies that the velocity increments must possessthe scaling

h±v(¸` )i » ¸ hh±v(`)i (2.6)

for any3 ¸ , whereh is constant scaling exponent independent of ` or ¸ . The symbol

`» ' is used in the senseof scaling.

Scale-invariance also implies a power law scaling of the structure functions.

It can be shown that Eq. 2.6 implies that the structure functions Sp(`) have a

power-law dependenceon the distance; if we usethe notation ` = ¸` 0,

h±v(¸` 0)i » ¸ h `h
0

`h
0

h±v(`0)i (2.7)

which can be written as

h±v(¸` 0)i » `hh±v(`0)i ` ¡ h
0 : (2.8)

Sinceh±v(`0)i ` ¡ h
0 is a constant, we raise the equation above to the power p and drop

the proportionalit y constants, to obtain
3as long as ¸` is smaller than the integral length L i .

16



Sp = h[±v(`)]pi » `hp: (2.9)

A departure from the scaling above can therefore be interpreted as a violation of

one or both of the hypothesesH1 or H2.

In order to obtain the value of h, we invoke the so-calledfour-¯fths law. The

importance of this law comesfrom the fact that it is a rather rigorous result (few

assumptions), and that it contains important information about the mean energy

transfer rate, h" i . The law can be stated as follows [33]:

Four-¯fths law [33]. In the limit of in¯nite Reynolds number, the third

order structure function of homogeneousisotropic turbulence, evaluated for incre-

ments ` small compared to the integral scale,is given in terms of the mean energy

dissipation per unit massh" i (assumedto remain ¯nite and non-vanishing) by

S3(`) = h(±v)3i = ¡
4
5

h" i `: (2.10)

This relation immediately allows us to determine the value of the scaling

exponent h = 1=3. This leads to one of the fundamental and widely tested results

of the 1941Kolmogorov theory, namely that

Sp » ` ³ p ; (2.11)

and

³p = p=3: (2.12)

This is a very important result which we will return to in Section2.1.3 in discussing

3D °ows, and also in later chapters when we test the applicabilit y of this scaling in

the 2D and 3D °ows in our experiment.
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2.1.3 Bey ond K41

The generalpicture of Kolmogorov's theory of three dimensional turbulence

is as follows: If energy is injected into the °ow at some scale ki , it will cascade

without loss to larger k through the nonlinearities in the Navier-Stokes equation,

i.e. through the stretching and folding of vortex tubes. The energy scaling of this

cascadegoesasE(k) » k¡ 5=3 in the inertial range,until the Kolmogorov length is ´

reached, beyond which point the energyis dissipatedthrough the action of viscosity.

The cascadeis self-similar, meaning that the rate of energy transfer is constant for

all length scales,and one cannot distinguish the dynamics at any length in the

inertial subrangefrom other lengths. Furthermore, a point which has beenglossed

over is that the dynamics in the cascadeare assumedto be local in k space,meaning

that eddiesinteract with other eddiesof similar size.

Soon after 1941,Kolmogorov and others realizedsomeshortcomingsof K41,

leading to corrections to the theory, as well as new approaches to the modeling

of turbulence. Recently , the issueof self-similarity of the energy cascadeand the

related questionof intermittency havebeenthe subject of much attention. Structure

function exponents have beenmeasuredwith increasingly higher precision [3, 9, 54].

While they show a scaling range Sp » ` ³ p , the measuredvalues of ³p are clearly

di®erent from the prediction ³p = p=3; in fact, the ³p dependenceon p is not linear.

This is typically referred to as intermittency [66], and it is a sign of scaledependent

°ow statistics. In other words, the departure of the structure function scaling is

direct evidencethat one or more of the K41 hypothesesis incorrect, and it is H2

that is viewed as the culprit. One of the concernsof this thesis will be to discuss

intermittency and scale-dependencein more preciseways, by making the distinction

between the two. In particular, we will study the e®ectsof two-dimensionalization

on both the intermitten t behavior of the °ow and on the scale-dependenceof the

statistics.
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Several theories attempt to explain the departures from the K41 scaling

of the structure functions. Kolmogorov himself suggestedthe \re¯ned similarit y

hypothesis" in 1962,which replacedthe meanenergytransfer h" i with a local energy

transfer function " ` as a function of the length scale. Other models have also been

suggestedsuch as the fractal or multi-fr actal models. Thesemodelsassumethat the

eddiesof size ` do not ¯ll the whole spaceat that scale,but a fractal subset of it.

The details of all thesemodels are rather complex, and do not relate to the results

described in this thesis; the reader is referred to Chapter 8 in Frisch [33] for a review

of intermittency models.

One model that will be used to compare with our experimental results is

the She-L¶ev̂eque model [80], which gives a physical argument for the lack of self-

similarit y. The authors reason that as a vortex continually stretches and folds,

it eventually collapsesonto a singular line where the velocity gradients are very

large (in¯nite for zero viscosity). Thesecollapsedvortices were observed in simula-

tions [79] and experiments [27]. However, the She-L¶ev̂equetheory predicts that the

rate of energytransfer asa function of scalehasa hierarchical symmetry, whereby in-

tense\more intermitten t" structures are related to weaker,\less intermitten t" struc-

tures. The details of this model will bediscussedin Chap. 4. For now, wewill simply

quote the scalings that are derived in Ref. [80], namely for the structure function

exponents

³p =
p
9

+ 2
h
1 ¡ (2=3)p=3

i
; (2.13)

and the energyspectrum

E(k) » k¡ 5=3¡ 0:03: (2.14)

Naturally , a deviation of 0:03 in the energy spectrum is very di±cult to
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measureexperimentally . However, the valuesof the structure function exponents of

Eq. (2.13) match the experimentally obtained valuesvery well.

2.2 Tw o-dimensional turbulence

Theorists have found in 2D turbulence a simpli¯ed system in which to test

the ingredients of full 3D turbulence theories. Even though the two °ow regimesare

quite di®erent, understanding the di®erencesbetween them and the mechanisms

at work in the 2D casecan shed light on the importance of the 3D motions. In

particular, vortex stretching is a purely 3D phenomenonwhich is not allowed in

2D and as seenabove, vortex stretching is believed to be the main sourceof scale-

dependent intermittency in 3D °ows. By comparing 2D and 3D °ows, the e®ectsof

the stretching and folding of vortices can be isolated and understood better.

The di®erencebetween2D and 3D turbulence was¯rst addressedby Kraich-

nan in 1967 [49], followed shortly by Batchelor [6]. These authors realized that

the 2D and 3D regimeswere signi¯cantly di®erent, but Kraichnan cautioned that

\2D turbulence is nowhere realizable in nature", other than as an approximation

to the large scale processesin the atmosphere. Nevertheless, the application of

2D turbulence ideas to geophysical °ows has been a major motivation for workers

in the ¯eld. Since Kraichnan's early work, experiments and numerical simulations

have been used to verify the theory, and sometimesmotivate further theoretical

study. Recently , many papers dealing with the subject of 2D turbulence have been

published and this is an area of signi¯cant current interest in the physics literature.

A few aspects of 2D turbulence have attracted the most attention. This

section exposesthe most important discoveries, as well as the onesmost pertinent

to the rest of the dissertation. First, we discussthe existenceof the inverseenergy

cascade,by citing theoretical, experimental and numerical work. Then we turn our

attention to issuesof self-similarity and scale-dependence,and how they comparein
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2D with the 3D casediscussedabove.

2.2.1 The inverse cascade

Kraichnan's 1967 paper [49] usesarguments similar to Kolmogorov's 1941

theory, with the added constraint of two-dimensionality, to derive the new energy

transfer mechanisms: In the 2D inertial range, not only must we conserve energy,

we also have to conserve enstrophy and all powers of it 4. We de¯ne the enstrophy,

­, as

­ =
Z

! 2dk: (2.15)

This conservation is due to the fact that vortex stretching is not allowed in 2D °ows,

and viscosity is not important at moderate length scales(L i ¿ ` ¿ ´ ) so a patch

of °uid must conserve its vorticit y. It is interesting to note, furthermore, that high

Reynolds number 2D °ows are a good approximation to ideal °ow, where vorticit y

is a passive scalar that follows material motion [67].

The direct consequenceof energyand enstrophy conservation is the existence

of an inverseenergy cascaderather than the forward cascadeof 3D turbulence. A

reasoning for the inverse cascadeis given succinctly by Lesieur [53] as sketched

below, with the original theorem being due to Fjortoft [32]: Consider the two-

dimensional Euler equation in Fourier space, retaining only three representativ e

modes,k2 = 2k1 and k3 = 3k1. The energycontent of a given Fourier mode can be

written as E(ki ; t), and the energy transfer betweentimes t1 and t2 can be written

as ±E i = E(ki ; t2) ¡ E (ki ; t1). Using this notation, energyconservation implies that

±E1 + ±E2 + ±E3 = 0 (2.16)

4Enstrophy is a measure of vorticit y. The relationship between enstrophy and vorticit y is the
sameas the relationship between energy and velocity.
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while enstrophy conservation can be written as

k2
1±E1 + k2

2±E2 + k2
3±E3 = 0: (2.17)

Thesetwo equationscan be solved simultaneously to give

±E1 = ¡
5
8

±E2 ; ±E3 = ¡
3
8

±E2 (2.18)

and

k2
1±E1 = ¡

5
32

k2
2±E2 ; k2

3±E3 = ¡
27
32

k2
2±E2: (2.19)

If ±E2 < 0, meaning that the middle wavenumber is losing energy, more

energy will transfer to k1 than to k3 and more enstrophy will transfer to k3 than

to k1. This indicates that the sign of the energy transfer is mostly from k3 (large

wavenumber) towards k1 (small wavenumber), indicating a cascadeof energy of

opposite sign to the Kolmogorov cascadein 3D. In practice, this meansthat when

small eddies form, they continually grow in size until they reach the size of the

systemthey are in. This also meansthat the sign of h" i , assumedto be positive for

3D °ows, will be negative in the 2D cascade.However, the dynamical details of the

inversecascadewere not discussedby Kraichnan: He did not proposea mechanism

for the energy to transfer to large scales.This is still a point of debate, and might

well depend on the speci¯c system.

If a °ow is forced at a wavenumber ki , Kraichnan's theory predicts that

most of the energywill transfer to smaller wavenumbers, or larger length scales.By

assumingconstant energy °ux and random vortex interactions, one can show that

the energy in the inversecascaderange, k < ki , must scaleas E » k¡ 5=3, similarly

to the 3D case (see Fig 2.2). Conversely, enstrophy cascadesfrom k i to larger
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Figure 2.2: Sketch of the 2D energy cascade. The inversecascademoves energy
from the injection scaleto low k, while the enstrophy cascadesto high
k. Figure by E. Weeks[101], after Lesieur [53].

wavenumbers, where it is dissipated by viscosity. The slope of the energyspectrum

in this range was predicted by Batchelor to be E » k ¡ 3[6], although corrections to

this result exist and will be discussedbelow.

Note that the inverse cascadeis time-dependent; the scale of the largest

eddies(kE ) continues to grow inde¯nitely with time in an unbounded system. In

a real system, the cascademust stop once it has reached the size of the container.

At that stage,energy must be dissipated through somemechanism, or otherwise it

will condenseand the slope of the spectrum will increase.Kraichnan recognizedthis

piling up of energy, and noted that it is \ analogousto the Einstein-Bose condensation

of a ¯nite two-dimensional quantum gas[49]."

We will now turn to numerical and experimental veri¯cations of the 2D cas-

cade as presented in the theory above. These veri¯cations came many years after

the original publication of the theory, due to the di±cult y of setting up 2D exper-
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iments. We will concentrate here on the forced turbulence case; contrary to 3D

turbulence, where decaying and forced °ows are similar, the inversecascadeof 2D

turbulence is time-dependent. In the forced case,the cascadewill continue to reach

lower wavenumbers until the system size is reached, while this cannot occur in the

decaying case,sinceno energy is being intro duced in the system [66].

Numerical veri¯cation

Several factors make numerical simulations of 2D turbulence much easier

than 3D simulations. While achieving a given resolution in a 3D simulation requires

n3 grid points, 2D simulations only require n2. This allows n to be as high as 2048

in 2D simulations on current computers, higher than in the 3D case[12]. However,

other important factors also a®ect the abilit y to simulate large Reynolds number

°ows; since energy cascadesto larger scalesin 2D, one does not face the same

limitations as in 3D simulations where a higher Reynolds number meansthe need

for ¯ner resolution. In fact, most of the energy in a 2D turbulent °ow is contained

in length scaleslarger than the injection scale, which means that the necessary

resolution of the calculation is almost ¯xed regardlessof the Reynolds number.

The temporal resolution is still a®ectedby the typical °ow velocities, but this is a

lessimportant constraint. For this reason,even early simulations of 2D turbulence

(e.g. [83]) provided important insight into the nature of high-Reynolds number 2D

°ows.

Siggia and Aref [83] used vortex methods to simulate a 2D °ow and were

able to reproduce the inverse cascadeof energy, as early as 1981. More recently ,

Smith and Yakhot [86] studied the details of the inversecascade,and they found

that vortices grew to reach the size of the system. These vortices were found to

causea steeper energyspectrum, consistent with the \condensation of energy" sug-

gestedby Kraichnan. Finally, Bo®etta et al. [12] also obtained the expected energy
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spectrum for the inverseenergy cascaderange, before the vortices reached the size

of the system. The authors in [12] also checked the validit y of the 2D equivalent to

Kolmogorov's four-¯fths law (seederivation in [10]), which states that

S3(`) = +
3
2

h" i `: (2.20)

The agreement between the simulations and the value of S3 was quite good over

almost a decadeof scaling.

The papers above concentrate on what the authors term \the inverse cas-

cade regime", or the transient regime before the energy buildup has reached the

largest scalesin the system. At long times, Bo®etta et al note that they never see

any vortices of size larger than the injection scale,con¯rming earlier experimental

observations [69] that \ the inverse cascadedoesnot proceed by vortex merging", but

rather by the formation of clusters of small vortices [12].

Most other simulations in the literature were interested in decaying 2D tur-

bulent °ows (e.g. [20, 22, 60]). While the details of decaying turbulence are quite

di®erent from those of forced turbulence, we note that the authors do ¯nd the ex-

pected slope of the energyspectrum, namely E(k) » k¡ 5=3.

In the enstrophy (forward) cascaderegime, the scaling is much lesscertain.

Soon after the publication of the Kraichnan-Batchelor theory, Sa®manproposed

the scaling E(k) » k¡ 4 for °ows with coherent vortices present [76]. Sa®man's

physical argument is that the coherent structures can trap the energy and keep it

from escapingto small scales,and thus they inhibit the forward cascadefurther.

Resolving the enstrophy cascadein simulations has proved di±cult, due in

part to the fact that simulations that resolve the large (energetic) scalestypically

havea limited scalingregionfor the enstrophy cascaderange,making it moredi±cult

to obtain a clear scalingexponent. Recently however, Laval et al. [51] found that the

dynamics of the small scalesin the °ow are nearly passive, meaning that the small
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scalestructures are simply advectedby the large scalemotions. This correspondsto

a non-local interaction, since large and small vortices are interacting directly [51].

They measuredan exponent closeto ¡ 3:5 in the enstrophy cascade,in the presence

of large and small scalestructures.

Exp erimen tal veri¯cation

Experimentally , the situation is reversedfrom simulations. Turbulent °ows

naturally tend to become3D, making 2D turbulence experiments challenging to

design and to run. In order to achieve a quasi-2D °ow in an experiment, one of

three major techniques is used:

² Strati¯c ation, in a broad sense.Theseexperiments can be motivated by geo-

physical continuousstrati¯cation [30], but soap¯lms [24,14]and thin layer [70]

experiments also fall under this category. Theseexperiments favor structures

and vortices which are thin in the direction of the strati¯cation gradient and

wide in the plane of constant density, sometimesreferred to as \pancake" vor-

tices. There is some evidenceto suggestthat spots such as the Great Red

Spot on Jupiter are indeed wide and thin due to strati¯cation.

² Rotation, as usedin our case,and as discussedin depth below.

² A magnetic ¯eld is used in conjunction with conducting °uids, in magneto-

hydro-dynamics (MHD) experiments [88]. Here, the 2D approximation im-

proveswith the strength of the magnetic ¯eld, similarly to the rotating °ows

discussedbelow. The forcing can be electrical or thermal.

Before we describe the experiments, an important distinction needsto be

made about 2D °ows as they are studied theoretically or numerically, versusquasi-

2D turbulence produced in experiments and in nature. While the theoretical and
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numerical studies focus on the Navier-Stokes equations in two dimensions,experi-

mental realizations of 2D °ows are done by removing (or reducing) the dependence

on the third dimension. In rotating °ows, aswe will seebelow, this is doneby align-

ing the vortices with the axis of rotation. Therefore we are left with a °ow which

extends in the third direction, but where the derivatives vanish along the axis of

rotation due to the socalled geostrophicconstraint. This is a di®erent mathematical

limit than the problem of 2D Navier-Stokes,and there are no fundamental reasons

to expect that they should reduce to the sameone. The two limits are similar in

several respects such as the lack of vortex stretching, but it is not necessaryfor

columnar vortices to interact with each other in the sameway as purely 2D vor-

tices. This distinction is especially important in the quasi-2D casesfor intermediate

rotation rates.

Somelandmark experiments have been performed over the years providing

support for Kraichnan's theory, and possibly motivating some corrections to it.

Of these experiments, Sommeria's 1986 measurement of the scaling in the inverse

cascaderegion was the ¯rst [88]. This experiment was performed in a magnetically

con¯ned mercury square,and though the scalingregion wasrather small, it provided

the ¯rst experimental observation of a scaling region at length scaleslarger than

the injection length, and his scaling was consistent with the k ¡ 5=3 scaling of the

Kraichnan theory.

It took 12 years before the next important experimental work came out

testing Kraichnan'67. Advancesin imaging techniques, Particle Image Velocimetry

in particular, provided the opportunit y to obtain instantaneous velocity ¯elds on

a plane slice. This is a limitation for 3D turbulence, but in the caseof 2D °ows,

the technique provides all the necessaryinformation to analyze the °ows. This

technique wasusedby Tabeling and his co-workers in a seriesof papers that studied

the turbulent motions in a thin layer of electrically conducting brine (seee.g.[70]).
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The experiment consistedof two stably strati¯ed layers of salt-water, the top layer

being quasi-two-dimensional becauseof the high aspect ratio and becauseof the

lack of direct wall friction. They used ¯xed magnets below the electrolyte and a

°uctuating electrical current to force the °ow. The location of the magnetswasused

to determine the forcing length.

Paret and Tabeling measureda time-dependent inverse cascadeof energy

from the injection scale to the largest scale in the system [69], shown in Fig. 2.3.

They showed a time-dependent buildup of the energy from the start of the exper-

iment, starting from the injection length and extending to the size of the trough.

The intermediate-time spectrum had a pro¯le consistent with E » k ¡ 5=3. In some

cases,at long times after the forcing was started, the authors found a piling up of

energyat the low wave numbers, further supporting Kraichnan's theory. They also

noted that the individual vortices did not merge together to form a larger vortex,

but that small vortices of the samesign orbited each other in groups of vortices.

Later, the samegroup studied the forward enstrophy cascade,by rearranging

their forcing length so that it was comparable to the sizeof the system [68]. Their

energy spectrum in the enstrophy cascaderange showed a scaling closeto E(k) »

k¡ 3. However, they were not able to obtain an inverse and a forward cascade

simultaneously, due to the limited sizeof their experiment compared to the sizeof

the forcing magnets.

Studies of 2D turbulence in soap ¯lms have also recovered the inverseand

forward cascades.Rutgers showed that a soap¯lm that was stretched betweentwo

wires °owed through a grid, it produced the expectedshape of the energyspectrum

shown in Fig. 2.2 [75]. This 2D \soap tunnel" is gravit y driven, where the driving

strength can be varied by changing the vertical tilt of the wires. This setup has

been used in other experiments to study the dynamics of 2D turbulence [100, 25],

although the validit y of the 2D approximation in soap ¯lms is questionable. Some
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Figure 2.3: Time dependent inversecascade,from Ref. [69].
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critics of soap¯lms claim that thicknessvariations are too important, while others

note that the drag from the air cannot be ignored [14]; hencethe problem is really

three-dimensional. However, soap¯lms do display many of the featuresof 2D °ows,

such as an inversecascadeand the stabilit y of large coherent vortices.

Alternativ e approaches to the Kraichnan-Batchelor theory do exist for 2D

turbulence. In 1971, Sa®man[76] proposedan alternativ e scaling for the forward

enstrophy cascadeearly on. Another notable addition is the work of Gilb ert [36, 35]

who extended the theory of Lundgren spiral vortices for a 2D °ow. The spiral

vortex model was intro duced by Lundgren in 1982, and re¯ned in 1993 [57]. It

models a turbulent °ow as a collection of isolated vortices of di®erent agesand

sizeswhich interact with each other. Focusing on one vortex in an initially random

¯eld of vortices, the shearexperiencedby this vortex from the rest of the °ow will

causeit to stretch, at which point the vorticit y from the vortex itself will fold the

stretched lobes back in, thus creating a spiral. By using conservation of massand

other physical arguments, Lundgren wasable to predict the rate at which the vortex

should stretch, and he was able to recover the energy spectrum of 3D turbulence

predicted by Kolmogorov.

Gilb ert [36] used the same model but forced the vortices to have a zero

stretching rate in the axial direction, which is the casefor a 2D columnar °ow. In

this case,the energy spectrum should vary signi¯cantly over di®erent parts of the

°ow and might show discontinuities in k. However, the energy spectrum averaged

over many realizations and for sizes much larger than individual spiral vortices

should scale as E(k) » k¡ 2, in contrast with Kraichnan's predicted scaling. No

experiments or simulations have yet reported °ows consistent with the 2D spiral

vortex model, although as we shall seein future chapters, our °ows display someof

the scaling characteristics.
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2.2.2 Self-Similarit y and in termittency

We have seenabove that 3D turbulence is not self-similar. This is measured

by the scalingof the structure function exponents which show a clear departure from

the K41 scaling ³p = p=3. Another sign of the scaledependenceis the shape of the

Probabilit y Distribution Functions (PDFs) of the velocity increments ±v(`), which

changeshape from a stretched exponential at small scales(small `), to Gaussianat

large scales[3]. In a velocity time seriesrecord, this scaledependenceis related to

intermitten t bursts of high velocity di®erences.Thesejumps in velocity are thought

to be due to the sweeping by of intense structures by the mean °ow, such as thin

vortex cores. However, direct simultaneousmeasurements of the velocity di®erences

and the structures sweeping-by are not yet available.

Sincevortices in 2D turbulence cannot stretch in the axial direction, onedoes

not expect 2D turbulence to show scaledependence(or intermittency) in the way

that 3D turbulence does. This fact has been veri¯ed experimentally by Paret and

Tabeling [70] in the inversecascaderegime,by using their strati¯ed °ow experiment.

Although the error bars in their experiments are large, they measurestructure func-

tion exponents which scale with p consistently with the K41 prediction ³ p = p=3

as shown in Fig. 2.4. However, the authors here take care in pointing out that the

small vortices in their °ows do not mergeto create larger vortices, but that instead

they orbit each other and form clusters of small structures.

Numerical simulations also support the view of self-similarity in the inverse

cascaderegime. Early simulations by Siggia and Aref [83] suggestedthe fact, but

later Smith and Yakhot [87] found that intermittency wasabsent in the initial stages

of the °ow evolution. Bo®etta et al. [12] also studied the scaledependenceof the

°ow in the \in versecascaderegime", before the onset of large-scalecondensation,

and found results in agreement with the view that 2D °ows are self-similar. Their

results show velocity di®erencestatistics that are nearly Gaussian at all scalesin
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Figure 2.4: Relative structure function exponents from Ref. [70].

the inertial range.

However, the question is not yet settled in the presenceof coherent vortices.

As we have seenabove, 2D turbulence is naturally conducive to the formation of

large structures through the inverse cascade. The lack of e±cient dissipation at

theselarge scalesmeansthat the vortices that form tend to be long-lived, and their

presencea®ectsthe °ow statistics signi¯cantly . In addition to a®ecting the slope

of the energy spectrum in the enstrophy-cascaderange, the onset of the vortices

was found to produce intermitten t statistics in Ref. [87]. Furthermore, soap ¯lm

experiments have measuredintermitten t statistics, i.e. scalingexponents ³ p varying

nonlinearly with p [100, 25].

The e®ectof the coherent vorticescanbe thought of asfollows: The turbulent

background °ow is madeup of small scalerandom °uctuations. Superposedon this

background are the coherent structures which contain most of the energy in the

system,and which drift around and interact with each other by merging or breaking

up. A small vortex in such a °ow can get shearedby the circulation of the larger

vortices, and such a vorticit y patch would be deformed and folded in the plane to

add to the small scale,\high frequency", vorticit y background. This has led to the
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coining of the expression\laminar drops in a turbulent background" as a way to

think of the long-livedvortices [77]. If we imagineplacing a hot ¯lm probe in the °ow

and measuringa velocity time series,we would seea switching betweenthe coherent

structures and the turbulent background in the time record as the °uid sweepsby.

This switching might be scale-dependent, since the statistics in the vortices can be

very di®erent from those in the background.

Somenumerical simulations support the above picture of coherent structures

in 2D turbulence [47, 61, 87]. The issue of self-similarity and intermittency has

not beenaddressedfor a °ow which has a clear distinction betweenlong-lived large

structures and small scaleturbulence. The study of such a systemwill be oneof the

main contributions of this thesis.

2.3 Rotating °o ws

At this point, we take a step away from turbulence to look at the necessary

background on rotating °ows. Over the years, several experiments have studied

rotating °uids, some looking to understand speci¯c geophysical situations, while

others attempting to answer basic questions about the °uid dynamics. A famous

example of the ¯rst type is the large (14 m diameter) rotating Coriolis-tank in

Grenoble (France), which was originally built in the late 1960sto model tidal °ows

in the English channel5. Below, we will concentrate on the experiments investigating

basic °uid dynamics questions.

Perhapsthe most intriguing principle in rotating °uid dynamics can be sum-

marized by the Taylor-Proudman theorem. This theorem states that in a rotating

°ow, the velocity derivativesvanish in the direction parallel to the axis of rotation for

fast rotation. We sketch the derivation of the theorem in the next section, followed

in Subsection2.3.2 by a discussionof other aspects of rotating °ow experiments.
5seehttp://www.Coriolis-legi.org/default.h tm for more information on this experiment.
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Specially, we intro duce the Beta-plane approximation used in many geophysically-

motivated experiments.

2.3.1 Taylor-Proudman theorem

The Taylor-Proudman theorem is described in detail in many textb ooks (see

e.g. [38, 71, 96, 53]) and can be derived as follows. We start with the Navier-Stokes

equationsin a rotating frame, which includes the Coriolis (¡ 2­ £ u)and centrip etal

(¡ ­ £ (­ £ r )) force terms,

@u
@t

+ u ¢r u = ¡
1
½

r p + º r 2u ¡ 2­ £ u ¡ ­ £ (­ £ r ): (2.21)

The centrip etal forceterm canberewritten asa potential, ­ £ (­ £ r ) = (1=2)rj ­ 2r 2j,

thus allowing us to combined it with the pressureterm, yielding an e®ective pressure

(pef f = p + j­ 2r 2j).

Next, we non-dimensionalizeEq. 2.21. By using characteristic dimensionsL

for length, U for velocity, L=U for time, and a characteristic pressureP, we obtain

U
2­ L

Du¤

Dt¤ =
¡ P

2½UL­
r ¤p¤ +

º
2­ L 2 r ¤2u¤ ¡ ẑ £ u¤; (2.22)

where the starred variables are dimensionless.Here, the standard notation is used

for D
D t for the material derivative [67].

It is useful to de¯ne the following dimensionlessnumbers, taken from the

above equation. First, the Rossby number is de¯ned asRo = U=(2­ L ); it compares

the importance of inertial e®ectsto Coriolis e®ects.Ro À 1 meansthat the rotation

is not important, while Ro ¿ 1 means that the °ow is rotation-dominated. For

example, even though at one revolution per day the earth is turning slowly, the

characteristic lengths in the atmosphere make the Coriolis e®ectsimportant; the

Rossby number is approximately 0.1 in both the atmospheric jet stream and the
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Gulf stream. In our experiment, we compensatefor the small size of our setup by

rotating rapidly, up to three revolutions per second.

The Ekman number, de¯ned as Ek = º
2L 2 ­ , comparesthe e®ectof viscosity

to that of rotation. A small Ek meansthat viscouse®ectsare not important in the

°ow. On a typical geophysical scale,the Ekman number is often smaller than 10¡ 9,

which is not achievable in a laboratory experiment. However, an Ekman number of

10¡ 5 is typical in the lab, meaning that the viscouse®ectsare indeed negligible.

Related to the Ekman number is the Ekman spin-down time, de¯ned as

¿E k = h0=2(º ­) 1=2 = Ek¡ 1=2­ ¡ 1. If the tank rotation rate is varied with no other

forcing, the °ow would exponentially reach solid body rotation with characteristic

time ¿E k . More generally, the Ekman spin-down time is a measureof how soon the

bulk of the °ow will feel a changein the top and bottom boundary conditions. For

a rapidly rotating tank, this time scaleis typically orders of magnitude faster than

the di®usive time, due to the advection of bulk °uid through the Ekman boundary

layer. This mixing between the boundary layer and the bulk is known as Ekman

pumping.

In the limit of small Ro and Ek, Eq. 2.22 simpli¯es to

2­ £ u = ¡
1
½

r p (2.23)

which is known as the geostrophicequation. From this equation, we can show that

a rotating °ow becomes2D as follows: First, take the curl of both sides of the

equation, which yields

r £ (­ £ u) = 0: (2.24)

By expanding the above equation and invoking incompressibility and continuit y

(r ¢u = 0), the di®erent terms can be discarded,and we are left with
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­ ¢r u = 0 (2.25)

which says that the derivative of the velocity vanishes in the direction of ­. In

other words, if ­ = ­ ¢ẑ, then @u=@z = 0. This is the Taylor-Proudman result,

which states that in the limit of high rotation, the velocity derivatives vanish in

the direction of the rotation axis. If in addition we have solid boundaries, then the

velocity in the ẑ-direction vanisheseverywhere. Note that Eq. (2.25) is a constraint

on the motion, not an evolution equation. The °ow solution u(r ; t ) is still given by

the solving the full 3D equation of Eq. (2.21).

The applicabilit y of the Taylor-Proudman theorem is questionable for the

caseof turbulent °ow, since the theorem's derivation ignoresboth the time deriva-

tiv e and the nonlinear terms in the Navier-Stokes equation. In other words, the

geostrophicequation (Eq. 2.23) is simply a balancebetween the Coriolis and pres-

sure terms, and cannot describe the evolution of the °ow ¯eld in time, or the tur-

bulent energy cascadewhich is due explicitly to the nonlinear terms. However, the

two-dimensionalizationof a turbulent °ow through rotation has beendemonstrated

experimentally and numerically as discussedbelow.

Finally, we intro duce one more parameter that is relevant to rotating °ows.

The Rossby number, as de¯ned above, is a macroscopicmeasureof the importance

of rotation on the °ow; we will refer to it as the global Rossby number, Rog. An

alternativ e de¯nition is the local Rossby number, Rol = ! =2­, which is a function

of the local vorticit y ! . For a given vortex in a rotating °ow, this number tests the

strength of the vortex rotation rate comparedto the rotation rate of the system. In

other words, will the Coriolis e®ectsfrom the vortex rotation be stronger or weaker

than those from the rotation of the system?

The local Rossby number can also be thought of as a ratio of time scales,

wherethe rotation period ­ ¡ 1 is comparedwith the vortex turnover time ! ¡ 1. With

36



the availabilit y of completevorticit y ¯elds through computer advancesin simulations

and experiments, one can make use of the local Rossby number which does not

involve the subjective choice of a length and velocity scales.

Therefore, three time scalesare important in characterizing a rotating °ow.

They are the rotation rate of the system, the vortex turnover time, and the Ekman

time. For °ow to be 2D, these time scalesneed to be strongly separated,with the

relation

¿E k À ! ¡ 1 À ­ ¡ 1: (2.26)

This relation is satis¯ed in our experiment by design. The height of the tank was

designedsuch that the Ekman time is around 80 s, always large compared to the

period of rotation of the tank, which is on the order of 1 s. Finally, a Rossby number

of 0.1 meansthat the turnover time for the vortices is around 10 s, well separated

from both ¿E k and ­ ¡ 1.

2.3.2 Poten tial vorticit y

We now turn our attention to a di®erent aspect of rotating °ow experiments,

especially thosethat model geophysical °ows. In a geophysical context, the potential

vorticit y is a conserved quantit y that plays a central role [71]. This quantit y consists

of the local vorticit y of the °ow plus the local Coriolis e®ect from the planetary

rotation, which varies with latitude. The potential vorticit y q on a spherical planet

can be written as

q = ! + f = ! + 2­ sinµ; (2.27)

where ! is the local vorticit y of the °uid, ­ is the rotation rate of the planet, and

µ is the latitude. The parameter f = 2­ sinµ is called the Coriolis parameter.
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In many geophysical experiments, one is interested in modeling the °ow near a

certain latitude. By Taylor expanding Eq. 2.27 near a latitude µ0, and recalling

that sinµ ' sinµ0 + (cosµ0)y=R, where y = (µ ¡ µ0)=R is the distance north of the

referencelatitude and R is the radius of the planet, The equation for the potential

vorticit y then becomes

q = ! + 2­ :µ0 + ¯ y + H:O:T:; (2.28)

where ¯ = 2­ cosµ0=R is a constant. From Eq. (2.28), it can be shown that the

variation of the Coriolis parameter f with latitude can be modeled to ¯rst order

by a linear variation of the height of the rotating system, with a slope ¯ [71].

This approximation is known as the \Beta-plane" approximation. Conservation

of potential vorticit y then implies that a vortex which travels in the direction of

increasing y must reduce its vorticit y in order to conserve its potential vorticit y,

and vice versa.

A sloped bottom has beenusedin many experiments to model the variation

of Coriolis parameter with latitude. This beta plane also intro ducesa new length

scaleinto the problem, the Rhines length [74],

¸ ¯ = (Uh0=s­) 1=2; (2.29)

where h0 is the mean height of the tank. For laminar °ows, this is the length at

which the sloped bottom e®ectsbecomeimportant, causingthe existenceof the so-

called \barotropic instabilit y" in the °ow [89]. In turbulent °ows, the signi¯cance of

the Rhineslength is a matter of somecontroversy. Shepherd[82] statesthe generally

acceptedview that the inversecascadein a rotating °ow stopsat the Rhines length,

and energy that builds up at this length is radiated in the form of inertial Rossby

waves, rather than continuing to cascadeup in the traditional manner.
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2.4 Is rotating turbulence two-dimensional?

In this section, we start by giving an overview of the rotating turbulence

experiments, of which none have been reported recently . Afterwards, we turn our

attention to forced 3D rotating °ow simulations. In all of the discussionbelow,

we avoid studies of decaying turbulence, for the reasonsdiscussedabove for 2D

turbulence. Furthermore, experiments on decaying turbulence are mainly concerned

with rates of decay and the emergenceof anisotropy, issuesthat do not concernus

in the forced case.

2.4.1 Exp erimen tal veri¯cations

Two review articles [95, 39] discusslaboratory experiments on rotating tur-

bulent °ows that were conducted up to the mid-1980's. The focus in both ar-

ticles is largely on the two-dimensionalization of 3D turbulence, and on experi-

ments aimed at understanding the basic dynamics of turbulent motion, rather than

modeling complex geophysical or engineering applications. Hop¯nger reverts to

the Taylor-Proudman theorem to argue that any °uid motion wil l tend towards a

two-dimensional state in the limit of small Rossby and Ekman numbers [39]. He

notesfurther that for rotation-dominated (low Ro) turbulence to survive, the vortex

turnover time must be much faster than the Ekman time ¿E k , which is equivalent

to saying that

Ek1=2 ¿ Rog: (2.30)

Note however that the turnover time for vortices must still be slow compared to

the rotation rate of the tank, which is equivalent to requiring a low Rossby number

(Rol ).

The experiments reported in thesereview articles can be divided into several

39



types: decaying turbulence experiments [44, 46], oscillating grid turbulence [41, 26],

homogeneoussource-sink°ows [59, 23], and rotating shear°ows [95].

In the decaying experiments, Ibbetsonand Tritton [44] did not satisfy the the

inequality in 2.30, and found the turbulence to decay much faster under rotation.

On the other hand, Jacquin et al. [46] found a slowdown of the energy dissipation

due to rotation, and strong anisotropic e®ectswhere longitudinal scalesare nearly

una®ectedby the rotation while the transversescalesgrow signi¯cantly [45].

Oscillating grid experiments aim to study the e®ectsof rotation on otherwise

homogeneousturbulence. Dickinson and Long [26] concentrated on the propagation

of the turbulent front after the grid oscillation was started, as a function of the

rotation rate of the tank. Hop¯nger and his co-workers [42, 40, 41] looked at the

dynamicsof the turbulence in the steadystate, long after the grid wasset in motion.

Both groups found a region near the grid that was fully 3D, una®ectedby the tank

rotation, and a region far from the grid that waspopulated by long-lived2D vortices.

The main result of theseexperiments in the current context is that far from the grid,

the °ow becomes2D even in the highly disordered (turbulen t) case. The vortices

that are formed in these°ows are columnar with a much larger length scalein the

direction of rotation than in the perpendicular plane.

The vortex dynamics in a plane perpendicular to the rotation are discussed

in Hop¯nger et al. [41]. The authors note the presenceof long-lived columnar vor-

tices, contrary to 3D turbulence where vortices typically decay after one turnover

time. Furthermore, they note the predominanceof cyclonic structures, pointing to

a signi¯cant e®ectof the rotation. The size distribution of vortices is related to

the forcing and rotation rates, with the higher rotation rate vortices being smaller,

displaying a certain \lo cking" to the sizeof the forcing grid. This suggeststhat the

e®ectof rotation reaches the area near the grid as the rotation rate is increased.

Finally, the authors also present °ow visualizations along a vertical crosssection,
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using small bubblesto track the vortex cores. Thesecoresare found to be extremely

thin (1-2 mm) comparedto their length (» 30 cm).

The source-sink°ows of McEwan [59] and Colin de Verdiµere[23] usean array

of sourcesand sinks in the bottom of a rotating cylinder to generategeostrophic

vortices. The two experiments di®er in their operating Reynolds and Rossby num-

bers, with the latter corresponding more closely to the range of our experiments.

McEwan [59] includes streak photos which show very clearly the di®erencebetween

the rotating and non-rotating cases: The non-rotating caseconsists of a random

motion of particles, while the rotating °ow displays well de¯ned coherent vortices.

These coherent structures persist in Colin de Verdiµere's paper, which notes that

small scalevortices are initially formed which then merge to create larger ones, in

an inversecascadesimilar to Hop¯nger's experiments. Reference[23] also includes

an extensive discussionof the e®ectof di®erent beta-planes(sloped bottoms) on the

°ow, in the forced and decaying cases.The author ¯nds the formation of a broad

counter-rotating zonal jet, surrounded by cyclonic vortices, in the caseof a \p olar"

beta-plane.

Finally, a free shear °ow under rotation was discussedby Tritton [95]. The

rotation was found to stabilize (destabilize) vortical structures if the sign of the

shear is the same(opposite) as the sign of rotation. Vortices created in \cyclonic"

shearwould have a 2D structure and survive over long times, whereasanti-cyclonic

vortices would decay and display 3D motions.

The above experiments have shown that rotation can two-dimensionalizea

3D turbulent °ow as the Rossby number becomessmall. They show that even with

forcing in the third direction, the rotation aligns the vortex tubes with the axis of

rotation. The shortcoming of the previous work is that much of it is qualitativ e,

using methods such as streak photography or dye injection to characterize the °ow

large coherent structures in the °ow. The computerization of our experiment allows
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Figure 2.5: Velocity signal from two vertically separatedprobes,showing a corre-
lation of 0.9acrossa distanceof 18cm. ­ =2¼= 2:5 Hz, Q = 150cm3/s.

us to explore the details of the turbulent motion in ways that were not accessible

previously.

In particular, we are able to obtain very long time seriesof the turbulent

°ow, as well as quantitativ e instantaneous velocity ¯elds. We seeevidenceof two-

dimensionalization in our °ow by comparing the signals from two simultaneous

probes, the ¯rst one near the top of the tank and the second near the bottom

(Fig. 2.5). The two probes are separatedvertically by approximately 18 cm, but

they are at the sameradial and azimuthal location. The time seriesfrom the two

probesmatch up very well, especially in the large scale°uctuations. Even someof

the detailed small scalesare found to corresdpond in the top and bottom probes,

giving the two seriesof Fig. 2.5 a cross-correlationcoe±cient of 0.9.
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2.4.2 Theoretical and numerical studies of rotating °o ws

Strong interest in rotating forced turbulence has resurfacedrecently in nu-

merical simulations and theory. Below are someof the most relevant publications,

starting with numerical simulations:

Hossain[43] started with a fully 3D turbulent °ow in a triply periodic box.

Using this computed ¯eld as the initial value, he \switc hed on" the rotation and

observed a transition to an quasi-2Dstate: Slicesat di®erent axial positions showed

high correlation with each other, and the energy spectrum showed a quenching of

the forward cascade.

Cambon, Mansour and Godeferd [15] and Godeferd and Lollini [37] simu-

lated a system very similar to Hop¯nger's experiments, with emphasison Eddy-

Dominated-Quasi-Normal-Markovian (E.D.Q.N.M.) closuretheory. They were lim-

ited to low Reynolds numbers however, due to computational costs of simulating

a 3D °ow. Within that limitation, they largely reproduced Hop¯nger's results in

terms of length scalesas a function of rotation rate and forcing rate. In [15], the

authors make a distinction between the Local vs. global Rossby numbers de¯ned

above. They ¯nd that in order for the °uid to becometwo-dimensional, the °ow

must simultaneously satisfy Rog < 1 and Rol > 1. They argue that the mechanism

for two-dimensionalization is due to the propagation of internal waves in the °ow,

and thosewavesare damped out when the Rol becomessmaller than one, i.e. when

the rotation becomestoo strong.

Smith and Wale®e[85] (seealso [84]) studied the e®ectof rotation on turbu-

lent °ow with 3D forcing. Their simulations are in a triply-p eriodic rotating box,

but with 3D forcing (it is not clear from the paper what the exact forcing is). The

rotation forces the initially 3D °ow to become2-dimensional, 2-component: Not

only do the velocity derivativesvanish in the direction parallel to the rotation axis,

so do the actual velocities. They note that the energy does °ow in an inversecas-
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cadeto larger scaleseven from 3D forcing. However, they ¯nd the large scaleenergy

spectrum to scalelike k¡ 3 rather than k¡ 5=3, suggestingthat the slope of the energy

spectrum might not be universal.

Finally, Lesieur et al. (seee.g. Bartello, M¶etais and Lesieur [4]) have run

DNS and LES simulations of °ow in a doubly-periodic rotating channel with side-

walls. They ¯nd that the rotation does two-dimensionalizethe 3D °ow, although

the time required for the two-dimensionalization is very long, scaling as Ro¡ 1.

As for theoretical work, two recent linesof work arenotable. First, Zhou [105]

notes the needfor new length and time scalesin the spectral analysisoncerotation

is intro duced. In particular, he notes the need for a rotation time scale¿­ ´ 1=­

where ­ is the rotation rate. That time scaleis to be comparedwith the scalefor

nonlinear interactions, ¿nl (k) ´ [k3E(k)]¡ 1=2. This ratio of times scales¿nl =¿­ is

essentially a Rossby number equivalent to Rol in our notation, though Zhou does

not state it explicitly . The author obtains a new scaling of the energy spectrum

for low Ro, E(k) » C­ (­ h" i )1=2k¡ 2, where C­ is a constant. Later, Yeung and

Zhou [104]recover a k¡ 2 spectrum for some(but not all) rotation rates in numerical

simulations.

The secondtheoretical line is from Canuto and Dubovikov [16], who devel-

oped a set of equationsdescribingfully developed turbulence basedon Renormaliza-

tion Group Theory, then applied theseequations to seriesof \standard" problems.

In particular, they applied their theory to rotating 3D °ows by intro ducing Coriolis

e®ects. Their conclusions,best summarized in [18] (see also [17]), are similar in

spirit to those of Cambon et al. [15]. They too make the distinction between the

global and local Rossby numbers, and they propose a new number (N = K =º­

whereK is the kinetic energy, K » 1
2u2), for determining whether rotation will two-

dimensionalizea 3D °ow. In our notation, this \new" number can be re-written as

N = Ro2
g=Ek, and their condition N < 1 can be re-written as Ek < Ro2

g. This
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condition was already stated in 1989by Hop¯nger [39], when he said that \for tur-

bulence with high rotation e®ects to survive, the Ekman spin-down time [...] must

be considerably larger than the turn-over time of the energy containing eddies [...],

giving the requirement Ek1=2 ¿ Ro."

We will seein the next chapter that this condition is always satis¯ed in our

experiment by design [89]. Our Ekman time is always large compared with the

turnover time of the vortices (! ¡ 1), and we never reach the very high rotation rates

necessaryfor the nonlinear two-dimensionalization mechanismsto disappear.

Canuto and Dubovikov also obtain a steeper slope for the energy spectrum

of rotating turbulence. They predict that as the °ow becomes2D, the Kolmogorov

energy cascadeis inhibited and the energy scalesas E(k) » k ¡ 2 instead of the

Kolmogorov scaling of k¡ 5=3. The relationship betweenthis result and Zhou's very

similar result is not clear; the authors have submitted comments attacking each

other's work, and pointing di®erencesand similarities. However, it is important to

note here that theseauthors are interested in the energycascadefrom low k to high

k, i.e. the forward cascade,contrary to the typical numerical simulations where

authors were speci¯cally searching for an inverseenergycascade.

The current consensusamong theorists and numericists appears to be that

rotating turbulence becomesquasi-2D due to the e®ectof nonlinear inertial waves,

and not by the Taylor-Proudman theorem. This is important in caseswhere the

rotation is so strong that it suppressesall nonlinearities, such that an initially 3D

°ow would remain 3D. However, theserotation rates are well beyond the operating

rangeof our experiment, meaning that we should expect a quasi-2D °ow to form at

the highest rotation rates achievable.

The relation betweenrotating quasi-2D turbulence and the idealized casein

Kraichnan's theory is complicated. For instance, the scalingof the energyspectrum

often shows di®erent slopes in simulations from the expected k ¡ 5=3 as discussed
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above. However, it is widely acceptedthat the rotation aligns the vortical structures

and prevents vortex stretching and folding from occurring. The dynamics of the

vortex interactions are therefore well described by 2D hydrodynamics, supporting

previous experimental work. In most of the simulations quoted above, the authors

deal with idealized conditions such as homogeneousisotropic °ow, or °ows where

boundary e®ectsare ignored. The lack of Ekman pumping in these simulations

makesthe relation with experimental rotating °ows tenuous, sincethe Ekman layer

and Ekman pumping are the main mechanisms through which energy is dissipated

in a system such as ours. Therefore, one should be careful when comparing the

above simulations with experimental studies.

For these reasons, it is di±cult to draw a direct comparison between our

experiments and the theoretical work previously done. However, there is strong

experimental and theoretical evidencethat in the rangeof parametersof interest to

us, rotation doestwo-dimensionalizean initially 3D °ow.

I will end the literature review with a quote from the ¯rst chapter of Batch-

elor's 1953 monograph [5]. He states: \ There are very many isolated papers and

incomplete lines of research which cannot appropriately be mentioned here but wil l

¯nd a place in later chapters." Since the publication of Batchelor's book, many

more papers have appearedon turbulence and rotating °ows; this chapter doesnot

attempt to cover the wholesubject, but the main relevant ideashavebeenpresented.

Other works will be cited in future chapters as they becomerelevant to our study.

2.5 Summary

In this chapter, we started by establishing the basic ideas of the 1941 Kol-

mogorov theory. These ideas can be summarized by the scale-independent energy

cascade,which transfers energy without loss from the injection scale to the dis-

sipation scale. The steady state energy spectrum is predicted to follow the form
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E(k) » k¡ 5=3. The self-similarity of the cascadegives rise to a power-law scaling

of the structure functions Sp = h[±v(`)]pi » ` ³ p , where ³p = p=3 in the caseof

a Kolmogorov-type °ow. Measurements in 3D turbulence experiments recover the

energy scaling, but display signi¯cant deviations in the caseof the structure func-

tion scaling exponent ³p, with the experimentally measuredvaluesof ³ p displaying

nonlinear dependenceon p. In future chapters, we will test these scalingsto show

that our low-rotation °ows correspond to 3D turbulent °ows.

Two-dimensionalturbulence is expectedto havea self-similar inversecascade,

whereenergyis transfered to larger scalesfrom the injection scale. This cascadehas

beenveri¯ed numerically and experimentally , and is found in somecasesto lead to

the formation of large stable vortices which contain most of the energy in the °ow.

The self-similarity has been veri¯ed in the transient case,before the cascadehas

reached the largest scaleallowable by the system size. However, no measurements

have been made on the scaling of the structure functions in the steady state case.

We will ¯ll this void in our study of the 2D °ows in Chapter 5.

Finally, we show that rotation produces quasi-2D °ows in laminar as well

as turbulent °ows. The two-dimensionality depends on the rotation rate, as mea-

sured by the Rossby number. This section mainly justi¯es our expectation that our

°ows will be two-dimensional,but also shows that much remains to be explored in

studying rotating 2D turbulence.

The next chapter describes the experimental apparatus. The automation of

our setup, which sets this experiment apart from previous rotating experiments,

will also be described with its advantages and limitations. Once the theory and

the experimental capabilities are intro duced, we will then be able to addressthe

scienti¯c questionsin the later chapters.
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Chapter 3

Exp erimen tal Apparatus

48



h

d

O

2d

I

d

r
2

W

r
1

IO

Figure 3.1: Schematic representation of the experiment. r 1 = 10.8 cm, r 2 =
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With the theory of rotating turbulence now in hand, we will proceedto test

someof the theoretical and numerical predictions experimentally . The experiments

described in the upcoming chapters are run in a rotating tank ¯lled with distilled

water, with a °at rigid lid and a sloping bottom. The tank, shown schematically in

Fig. 3.1, can rotate at rates upwards of 20 rad/s. An azimuthal jet is generatedby

pumping water in a closedcircuit through two rings of holes at the bottom of the

annular channel. Pumping into the tank through an inner ring and out through an

outer ring producesa net outward °ux. This °ux coupleswith the Coriolis force to

generatea counter-rotating jet; it is the dynamicsof this jet asa function of rotation

and pumping rates that will be of interest to us.

One of the contributions of this work is to combine the useof the two types

of measurements to explain the dynamics of the strong coherent structures in tur-

bulent °ows. The ¯rst type is hot-¯lm (hot-¯lm) anemometry, which provides an

Eulerian velocity measurement. The secondis Particle Image Velocimetry (PIV)
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which provides snapshotsof the complete 2D velocity ¯eld.

There are therefore two control parameters :

² Rotation rate

² Pumping rate

and two measuremen t metho ds:

² hot-¯lm anemometry

² Visualization system.

A schematic of the di®erent components (to scale) is shown in Fig. 3.2. All

the rotating parts can be seenin this ¯gure, including the rotating computer and

camerasystem. A more functional view can be seenin the graphical block diagram

of Fig. 3.3, which shows the interactions of the di®erent subsystems. As noted in

the previous chapter, the level of instrumentation and the useof computers on this

experiment are what set it apart from the previous experimental works on rotating

turbulence (e.g. Hop¯nger et al. [39]). This is partly due to the computing power

available to us today, but also to the emergenceof new, more quantitativ e ideas in

turbulence theory that can be tested experimentally .

This chapter intro duces each of the above subsystems, starting with an

overview of the rotating tank and the rotation control. In Section 3.2, the pumping

and pump control systems are described. The bulk of the chapter will be spent

on the measurement techniques, starting with the hot-¯lm system and calibration

issuesin section 3.3, and ending with the PIV system. We end with a summary.

3.1 The rotating tank

This apparatus is the product of many years and several generationsof re-

searchers' e®orts. It was originally built with the speci¯c purposeof reproducing
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the large coherent spots of Jupiter in a laboratory setting, and the early results

were published in 1988 [90]. Since then, several additions and major changeshave

taken place, largely in order to extend the range of possiblemeasurements but also

to improve the control of the experimental parameters. In this chapter we concen-

trate on the newest upgrades,which were done between early 1997 and late 1999.

The previous system is described in detail in E. Weeks'sdissertation [101], and the

original version is in S. Meyers's dissertation [64].

The tank consistsof an annular channel with a metal cylinder as the inside

wall (r 1 = 10:8 cm) and an outside wall madeof transparent acrylic (r 2 = 43:2 cm),

as shown schematically in Fig. 3.4. Both walls are screwed into an anodized alu-

minum bottom plate, and a transparent acrylic lid screwson the top of the walls.

The surfacesof the lid are made parallel to about 1=1000th inch, then re-polished,

in order to minimize the visual distortion of particle motions. The pumping is done

through three forcing channels cut in the bottom plate, shown in Fig. 3.5(right).

The bottom plate is covered with a black conical plate which contains the small

forcing holes, also shown in Fig. 3.5(left). The screw holes are covered with black

silicone glue to make the bottom smooth. The forcing holes are arranged in three

concentric rings, which ¯t above the forcing channels in the bottom plate. All the

data in this thesis were taken with forcing through the inner and outer plates; the

middle ring was unusedduring this study.

The tank is supported from below by a central shaft, which sits on two thrust

bearingsand is connectedat the bottom to a toothed pulley. This pulley is coupled

through a synchronous (timing) belt to the drive motor, with a speedratio of 1-to-

4. The motor system is a Compumotor I-320, obsoletesince 1989. It consistsof a

PulsedWidth Modulated (PWM) AC servo motor, with a controller using rotation-

rate feedback control directly on the motor shaft. The details of the controller are

not available, since the documentation for the system is lost. The rotation rate is
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Figure 3.4: Exploded view of the water channel (not to scale). Here, only the
inner and outer forcing channelsare shown, without the central one.

Figure 3.5: Photograph of the tank showing the bottom plate during cleanup
(right), and the top plate with the forcing holesvisible (left).
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set through an analog indexer which has a resolution of 1=2046Hz.

The camera is rotated by a Compumotor stepper motor with no gearing.

The rotation rate is controlled by a similar indexer as the tank, but the resolution

there is 1=500Hz. Becausethe conversion factor on the tank indexer is not divisible

by 4, the tank and camera rotation rates in our experiments sometimesdi®er by

±­ = 2:4 £ 10¡ 4 Hz, or 0:015 rpm (e.g. at 1=4 Hz rotation). This di®erencein

rotation rate is noticeablewhen following the motion of the tank for several minutes,

but the relative error intro ducedinto the velocity measurements is only on the order

of ±­.

Two setsof slip-rings are available to transfer electrical power and signalson

and o®the rotating tank. Theseslip rings are usedto power the pump and measure

pumping rate, as well as to power and transmit the hot-¯lm signal. Getting noise-

free signal from the hot-¯lm probes is essential for the study, and the newer set of

rings provides two shieldedchannelswith co-axial connections. Theseslip rings are

rated for up to radio frequencies,which far exceedsour needsfor the hot-¯lm signal.

The rotation rate of the tank was found to oscillate around the required

value. Evidence of this oscillation is found in the signal from a rotary encoder that

measuresthe tank rotation rate, but mainly in the velocity measuredby the hot-

¯lm probes. For example, a frequency spectrum of a velocity time seriesfrom the

hot-¯lm probesshows sharp peaksat the rotation frequencyand its harmonics. The

°uctuations seemto depend on the rotation rate of the tank; they are stronger at

the lowest rotation rates, and they weaken as the speedis increased.

This problem hasbeenknown for sometime, but a solution to it is not avail-

able. A tensioner pulley was added on the driving belt in order to reducebacklash

e®ects;it was found to slightly improve the accuracy at the low rotation rates. It

has beensuggestedthat the motor and the tank needto be impedance-matched by

connectinga °y-wheel on the motor shaft [64]. This solution wascontemplated, but
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the spacearound the motor would needto be re-designed.Also, the motor is often

running at the low end of its operating range, and a higher gearing might be useful

to allow the motor to respond with more precisevelocity adjustments.

We can estimate the error induced from this variation as follows, since the

probes are rigidly mounted to the tank: As the tank rotates at a nominal rate of

­, the true rate might have the form ­ + ¢­( t) where ¢­( t) is the oscillation in

rotation rate as a function of time. Let us supposethat ¢­( t) = ­ ² sin(f t) where

­ ² is the maximum amplitude and f is the frequencyof the variations. The e®ectof

the variations on the °uid °ow is negligible as long asthe frequencyof the variations

f is high compared to the inverseof the Ekman time (1=¿E k ); in the experiments

discussedhere, f is in the range of a few cycles/second,while ¿E k is always larger

than 80 s, meaning that 1=¿E k < 0:01 Hz. Therefore as the rotation rate varies, the

probe is being dragged through the water at somerate, and this will be measured

as a spurious velocity. The corresponding velocity can be calculated as

v² = ­ ² rprob e (3.1)

where r prob e = 27 cm in this case.This implies that a value of ­ ² = 0:01£ 2¼rad/s

(or 0.01 Hz) would correspond to an error velocity v² = 1:7 cm/s! This would

suggestthat we needto control the rotation rate to better than 0.01 Hz if we wish

to obtain velocity measurements more accurate than 10% in the range of velocities

of interest to us.

However, the real error is not as large as it seemsat ¯rst glance. The tank,

which weighs more than 200 kg when ¯lled, itself acts as a °y-wheel which resists

fast changesin rotation rate. Once the initial acceleration period is over, the ro-

tation rate is stabilized by the tank, and the motor simply works to overcomethe

constant friction from the bearingsand air drag. Sincethis inertial e®ectis weaker

in the low-rotation case,it placesa lower bound on the rates at which we can run
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Figure 3.6: Frequencyspectrum of velocity time-seriesshowing peaksat the har-
monics of the rotation rate; the horizontal axis was re-scaledby the
rotation rate.

the experiment. The hot-¯lm data shown in this work are all for ­ > 1:57 rad/s

(1/4 Hz). PIV data does not su®erfrom the sameerrors, and was taken down to

1=8 Hz.

Furthermore, the °uctuations that we observe in the time seriesdue to the

rotation rate are easily removed. As shown in Fig. 3.6 for the fast rotation case,

they appear at exact multiples of the rotation rate in a frequency spectrum. Since

their e®ectis very localized in frequency, theseerrors should not to a®ectregionsof

power-law scaling that we are searching for in this study.
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3.2 The pumping system

The heart of the pumping system is a Moyno (model 34401) positive dis-

placement screw pump, mounted in the central part of the annulus. The pump

generatesa maximum °ux of about 650 cm3/s in situ, and has a minimum °owrate

of about 125 cm3/s. The output of the pump is divided into nine hosesthrough

two successive °ow dividers. The opposite is done for the return °ow, where nine

separate°ow lines are combined into three, then one input to the pump. Each one

of the 18 input/output hosesis connectedto a ball valve which is screwed into the

bottom plate of the annulus. This gives us a total of 18 input and output lines to

the tank, divided into three forcing rings.

Each of the forcing rings is madeup of six sections,60 degreeseach. Only six

of the nine inputs/outputs are usedat any time, sincewe use two out of the three

rings. In all of the experiments described below, we connect the pump's output into

the inner ring of holes(r = 18:9 cm), and the return to the pump is drawn from the

outer ring (r = 35:1 cm). Each ring consistsof 120small holes(0.26 mm diameter),

which implies that the distancebetweenthe individual holesis 0.99cm at the inner

ring and 1.84 cm at the outer ring. The middle ring was unused for all the of the

experiments in this dissertation.

The pump is drivenwith a PMI (model U16M4) disk motor which is attached

to the top lid, and which is connected to the pump via a °exible chain coupler.

The motor is powered with an Aerotech (BA-series) linear servo ampli¯er. It was

important to use a linear power supply since the switching ampli¯er which was

previously used °ooded the signal from the hot-¯lm probes with electrical noise.

The current power supply is able to provide § 80 VDC and almost 10 Amps, making

the presenceof an additional cooling fan very important. A rotary encoder which

feedsback to the power supply is ¯xed to the motor shaft, thus closing a feedback

control loop. The servo ampli¯er then controls the rotation rate of the pump and
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Figure 3.7: Sampletime seriesof the °ow rate in cm3/s.

we have found the pumping rates to be very stable with respect to high frequency

variations.

Over the duration of a long experiment however, we found that the pump

rate showed somedrift during the several-hour runs. This slow drift was removed

by measuring the pump °owrate with an inline turbine °owmeter (EG&G model

FT-10AEYW), whose output is connected to the data-acquisition computer. A

bang-bangcontroller is used to keepthe °owrate constant over the duration of the

experiment. This setup allowed us to control the pumping rate to within § 2 cm3/s

over several hours of running. Figure 3.7 displays a typical °owrate measurement

from the LABVIEW code that controls the pump. The x-axis is in arbitrary units,

corresponding to approximately 1 s per division.

A ¯nal remark about the pumping system: The systemis designedsuch that
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the highest pressuredrop is at the small forcing holesat the bottom of the channel.

This ensuresthat the forcing into the tank is uniform in the azimuthal direction.

This was tested previously in the lower forcing regime [101], and the high °owrate

turbulent regime that we concentrate on should be even lesssensitive to this detail

of the forcing.

3.3 The hot-¯lm system

(The blac k art of hot-¯lm anemometry)

In the next chapters, we will combine visual observations with long velocity

time series to obtain a general picture of the turbulent °ow as it switches from

three- to two-dimensions.This section describes the hot-¯lm system that was used

to obtain the long Eulerian time series. The details of the hot-¯lm setup were

worked out by Brendan Plapp, who was working as a post-doctoral researcher on

this experiment. For this reason,someof the technical details might be incomplete.

The essential onesare hopefully described in a satisfactory manner.

We start this section by describing the general system and its components,

then we move in the next subsectioninto somedetails of the calibration and data

analysis.

3.3.1 Prob es and general considerations

The time serieswereobtained usingconstant-temperature hot-¯lm anemome-

ters (TSI model 1750) with the corresponding probes (TSI model 1210-60W). The

probesensingelement is 3 mm long and 25¹ m in thickness,asshown in Fig. 3.8. The

sensoris held with two prongs, which penetrate a distance of 0.9 cm into the °ow.

The signal from the probes is then carried with coaxial cablesto the anemometers,

then through the slip rings to the acquisition computer. In the typical experiments

60



Figure 3.8: Photo of a hot-¯lm probe. The sensingelement is 3 mm long and
25 ¹ m in thickness.

reported here, the probe signal is sampled at 150 Hz for periods of 2 hours, thus

yielding data ¯les that had 106 velocities per probe. We usedtwo probesthat were

placed 180± apart in the annulus, midway betweenthe inner and outer walls of the

channel. Each experimental condition was repeated two to four times, giving us

a total of 4 £ 106 to 8 £ 106 data points for every value of the control parame-

ters. The individual probesand the repeated runs were essential in con¯rming the

measurements and in improving the statistical signi¯cance of the results.

The operating temperature of the probesis set by a control resistor for each

probe separately. Since these resistors only come in increments of 1 Ohm, it is

not possible to chose the exact operating temperature a priori . The data below

correspond to hot-¯lm temperaturesaround 67§ 2±C, corresponding to an overheat

of approximately 42±C. The temperature of the water was also measuredduring

the experiments and we veri¯ed that the changein temperature wasusually smaller
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than 1±C over the two-hour runs. This wasachieved by ventilating the annulus room

with an air-conditioning hose. The probeswere calibrated before and after each of

the experiments, so it wasnot crucial to know the exact overheat ratio. Finally, the

water was always allowed to sit still at least 10 hours after re¯lling or ¯ltering the

tank; this was in order to de-gasthe water to avoid the formation of bubbles at the

hot-¯lms during the runs.

In studying the statistics of the turbulence in the bulk of the °ow, it is

important to know that we are far enough away from the boundary layer. In a

rotating system, the boundary layer is controlled by the balanceof the viscousforce

with the Coriolis force. This balanceis described by the Ekman number, de¯ned in

Chapter 2 as Ek = º =(2­ ±2) where ± is an appropriate length scale. The thickness

of the boundary layer (the Ekman layer) is determined by taking Ek ' 1, or

± '
p

º =(2­) : (3.2)

In our experiment, º = 0:01 cm2/s and 1:57 < ­ < 11 rad/s. This gives values of

± in the range 0:02{0:05 cm. These boundary layers are quite thin, and the probe

extends into the °ow many times the Ekman layer thickness. Therefore, we are

con¯dent that our measurements are indeed \bulk" °ow measurements, and not

boundary layer velocities. This is further reinforced by checking the meanvelocities

measuredfrom the hot-¯lm data and from the visualization, which focuseson the

central region of the tank, as described below.

Several factors in°uence the accuracy of the hot-¯lm data: contaminants in

the water, bubbles forming on the probes, temperature drifts, orientation of the

probes. We reduced these e®ectsby regularly ¯ltering the water, replacing the

probesto control for aging and buildup of contaminants (algae), and running them

at a relatively high overheat to minimize the e®ectof temperature drifts. The water

wasallowed to de-gasfor several hours beforeany experiments wererun to minimize
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bubble formation. Furthermore, care was taken in aligning the probes when they

were inserted into the tank; they were oriented radially so that they would measure

the azimuthal component of the °ow. Our con¯dence in the data was strengthened

by checking the reproducibilit y for several runs at the same conditions, and by

checking consistencybetween the two simultaneous independent probes and with

the PIV.

3.3.2 Prob e calibration

The probes were calibrated before and after each run by ¯rst setting the

tank at a constant rotation rate with no pumping, until the °uid reached solid-

body rotation. By suddenly stopping the tank, a velocity jump corresponding to

the tank's previous speed is measured: v = ­ r prob es, where v is the instantaneous

velocity of the °ow, as shown in Fig. 3.9. This processwas repeated at several

rotation rates and a quadratic curve was ¯t through the points to obtain a relation

between velocity and voltage. A sample calibration curve along with the voltage

range is shown in Fig. 3.10.

Though the meanvelocities from the two simultaneousprobesshould match

exactly during a given run, they showed a random discrepancyof a few cm/s from

each other. The sourceof the discrepancyis unknown, but might be due to the ac-

quisition electronics. Weaddressedthis problem by imposingan o®setto the voltage

from oneprobe until the meanvoltageswereequal, then using the calibration curve

for one probe to convert both voltage series into velocities. This procedure pro-

duced velocity recordsthat were statistically identical in their meansand standard

deviations, in spite of the fact that the calibration is non-linear. This method is

equivalent to having a hardware DC o®seton the acquired voltage, a technique that

is commonly usedin hot wire anemometry. The sameprocedurewasrepeatedusing

the calibration from either probe. We found that the statistical results of interest
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were indistinguishable.

3.4 Visualization system

The visualization system was built speci¯cally for this experiment, without

the useof the commercially available hardware. Three factors made the implemen-

tation of commercial PIV impossible: Rotation, rotation, and rotation. Actually ,

Rotation, size, and other geometrical constraints. Rotating PIV systemsare not

available commercially, so in the best case,one would have had to modify a com-

mercial camera/computer system for implementation in this experiment. As for

size, the illuminated area in our caseis much larger than what was typical in most

applications in 1997. Recently , other groupshave developed largesystems,but those

developments were only possibleonce the resolution on digital camerasgot above

1k£ 1k pixels; furthermore, the sizeof the annulus compared to the room doesnot

leave enough spacefor the large laser necessaryfor the illumination. Finally, the

curved outer walls and the opaquecentral cylinder make it necessaryfor the illumi-

nation to be done from several sides,making the implementation of a single laser

very di±cult.

In implementing the new PIV setup, the above constraints had to be ac-

counted for, aswell asother constraints such asmaking the systemcompatible with

the existing hardware (slip rings, drive motor, etc...). This section is divided into

four parts: the ¯rst describes the physical implementation of the PIV hardware

(lighting, rotating camera, seedingparticles). The seconddescribes the basic PIV

algorithm and some additions and improvements to it. The third part discusses

error estimateson the data, and we end with somealgorithms that were developed

speci¯cally for our experiment and which are not documented elsewhere.
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3.4.1 PIV hardw are

The hardware for the PIV consistsof two main components: The illumina-

tion and the acquisition. Typical PIV systemsare illuminated using a pulsed laser

(t ypically a frequency-doubledNd:Yag). A ring of Light Emitting Diodes (LEDs)

seemedmore suited for our purposes,becauseof the space/geometry constraints

described above, and sincethe LEDs could be °ashed bright enoughat high enough

frequencies. The acquisition is done using a Kodak ES1.0-10bit digital camera,

with a resolution of 1008£ 1018 pixels. The camera rotates independently above

the tank, along with the computer that controls it. The third important component

is the seedingparticles, which will be described at the end of this section.

Illumination

The illumination is provided by a ring of 360 ultrabrigh t red LEDs (AND

model 190CRP, wavelength centered around 530 nm); the ring was designedand

built with help from Jori Rupert-Felsotand a schematic drawing is shown in Fig. 3.11.

These LEDs are 1 cm in diameter, and can be driven with a pulsed current up to

80 mA each; they are similar to the type of LEDs usedin tra±c signals. The design

of thesediodesmakesthem brighter by focusing the light from the lighting element

into a very narrow cone: The nominal spreadinghalf-angle for a singleLED is about

4±. The actual angle was di±cult to measurebecausethe intensity is not axisym-

metric around the light maximum, and becausewe found secondarypeaks in the

intensity as a function of coneangle. The thicknessof the light sheet is limited by

masking to be 2 cm at the outer wall of the tank, and spreadsto approximately 5 cm

at the inner wall. Even though this is a rather thick sliceof the °ow, we are still able

to look at a region far from the top and bottom boundariessincethe tank height at

the inner wall is about 18 cm. Recent advancesin laser technology have produced

inexpensive and small diode laserscapableof producing 1 Watt or more of power.
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In the future, one might want to consider replacing the light ring with small diode

laserswhich would produce a much thinner light sheet. This is especially an issue

in the caseof the 3D °ow, but it is not of major importance in the fast rotation, 2D

°ows.

The LEDs are wired in parallel along a strip, and powered by a DC power

supply (Lambda model SVPT 300-1) providing a maximum of 30Amps at 5VDC.

The parallel wiring means that we cannot control the exact power through each

individual LED, so there are somevariations in the light intensity around the circle.

However, this has little e®ecton the accuracyof the PIV, sincethe algorithm looks

at the motion of particles in small spatial regionsover two time steps,as discussed

below, and the intensity from an individual LED is constant over di®erent pulses.

The advantage of having the lights in parallel is that it is easier to pulse a power

supply providing low voltage/high current than to pulse a power supply providing

high voltage/low current. Furthermore, one LED failing does not causethe whole

ring to fail in this case.

The lights are pulsed in order to control the time between the two PIV

frames. The control of the pulsing is done with a National Instruments (PC-TIO

10) timer card. A LABVIEW program is used to control the timing and intensity

of the light pulses, and to synchronize with the camera. The electronics, shown

in Figs 3.12 and 3.13 were built by Benoit-Joseph Gr¶ea. The ¯rst diagram shows

the intensity control of the LEDs. This controller usesthe analog output from a

separate National Instruments card to control the intensity and the TTL output

of the timer card to control the timing. The diagram of Fig. 3.13 shows a current

sourceusedto control the current through the LEDs.
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The rotating camera

To photograph the °ow, a Kodak ES1.0-10bit digital camera is used. This

camerahas the abilit y to take two consecutive framesseparatedby as little as 5 ¹ s,

with a resolution of 1008£ 1018pixels at 10 bits each, i.e. providing 1024levels of

gray. A major design issuewas to ¯nd a way to transmit the digital information

from the camera's70 pins while it is rotating. The solution wasfound by integrating

a computer into the rotating platform along with the camera,asshown in Fig. 3.14.

This computer is controlled during rotation through an ethernet connection which

goesthrough the slip-rings; this way it is possibleto control the data acquisition in

real time.

The rotating computer (named \dizzy") had to meet certain designcriteria,

such as size and weight, but also had to withstand strong centrifugal acceleration.

Table 3.1 shows someof the main design considerationsand their importance. In

the ¯nal implementation, the following components were housed on the rotating

platform:

² Kodak digital camerawith power supply.

² Analog CCD cameraconnectedto live monitor.

² Motherboard and AMD K6-2 CPU.

² Computer power supply, also usedto power analog CCD camera.

² Epix PIX CI-D frame grabber.

² Laptop hard drive (IBM travelstar 4GB).

² 256MB of RAM.

² Video card.

² Ethernet card.
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Analog CCD
Digital CCD

Power supply

Network

Hard drive

Figure 3.14: Photo of a the rotating cameraand computer system. The camerais
visible in the center behind the largecable,asis the computer's power
supply. The hard-drive is mounted above the camera, co-axial with
the rotation axis of the platform. The ethernet, video, and frame
grabber cards are also visible on the left, as is the small analogCCD
on the left in the foreground.
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Table 3.1: The designparametersand their relative importance.
Constrain t Imp ortance Commen ts

Rotation 1 Withstand up to 3Hz rotation.
Weight and size 3 New setup has to ¯t with existing frame.

Vibrations 2 Minimal vibrations. Should be balanced.
Slip rings 2 Limited to 16 connections.
Flexibilit y 3 Abilit y to adjust cameraangle, lens.

Real time control 2 Abilit y to seethe °ow in real-time
and control data taking.

Accessibility 2 Should be easily accessiblefor repairs.

² Additional backup fan for CPU and motherboard

Once the components were chosen,the ¯nal designwas made using IDEAS

solid modeling software. This was important becausethe spacelimitations were

serious, as seenin Fig. 3.14. The most important design decisionswere to place

both the Kodak camera and the hard drive along the axis of rotation (by placing

the hard drive above the camera). In the caseof the camera,this meant that it could

be aligned with the tank's rotation axis. As for the hard drive, we could minimize

the e®ectof the vibrations and the gyroscopice®ectson the rotating platters and

on the moving read-write arms. The weight of the power supply was balanced by

the CCD camera, and the long cable for the digital camerawas tied to some¯xed

posts in the frame. The system, as implemented, required only six slip rings: two

for analogvideo, two for (co-axial) ethernet, and two for AC power to the computer

and cameras.The platform wasdynamically balancedby minimizing the vibrations

by placing weights at di®erent locations on the frame. An accelerometerwasusedto

measurethe vibrations asweights wereadded to the platform at di®erent locations,

until a minimum in the accelerometersignal was found. The weights are alsovisible

in Fig. 3.14 on the right hand wall.

Since dizzy had to be controlled through its ethernet connection and since
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the frame grabber could only be run under MS windows, the TIMBUCTU software

packagewas installed to allow remote control. This was an important designchoice

sinceit meant that the graduate students did not needto be attached to the rotating

platform, thus ruining the dynamic balance.

Seeding particles

The third, very important part of the PIV hardware is the choice of seeding

particles. In past particle tracking implementations, crayon and wax particles were

made speci¯cally for this experiment. Those particles were di±cult to make, and

they were too large (1 mm in diameter) to be useful in our case.

The particle seedingnow consistsof white polymeric particles manufactured

by Goodyear (PLIOLITE VT, ½= 1:026 g/cm 3). The particles are shipped as a

polydispersepowder, so we sieve them and chosethose in the range 100¡ 200 ¹ m.

It is necessaryto usesuch large particles becausethe ¯eld of view of the camera is

about 1 m in diameter, so smaller particles would be much harder to see. Density

matching the particles with the °uid is therefore very important sincethe particles

are rather large, and since the rotating tank acts as a centrifuge which will eject

heavy particles to the outer walls.

After the particles are sieved they go through a washing processto remove

dust which can reduce the image contrast. The particles are then heat treated to

decreasetheir density: The method, described in Ref. [29], consistsof heating the

particles in water up to about 90±C for about 30 minutes, then quickly pouring

them into a beaker of ice. The heating allows the polymer to expand slowly, while

the rapid cooling freezesit in the expanded state. It was found empirically that

the particles thus treated stay in suspension for very long times, often longer than

24 hours. The heating also has the advantage of releasingany air bubbles that are

trapped on the particles.
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In order to obtain precisecalibrations of the resolution of the camera, the

picture in Fig. 3.15 was used. In this image, a ruler of known length was placed

in the water, with the acrylic lid in place, and four pictures were taken with the

ruler at di®erent locations. The four pictures were digitally added to produce the

picture below. By precisely measuring the length of the ruler in pixels (seeblowup

for resolution) and averaging these measurements, we could obtain a very precise

calibration of the PIV images. A similar procedurewasusedin the caseof \section"

images,where only part of the tank is visible. The camera was always focusedon

the particles in the light sheet which is ¯xed. This meant that the distanceswere

not distorted by focus problems.

Using the illumination scheme,the rotating cameraand the seedingparticles,

we are ¯nally able to obtain quantitativ e information about the velocity ¯eld from

particle images. Two sample imagesare shown in Fig. 3.16. The full tank image

corresponds to a resolution of 0.969 pixel/mm, while the section images have a

resolution of about 3.51 pixels/mm.

3.4.2 Algorithms

The work described in this thesisusesa standard implementation of Particle

Image Velocimetry to obtain quantitativ e velocity ¯elds in the tank. The routines

werewritten for MATLAB by Johan Kristian Sveen,and they are distributed under

the GNU public license1. The implementation of MatPIV is fairly advanced,using

many modern ideasin improving the resolution and accuracyof the measurements.

For a modern review of someof the methods, seeRef. [102]. Several additions and

changesweremade to the basicMatPIV packageto suit our geometry and our data

requirements. After a general overview of the standard PIV techniques, some of

theseadditions are described below.
1The web page for the software package is at http://www.math.uio.no/ jks/matpiv/
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Figure 3.15: Calibration of the cameraresolution, axesare in pixels. Bottom pic-
ture is a closeupof the ruler, showing the sharpnessof the resolution.
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Figure 3.16: Particle imagesfor the whole tank (top) and for a section (bottom).
­ = 4:7 rad/s and Q = 150. Approximately 5,000particles arevisible
in each of thesepictures.

The basic algorithm for digital Particle Image Velocimetry is fairly widely

used,and described in detail by Adrian [1] and in the recent book by Ra®elet al. [73].

The technique involves taking two pictures of the °ow, separatedby a known time

delay ±t. The ¯rst step is to break the large image into small subsectionsas shown

in Fig. 3.17. Typically, theseboxesare 32£ 32 or 64£ 64 pixels, depending on the

particle seedingdensity. Here, the ¯rst box is 32£ 32 and zero-paddedto 64£ 64,

while the secondbox is 64£ 64. This is to normalize the e®ectsof the edgeson the

correlation function [73]. In thesepictures, we can seethat the number of particles

is fairly large (more than 15 particles in the box), but the size of the particles is

often only one pixel.

A cross-correlation of the box from image 1 and the corresponding region

from image 2, when normalized properly, will show a peak at a somedistance from

the center of the 2D correlation function (Fig. 3.17). The location of this maximum

corresponds to the distance that the particles traveled on averagein the time delay

±t. PIV is ¯rst and foremost a technique for measuringdisplacements. By assuming

a known time step, velocities canbeobtained by dividing the measureddisplacement

by the time step. This is an important concept, since it meansthat standard PIV

routines cannot resolve acceleration without modi¯cation, so rotation and shear

information is not available.

The ¯rst improvement that can be madeto the basicalgorithm is to improve

the peak ¯nding. If we simply look for the maximum of the correlation function,

then our resolution is equivalent to one pixel. This is shown in Fig. 3.18, where

we plot the values of the correlation along the row and the column going through

the peak of Fig. 3.17. We can improve our resolution by using information from
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Figure 3.17: Standard PIV algorithm.
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Figure 3.18: Slices through the 2D correlation function showing the location of
the peaks. The ¯tting of the peaksusesthe 5 adjacent points.

the points around the peak, e.g. ¯tting them with a smooth curve and ¯nding the

maximum of that curve. Typical choicesfor a ¯tting function are a paraboloid, a

Gaussian, or ¯nding the centroid of the points. Each of these ¯tting techniques

usesa di®erent number of points around the peak. The choice of function is largely

a trial-and-error one, with intuition playing a major role in the analysis. In the

exampleof Fig 3.18,weseethat a largenumber of points might benecessarybecause

of the large °uctuations near the peak. This improvement gives PIV a \sub-pixel

accuracy", which is one of its greatest strengths.

Improving the accuracy further is generally equivalent to increasing the

height of the correlation peak. The ¯rst phenomenon that reduces these peaks

is when particles leave or enter the interrogation box betweenthe time steps. This

problem is minimized by using large boxes that contain many particles, which es-

sentially minimizes the box perimeter compared to its surfacearea. On the other

hand, the value of the correlation will also su®er if the particles in the box lose
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their place with respect to each other, i.e. in the caseof strong shear or rotation

in the °ow. The likelihood of this deformation to happen is increasedwith larger

box sizes, especially in regions with high velocity gradients. There are therefore

competing needswith respect to the box size.

A standard solution to this con°ict is to use multiple passesof the particle

imageswith varying window size. The ¯rst passusesa relatively large box to get a

coarse-graineddisplacement ¯eld with few erroneousvectors. Theseoutlier vectors

are usually ¯ltered out and interpolated from the surrounding values. The next

passusesa reducedbox size along with information from the ¯rst pass; instead of

correlating two regionsat the samelocation of the image, the region from the second

image is shifted by the displacement vector obtained from the ¯rst pass. This way,

we maximize the likelihood that the particles that were in the ¯rst image will be in

the secondimage, and hencewe increasethe height of the correlation peak. This

processof reducing the box sizecan be repeatedasdesired,and for a \good" image,

can produce a very high resolution of accurate displacements. A representativ e

velocity ¯eld is shown in Fig. 3.19 corresponding to the high-resolution ¯eld from a

section of the annulus. The vectors are approximately 0.3 cm apart.

3.4.3 Error estimates and controlling errors

While it is true that PIV provides\sub-pixel" accuracyin the measurement of

meandisplacement, this statement can be a bit misleading. Currently , the best PIV

algorithms boast an accuracyof about 0.1 pixels in realistic experimental situations.

As seenabove, 0.1 pixels in our images corresponds approximately to 0.1 mm in

physical space; with typical time delays ±t = 10 ms, this accuracy in measuring

displacement corresponds to a minimum error in velocity of 1 cm/s! This is a

large error considering that our typical velocities are on the order of 20 cm/s. A

reduction of the ¯eld of view would produce a more favorable ratio of pixels/mm,
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Figure 3.19: Velocity vectors and vorticit y colormap in a section of the annulus.
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small as 0.3 cm.
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but it would also require a smaller ±t since the particles move a larger number of

pixels in the sameamount of time. This would again raise the error in the velocity

measurements. For this reason,we rely on the hot-¯lm measurements (which have

much higher accuracy) for the sensitive velocity measurements, and we usethe PIV

to track structures in the °ow, and to understand the °ow evolution.

There are several typesof error that can contaminate a visualization study.

First, oneneedsto have con¯dencethat the tracers in the °ow are actually following

the motion of the °uid. This becomeseven more signi¯cant in the caseof turbulent

°ow, where the local pressure and velocity gradients can have a large e®ect on

the particles. Next, the visualization hardware has to function well: the images

needto have a high enoughcontrast betweenthe particles and the background, the

particle imagesneedto be larger than a few pixels, the amount of optical distortion

should be kept to a minimum, the intensity of the images needsto be relatively

constant between the ¯rst and secondframes, etc. These errors can be minimized

at the time of the design of the visualization system, and are crucial to reducing

the measurement errors. The above sourceswill be referred to as \exp erimental"

sources.

Once theseexperimental sourcesof error are minimized, there remain errors

in the algorithms due to the discretization of the images both in space(discrete

pixels) and in intensity (discrete bits). Theseerrors are the onesthat are typically

discussedin the analysisof PIV error, e.g. by Westerweelet al. [103] and by Fincham

and Spedding [31].

Below we will start with a discussionof the experimental sourcesof error in

the following order:

1. Particle tra jectory might not match actual °uid tra jectory.

2. Motion perpendicular to the plane of illumination.
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3. Uncertainties in time delay.

4. General quality of the images.

5. Image distortion.

6. Moving shadows from the experiment walls.

Afterwards we will move to the algorithmic error sources,and discussthe algorithms

that wereusedin this study. The phenomenonof \p eak locking" will be intro duced

as well as ways to deal with it.

Motion of particles

An extensive study of the motion of particles as passive tracers was carried

out by Weeks[101]. Several forcesare important in determining whether the motion

of the particles will closely match the motion of the °uid, including the buoyancy

force, the centrip etal force, the viscousdrag, the °uid inertia, lift (the Magnus force),

and the pressuregradient. He concluded that neutral buoyancy was an important

factor in chosing the particles to use. We will not repeat the analysis here, but

below is a lessextensive justi¯cation for the particles we use.

The particles used in this experiment were in the range of 100¡ 200 ¹ m.

These are relatively large comparedwith particles used in other turbulence exper-

iments, meaning that the drag from the °uid might not be strong enough to keep

the particle stationary with respect to the water around it. Mei states that the

frequency responseof a solid particle in a liquid depends on the density ratio and

the stokes number of the particle [62]. He calculates that for a particle which is

perfectly neutrally buoyant, the frequencyresponsewill be exact for any frequency.

For a density ratio closeto unit y, the frequency responsewill also be closeto unit y

for low Stokesnumbers [62]. The Stokesnumber is de¯ned as:
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St =
½pUcD 2

p

18¹L c
(3.3)

where the subscript p refers to the particle, and c refers to the °ow. Using ½=

1:025 cm3/s, Uc = 20 cm/s, Dp = 0:015 cm, ¹ = 0:1 g/cm s, and L c = 1 cm,

we obtain St = 0:0026. This means that the stokes drag is dominant, even for a

structure (e.g. vortex) that is 1 cm in diameter and that is moving at 20 cm/s. This

quick calculation shows that our particle tra jectories should match the °ow very

well. In practice, we ¯nd that the particles centrifuge to the outside of the tank at

high rotation-rates for °ows where the mean jet is weak. However, this behavior

occurson time scalesof several minutes, whereasthe imagepairs are typically a few

millisecondsapart. Therefore the error in the displacement over 10 ms will be very

small comparedto the actual displacement.

Out of plane motion

The out-of plane motion of the particles is also an issueto consider. In the

caseof the high rotation rate °ows, this problem is minimal sincethe °ow is forced

to be largely 2D. This is a signi¯cant advantage of our study compared with 3D

turbulence where one is looking at two of three important velocity components. In

the 3D °ow, we do have some°ow in the direction perpendicular to the light sheet,

and one needsto be careful in interpreting the low rotation data. However, since

our light \sheet" is rather thick (about 2 cm) and the time delays are short (about

10 ms), a particle would have to be traveling vertically at 2 m/s in order to leave

the illuminated region. This is typically not the casein our °ows except possibly

above the injection holes;even in the 3D °ow we expect the out of plane motion to

be small.
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Time delay

The accuracy of the time delay ±t is determined by the light pulsing. We

use a \frame straddling" technique in controlling the time delay which works as

sketched in Fig. 3.20. The camerashutter is openedfor 30 ms while the experiment

is kept in the dark. After an initial delay, we °ash the LEDs for a known time tLE D .

Shortly afterwards the ¯rst frame ¯nishes and the secondcamera frame starts, at

which time we °ash the LEDs again. The minimum time betweencameraframes is

very short, on the order of 5 ¹ s, which meansthat we can control ±t very precisely

by °ashing the LEDs. The rise time for those is also in the ¹ s range and the clock

that controls the timing runs at 2 MHz. All this meansthat ±t between frames is

known to better than 10¡ 6 seconds,i.e. the error intro duced by this is very small.

However, the nominal value for ±t is the value between the start of the ¯rst °ash

and the start of the second°ash. The fact that the time tLE D is ¯nite (t ypically in

the range2-6 ms) might intro ducea certain error in the measurements. However, if

the particles do not acceleratesigni¯cantly between the frames, the particle image

from the ¯rst and secondframeswill be similar, and the correlation should still work

properly.

Qualit y of images

In our PIV technique, we have followed someof the rules of thumb that were

developed for increasing the accuracy of the measurements. These rules of thumb

were developed from computer generatedimages;starting from a known computed

velocity ¯eld, a ¯rst image is generated typically with a Gaussian distribution of

particle sizesand intensities. The particles are moved according to the °ow ¯eld,

and the PIV code is usedto re-calculatethe velocity ¯eld. By checking the calculated

versionwith the known one,a few patterns emergedin terms of the sizeand density

of particles, etc [73].
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Figure 3.20: Frame straddling technique.

Theserules of thumb concernthe sizeof the particle image which should be

larger than 4 pixels, the particle density wherea correlation box shouldcontain more

than 4 particles. Our particles are smaller than one pixel in size, but their image

appears large due to their brightness. The typical particle displacement between

framesshould be lessthan one pixel, although that can be corrected for by shifting

the window.

Image distortion

We visualize our experiment through a thick (t = 4:3 cm) acrylic lid. The

casting processthat is used for such thick piecesallows them to cool down outside

the mold. Thereforewe have found that 10%variations in thicknessare commonfor

such plastics. It wasimportant to smooth out thesethickness°uctuations to remove

any lensing e®ectsthat would distort the apparent motion of the °ow. That was

done by carefully machining both sidesof the lid, making sure that the surfacing

did not heat the plastic to more than 40±C. Once both surfaceswere made parallel

and °at (nominally to a few mills), the lid was polished to make it transparent.
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The machining was done at Advanced Research Labs at the Pickle campus, while

the polishing was done by Glass Mountain Optics, a company that specializesin

polishing telescope mirrors.

Mo ving shadows

A sourceof error that is speci¯c to our system is produced by the moving

shadows of the tank walls. The shadows are produced from two sources:First, the

top lid is held by metal posts which screw into the bottom plate, thus making the

whole setup more rigid. Second,seamsin the walls where di®erent acrylic sections

are glued together also produce shadows due to small cracks in the glue. The light

from the individual LEDs is very directional, so that the postscast shadows as they

passin front of the diodes.

As the tank rotates, theseshadows sweepin the opposite direction such that

a correlation box that is well lit during the ¯rst frame can becomedarker in the

secondframe or vice versa. At the low rotation rates, the shadows move very slowly

comparedto the pulsing rate, so they do not represent a big problem. However, at

­ = 11 rad/s, the shadow can move 5 cm in the 10 ms betweenframes.

This changein illumination can causethe correlation peak betweenthe two

imagesto be shifted in the direction of the shadow motion, in a way that is quite

complicated. However, wecanminimize the e®ectof the moving shadows by ¯ltering

the water and keeping only the large bright particles. If the contrast between the

particles and the background is strong, the bright particles are signi¯cantly brighter

than the background even when they're in the shadow, and the induced error is

minimized in this way.
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Peak lo cking

The major sourceof error in the PIV algorithms comesfrom estimating the

location of the correlation maximum. These estimates often show a bias towards

integer number of pixels, a phenomenonknown as \p eak locking". It is caused

either by particle imagesthat are too small (only 1 or 2 pixels), by a variation in

the sensitivity of the individual pixels, or by the \¯ll factor" of the camera, i.e. the

areaof the CCD array that is sensitive to light [73]. In our case,the ¯ll factor of the

Kodak ES1.0is 60%(a small value), and probably the causeof the peak locking that

we experience. The signature of peak locking is seenin a histogram of the measured

displacements as in Fig. 3.21(a). This kind of error is well documented [31, 73] but

solutions to it are di±cult. The ¯rst solution is to try di®erent functions to ¯t the

correlation peak; we usea Gaussian¯t which givesthe best results for our data, but

which doesnot solve the problem completely, as shown in Fig. 3.21.

With help from Benoit-Joseph Gr¶ea, we implemented two changes to the

PIV algorithm which reduced peak locking signi¯cantly . The ¯rst change was to

implement non-integer window displacements during the secondpass of the PIV

routine. Using MATLAB's interpolation function, we were able to make box shifts

of non-integer number of pixels. The secondchangewas to implement box rotation

to increase the correlation peak height. So by using the initial vector ¯eld, we

could estimate the amount of vorticit y in a given region and rotate our windows to

account for the solid body rotation of the particles. Thesetwo changeswere found

to improve the peak locking problem, asshown in Fig. 3.21(b), where the histogram

for the sameparticle imagesproduced much more evenly spreaddisplacements.

In summary, it is very di±cult to estimate the actual error in the PIV mea-

surements. Theseerrors probably vary asa function of rotation and pumping rates,

with the cleanlinessof the water, or with the sizeof the ¯eld of view. Studiesof sim-

ulated particle imagesusing algorithms such as ours produce an accuracy of about
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Figure 3.21: Peak locking, observed in part (a), is largely removed in part (b) with
non-integer window displacements, and box rotations.

0.2-0.3 pixels or better for the mean displacement in a box. That would mean a

conservative estimate of 0:03=10¡ 2 cm/s, or » 3 cm/s. Such an uncertainty is too

high to obtain precisequantitativ e information about the °ow-¯eld, making high-

order statistics inaccessiblewith the current PIV. However, for the high °ow rates

(U > 60 cm/s), the signal to noise ratio is high enough that we are able to obtain

robust statistics such as energyspectra and correlation functions.

Even with its limitations, the PIV is still very useful for computing and

visualizing a °ow-¯eld at all °ow conditions. It hasprovided someof the ¯rst quan-

titativ e data about vortex interactions in a 2D °ow, aswill be seenin later chapters.

This warrants a few words about the computation of vorticit y. The algorithm used

to compute vorticit y usesthe \circulation" method, which is essentially the compu-

tation of an integral rather than a derivative. We useStoke's theorem relating the

vorticit y and the circulation [73]
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¡ =
I

u ¢dl =
Z

! ¢dS (3.4)

where ¡ is the circulation, l is the path along the surface S, and ! = ! ¢n̂ is the

vorticit y. In a discrete grid, this equation can be applied to a point by marching in

a box around the point and summing the velocities. This method producesmuch

lower errors in the vorticit y measurements than typical di®erencingschemes. It is

equivalent to a center di®erenceschemeapplied to a smoothed (3£ 3 kernel) velocity

¯eld [73], so that it can also be used to compute other derivative quantities (e.g.

divergence).

3.4.4 Speci¯c algorithms

A few algorithms are very speci¯c to our experiment and weredeveloped over

the courseof the study. Below, we describe three main onesthat will help us analyze

the data in future chapters. The ¯rst is an algorithm that calculatesthe azimuthal

and radial velocities from the Cartesian velocity vectors. The secondcalculatesthe

polar shear tensor ¾r Á from the velocity ¯eld. The third maps the annulus onto a

rectangular channel, transforming the polar geometry into a Cartesian one.

Azim uthal and radial velocities

In order to obtain the azimuthal and radial velocity, one needsto remember

that those velocities depend on the location in the tank. Given a position (x; y)

(x and y have zero-mean), the ¯rst step is to convert that position into an (r; Á)

coordinate. Then the u and v velocities needto be transformed in the sameway to

their polar valuesur ad; uµ (here, r ad and µ aredi®erent from the radial and azimuthal

coordinates r ,Á). Using the above transformed pairs, and using U =
p

u2 + v2 as

the magnitude of the velocity, we obtain the radial and azimuthal components using:
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ur = U cos(uµ ¡ Á) (3.5)

uÁ = U sin(uµ ¡ Á)

One advantage of obtaining the azimuthal velocity is that we can easily

imposea ¯xed rotation on all the velocity vectors. This is done by subtracting a

constant times the radial position from the azimuthal velocity:

ur ot = uÁ ¡ c ¢r: (3.6)

This technique is very useful when we wish to subtract the mean rotation from the

°ow. It allows the viewer to digitally place him/herself in the frame of the moving

°ow rather than the frame of the tank. By making this rotation, the vortices seen

in the vorticit y plots match the vortices in the streamfunction very well, as will be

seenin later chapters. In the past, the camera was rotated faster/slower than the

tank to have the samee®ectof bringing out the vortices that are advecting with the

°ow.

Polar shear

The shear in a polar coordinate system is de¯ned as

¾r Á =
r
2

·
@(uÁ=r)

@r
+

1
r

@vr

@Á

¸
(3.7)

where uÁ is the azimuthal velocity and ur is the radial velocity. In the casewhere

the azimuthal variations can be ignored, the Á derivative can be dropped and we

compute the mean shearas

¹¾r Á =
r
2

@(uÁ=r)
@r

: (3.8)
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Both of thesequantities are of interest and will be usedin later sections. To

calculate ¾r Á and ¹¾r Á, we start by computing ur and uÁ by using the above method.

Once that is done, the only required step is to di®erentiate ur and uÁ in terms of r

and Á. For that, we use the chain rule. Since the functional relationship between

(x; y) and (r; Á) is known, we usea ¯nite di®erencingscheme(3rd order) to obtain

the derivatives with respect to the Cartesian coordinates, and we use the exact

form for (@x=@Á), etc. for the other terms. These steps provide all the necessary

derivatives,and adding them appropriately becomesa simple matter. All the terms

in Eq. 3.7 above can be estimated in this way.

Mapping the annulus onto a rectangle

Starting with the annular geometry, we would like to map the circular walls

onto straight lines for both the inner and outer boundaries. This way, the °ow is in

a periodic straight channel, where the horizontal coordinate is the azimuthal angle,

and the vertical coordinate is the radial position. This routine is very useful if one

needsto measurethe velocity at a particular radius, or at a particular azimuthal

slice. It is the only routine among thosedescribed herewhich requires interpolation

of the data, so care must be taken with that aspect.

If we wish to map a 2D vector ¯eld (such as velocities), the ¯rst step is to

obtain the radial and azimuthal components as described above. Quantities such

as vorticit y or other single-components 2D ¯elds need not be changed. Next, we

de¯ne a rectangular grid of r and Á, as shown in Fig. 3.22. This rectangular grid

(r rect ; Árect ) can be written in terms of Cartesian (x; y) coordinates by simply using

x i = r rect cos(Árect ) (3.9)

yi = r rect sin(Árect )

and these (x i ; yi ) consist of the coordinates on the annulus, but rearranged in a
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Figure 3.22: Rectangular meshand corresponding coordinates on the annulus.

rectangle. The ¯nal step is to use MATLAB's 2D interpolation function to obtain

the valuesof ur and uÁ at every (x i ; yi ) which corresponds to a (r rect ; Árect ) on the

rectangle.

The mesh size of the rectangular grid is typically taken to be equivalent to

the PIV resolution: In the radial (y) direction, the step sizewas taken to be 0.8 cm.

In the azimuthal (x) direction, we typically choseÁ going from 0 to 2¼in 600steps,

which is roughly equivalent to the number of vectors at the outer perimeter of the

annulus. Extensive testing of the e®ectof the grid size was done, and we did not

¯nd the sizeor the exact form of the interpolation to be very signi¯cant in the ¯nal

results.

An exampleof this mapping is shown in Fig. 3.23. Here,we map the vorticit y

and stream-function ¯elds becausethey are easyto visualize.

Becauseof the geometry of the annulus, this rectangular mapping over-

samples the regions near the inner wall. A small vortex near the inside of the

tank will appear much larger in size, and one should be careful in de¯ning the

size/wavenumber of structures as a function of radius. Note however that the rela-

tion between the structures is preserved, and this technique is very useful in many

calculations as will be seenlater.
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Figure 3.23: Vorticit y and stream-function ¯eld mapped onto a rectangle.

A ¯nal note on the colormaps used in this thesis: When color images are

unavailable for 2D maps, it is often useful to use discontinuous gray scales. These

gray-scale schemes take some time to get used to, but they convey information

with much lessambiguit y and with the possibility of including more detail than a

standard gray scale. In Fig. 3.23, we use a gray-scale scheme for the vorticit y !

which goes from light to dark as ! approaches zero from below. At ! = 0+ , the

scalediscontinuously jumps back to white and gets darker again as ! increases.By

this method, a vortex with a dark center surrounded by lighter tones has cyclonic

! , meaning! has the samesign as the rotation direction of the tank. A vortex with

a light center surrounded with dark tones is anti-cyclonic, turning in the opposite

direction than the tank.

3.5 Summary

In summary, this is a very instrumentation-in tensive experiment and its

unique geometry makes standard instruments often unsuitable. This chapter de-

scribed the control of the two experimental parameters,aswell as the ways in which

measurements weremade. It concentrated on the hot-¯lm anemometryand the par-
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ticle imaging, placing someerror bounds on the accuracy of these measurements.

These error bounds suggest that the PIV can be used to resolve °ow structures

and show their dynamic behavior as vortices interact with each other and with the

mean jet. The hot-¯lm measurements allow us to get very long time serieswith

high signal-to-noiseratio, thus allowing us to calculate high-order statistics of the

turbulent velocity series.This chapter also intro duced someof the \tric ks" used in

the analyzing the PIV data which are unique to our experiment.

In the next chapter, the techniques described here will be used to test the

theory intro ducedin Chapter 2. The visual information will be used¯rst to describe

the °owsobtained in the experiment. Sincethis is a not a very typical °ow, somecare

will be taken to characterize it properly asa function of the control parameters. We

will then usethe hot-¯lm time seriesto look for scaling of the high-order structure

functions. The changesin scaling betweenthe low and high rotation rate caseswill

be discussedand related to the spatial structures seenin each of the °ows. Finally,

we will try to make a good connection between the structures that we seevisually

and the scalingsthat we observe in the time series.
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Chapter 4

Transition from 3D to 2D
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When LeonardoDa-Vinci ¯rst observed turbulent °ows, he saw and sketched

the structure of the eddiesbeing carried by the mean °ow. His understanding of

turbulence was a spatial one, concerningthe interaction betweenspatially extended

structures. This (Leonardian) view of turbulence remainsimportant, but it hasbeen

largely replacedby the statistical view, which is more quantitativ e with measurable

and reproducible predictions, sincethe work of Kolmogorov. Most recently , there has

been signi¯cant interest in bringing together the two viewpoints by understanding

the relation of the statistical °uctuations to real structures in the °ow. These

advanceshave beenmadepossibleby advancesin visualization and in computation.

They were motivated by attempts to explain the anomaliesof the statistical scaling

(e.g. [78, 27]), but also to control the turbulence in order to reducedrag, improve

mixing, or other practical applications [97, 21].

In this chapter, we will start with a Leonardian description of our °ow, by

describing the coherent structures that form and the interaction betweenthe strong

jet and the vortices. This will bedoneby starting with a generaloverview and adding

levelsof detail through the useof the visualization techniques. The slow-rotation and

fast-rotation caseswill be compared,making the casefor a two-dimensionalization

of the °uid °ow as the rotation rate is increased.

The secondpart will move to the Kolmogorov statistical description of the

°ow through the useof the long velocity time series.Thesemeasurements allow us

to look for scaling regions and to test quantitativ e ideas of turbulence such as the

hierarchical symmetry of the She-L¶ev̂equemodel. These calculations show a clear

shift with increasingrotation rate from °ows similar to the usual 3D °ows, to a 2D

°ow which matchesKolmogorov's 1941theory in several ways.

We will ¯nally bring together the two approachesand explain the statistical

information with the spatial structures that we visualize.
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4.1 Flo w description

In order to describe the °ows in the rotating annulus in the 3D and 2D cases,

let us pick two representativ e snapshots.The ¯rst one,which we will refer to in this

section as the 3D °ow, is taken at a rotation rate ­ = 1:57 rad/s (­ =2¼= 1=4 Hz),

and at a pumping rate of Q = 550 cm3/s. This is not the lowest rotation rate at

which data were taken, but it corresponds to a Rossby number of approximately

0.7. The representativ e 2D °ow will be at a rotation rate ­ = 11:0 rad/s (­ =2¼=

1:75 Hz), and a pumping rate Q = 350 cm3/s. The corresponding Rossby number

here is about 0.2.

Cyclone Anti-cyclone

Rotation
direction

Azimuthal jet

Figure 4.1: Schematic representation of a cyclonic vortex, an anti-cyclonic vortex,
and a jet in the annulus.

Using particle images of the whole annulus, let us start with a general

overview of the °ow and add detail as we go along. A schematic of what we will

discuss is shown in Fig. 4.1; the streamlines which connect without crossing the
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center of the annulus correspond to cyclonic and anti-cyclonic vortices. Streamlines

that contain the center of the annulus correspond to the strong counter-rotating jet

which travelsalong the periodic azimuthal direction. Thesestructures are visible in

the streamlinesof the °ow ¯eld; they are alsovisible in the vorticit y and shearplots

as we will seein the upcoming subsections.

4.1.1 Velocit y vectors: Mean jet

The ¯rst thing we resolve in the data is the strong anti-cyclonic jet, which

is visible in the velocity ¯eld for both the 2D and 3D casesin Fig. 4.2. This jet is

produced by the radial °ux of water from the forcing holes (shown by the dashed

and dotted lines), and is quite strong in the rotation frame of the tank. The mean

azimuthal velocity in the 2D caseis 30 cm/s, and 12 cm/s in the 3D case.It is clear

from this ¯gure that the jet ¯lls the width of the tank.

4.1.2 Stremfunctions: Jet and vortices

Very little structure is visible in this vector ¯eld, due to the high mean

velocity of the jets which carry the vortices in them. To obtain more detail, we

compute the streamfunction of each °ow. This is done with a matlab routine1

which numerically integrates the velocity ¯eld; with only minimal smoothing, we

can obtain clean contour plots of the streamfunction, as shown in Fig. 4.3. Here,

the jet is still visible, but we seesomesmall vortices on the periphery of the °ow, e.g.

at 3 o'clock and 9 o'clock in the 3D case.The structures are advected by the mean

jet, so it is not surprising that they are not very distinct from it in a streamfunction

plot. In the streamfunction contours, the regions of high density of contour lines

correspond to regionsof high velocity. This meansthat the °ow velocities are high

betweenthe vortices, and small at their centers, as one would expect.
1Written by Mark Shattuck.
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3D

W

2D

Figure 4.2: Velocity ¯eld for the 3D (­ = 1:57 rad/s, Q = 550 cm3/s) and 2D
(­ = 11 rad/s, Q = 350cm3/s) cases.
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3D

W

2D

Figure 4.3: Streamfunction contours. Sameconditions as Fig. 4.2. Contour line
spacingcorresponds to a °ux of 12 cm2/s in the 3D caseand 30 cm2/s
for the 2D case.

In order to bring out the distinction between the jet and the vortices, we

rotate the velocity ¯eld by the mean rotation rate of the °ow, as described in Sec-

tion 3.4.4. Under that transformation, large distinct structures in both the 2D and

the 3D casesare seenrelative to the mean°ow. Theselarge vortices form soon after

the initiation of the pumping, and once they form they are stably advected along

with the mean jet. The vortices interact with each other and with the boundaries,

as well as with any smaller structures that are formed in the °ow; structures of

the samevorticit y tend to merge together while vortices of opposite sign repel. In

the 3D case, the largest vortices usually reach a steady size and do not grow or

breakup. In the 2D casehowever, the largest vortices can sometimesgrow to ¯ll

most of the tank in the azimuthal direction, at which point they usually break into

two or three smaller parts. These parts separateand act as distinct vortices until

they either dissipate someof their energyor eventually mergeand grow again. The
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large vortices in the 3D °ow of Fig. 4.4 are locked to the mean jet, and they do not

directly interact amongeach other. In the 2D case,the two large structures combine

to almost ¯ll the tank completely; they are actually the result of the breakup of a

single large vortex a few secondsearlier.

3D

W

2D

Figure 4.4: Streamfunction contours with mean rotation subtracted. Samecondi-
tions as Fig. 4.2.

The number of large stable vortices varied with rotation and pumping rates.

Sommeriaet al. [89] found the number of vortices to decreasewith strongerpumping.

Our experiments operate in a di®erent parameter regime with higher pumping and

lower rotation rate. We found that one large vortex was present for the more 2D

°ows, while the more 3D °ows allowed the exitence of two vortices. The lowest

rotation rate and highest pumping rate sometimesproduced three stable vortices,

but those caseswere not studied here. We relate this e®ect to a weaker inverse

cascadein the caseof the lower rotation rates. While the inverse cascadeis still

present and doeslead to the merging of small structures into large ones,the largest

scalesdo not reach the scaleof the system. The number of vortices is plotted in
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Fig. 4.5 as a function of rotation and pumping rates.
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Figure 4.5: Number of large stable vortices (spots) for di®erent pumping and ro-
tation rates.

4.1.3 Vorticit y and shear: Vortex in teractions

Furthermore, note that there are vortices on both the inside and the outside

of the jet, i.e. towards the center and the edge of the annulus. Since the jet

represents a maximum in velocity, this means that the velocity gradient on the

outside hasa di®erent sign from the gradient on the inside. This is evident in a plot

of the vorticit y (Fig. 4.6(a,b)). Here, we superposethe streamfunction from Fig. 4.4

with the vorticit y ¯eld to show the correspondencebetweenthe structures and the

vorticit y. The colorbars correspond to vorticit y, and indicate that the vorticit y is

mainly negative (cyclonic in this case)near the outside of the tank, and positive

(anti-cyclonic) near the inside. Note that the sign of the tank rotation is arbitrary ,

and we choseto make anti-cyclones positive for clarit y. However, the dominant sign
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of vorticit y is always anti-cyclonic near the inside of the tank for a counter-rotating

jet, which can easily be shown from geometric considerations[53].

Vorticit y mapscontain very usefuland important information about the °ows

in our study. The 2D °ow is a very good approximation to the caseof ideal °ow, i.e.

an inviscid 2D °ow. In such °ows, vorticit y can only be created at the boundaries;

in the bulk, it is a passive tracer which follows material movement. Sinceour system

is forced, vorticit y is generatedin the bulk of the °ow as well, but vortex motion

still corresponds very well with material motion. In the 3D case,the vortices which

are visible are 2D slicesof a 3D ¯eld. This is especially true of the small structures.

Information in the vertical dependenceof these structures is not known, but they

probably twist and connect with other structures elsewherein the °ow.

In the 2D plot, note the presenceof a cyclone (dark centered-vortex) close

to the center of the tank near 2 o'clock. Also visible is an anti-cyclone near the

outer wall at 6 o'clock. These vortices are opposite to the dominant sign in their

respective regions. They are formed at the recirculation region of the large stable

vortices, where the velocity gradients are reversed. The 2D nature of the °ow is

such that these vorticit y patches grow and form coherent vortices. Becausethese

\tornado es" have the wrong sign vorticit y, they get ejectedradially to the opposite

side of the tank, where they match the background. The e®ectof these ejected

vortices depends strongly on the rotation rate, and seemsto play a major role in

the dynamics of the °ow, so we will comeback to them in later sections.

Next, we turn our attention to the shear ¯eld, which is computed using

Eq. 3.7 in the previous chapter, and shown in Fig. 4.6(c,d). In both the 2D and 3D

cases,the shear is dominated by radial structures which correspond roughly to the

edgesof the vortices. This shows that the shear in the turbulent ¯eld is dominated

by the azimuthal derivative. This is especially true for the ejections noted above:

they correspond to regions of intense shear which changessign rapidly. It should
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Figure 4.6: Vorticit y (a,b), polar shear (c,d) and mean shear (e,f) ¯elds. Same
conditions as Fig. 4.2. Note the location of the change in sign of
vorticit y ! comparedwith mean shear ¹¾. Full shear is dominated by
radial structures.

comeas no surprise that theseregionsof high shearact to deform °uid parcelsand

to carry them quickly into di®erent regionsof the °ow.

It is the \background shear" ( ¹¾r Á) of Fig. 4.6(e,f) , de¯ned in Eq. 3.8 that

explains the reason for the radial ejections. By ignoring the azimuthal derivative

of the velocity ¯eld, we obtain the shear ¯eld due to the mean motion of the jet.

This shear is much weaker and varies over longer distances than the full shear of

Fig. 4.6(c,d). The dominant feature of this ¯eld is that, like the vorticit y, the shearis

mainly cyclonic near the outsideof the tank and mainly anti-cyclonic near the inside.

This is important becausea vortex which hasthe samesign asthe background shear

is stable until it mergeswith another vortex of the samesign. A vortex whosesign is

opposite that of the background shearcannot remain there: it gets ejected radially

acrossthe channel to the region with the samesign shear. In somesituations, such a

vortex can also losemuch of its energythrough stretching and sheddingof vorticit y

¯laments, as in the casethe vortex at the bottom of the 2D ¯eld (Fig. 4.6(a,b)),

where the ejecting anti-cyclone is deformed by the mean jet. Such a vortex might

completely loseits coherenceas it movesradially, but if it crossesthe jet maximum

without dissipating its energy, it survivesuntil it mergeswith another vortex of the

samesign.

4.1.4 Ejection events

In the 3D ¯eld of Fig. 4.6(a,b), also visible is a small ejection occurring at

the inner wall, near the top of the annulus. The signature of this ejection is also

visible in Fig. 4.6(c,d), where a region of high positive shear is present at the edge
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of the anti-cyclonic large vortex. The 3D ejections are more di±cult to see,due in

part to their small size. In contrast, 2D ejectionsoccur at a wide range of sizesand

are often easyto follow betweenframes.

To emphasizethe di®erencebetween the 2D and 3D ejections, we look at

two closeupsof ejection events at low and high rotation rates, shown in Fig. 4.7.

Two ejection events can be followed in the low rotation (3D) case:As the cyclonic

(red/y ellow) structure sweepspast, we see the formation of a weak anti-cyclone

(blue) at the outer wall, marked with the circle at t = 1:0 s. This small vortex

extends radially and someof the °uid is carried inward. A similar processhappens

near the inner wall as the strong anti-cyclone (blue) causesa cyclonic (red) ejection

(circle at t = 3:0 s). Note that the ejecting structures are small in sizeand consist

of several small vortices orbiting each other.

In the high rotation case,the ejecting anti-cyclone forms at the outer wall

and grows to about 10 cm in sizebeforebeing transported acrossthe jet to the anti-

cyclonic region of the °ow. We can seethat it is connectedto a thin anti-cyclonic

region near the wall, and it grows by drawing °uid from this boundary region. In

the last frame (t = 0:9 s), it appearsthat this vortex is being elongatedand sheared

by the jet. For the conditions of this sequence,the maximum velocity in the jet

can reach 80 cm/s near the center and has to go to zero at the edge. Therefore the

velocity gradients can be quite large and the shearfelt by an ejecting vortex can be

very signi¯cant as it tries to circumvent the large cyclonic vortex.

We also seein this sequenceseveral cyclonesbeing carried in the jet. The

cyclonesreach the region of favorable shear sooner than the anti-cyclones, as seen

in Fig. 4.6(e,f), so they are more likely to preserve their shape and to get carried

azimuthally without losing their coherence.The sizeof the ejecting vortices varies

with rotation and pumping rate; these vortices are always small in the 3D case,

while the 2D vortices can have a range of di®erent sizesand strengths.
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Figure 4.7: Two ejection events, at low and high rotation rates. Seetext for dis-
cussion.

The ejection events and the later merging between the ejected vortices and

the large coherent structures can be thought of asa non-local dynamics. Here, non-

local refers to locality in wavenumber space,and the non-locality is the interaction

between structures of highly di®erent sizes. The creation of the small vortex can

be thought of as a large-scaledissipation mechanism, whereenergyfrom the largest

scalesis being drawn out and injected back at a smaller scale. Once the vortex is

ejected, it can get shearedby the mean jet (e.g. the anti-cyclone near the bottom of

Fig. 4.6(a,b)), or it can crossthe jet and mergewith the large vortices on the other

side, thus cascadingenergyback up to the large scales.The existenceof strong non-

local interactions was found to increasethe amount of intermittency in numerical

simulations [52], which is consistent with our observations.

The motion of the 2D vortices corresponds to advecting °uid parcels, as

expected for 2D inviscid °ow (ideal °ows). The image in Fig. 4.8 was taken during

the transient stages, shortly after the formation of the largest structures, so the

slightly heavier particles have had several minutes to centrifuge to the outer edgeof

the annulus in the absenceof any turbulent mixing. An ejection event near the top

of the annulus carries theseparticles into the bulk of the °ow. This ejection can also

be followed in the vorticit y map. The later motion of these particles corresponds

very well with the motion of the vortex as the latter crossesthe center jet. This is

con¯rmed by the group of particles marked with the square,and the corresponding

vortex in the vorticit y ¯eld.

Also visible in this ¯gure is the spiral nature of the ejection events. The vor-

tices that form in the recirculation regionsof the large stable vortices are e®ectively

\rolled up" at the stagnation point by the mean jet. This is visible in the spiral

structure in the particle imagenear the top, and also near the bottom of the ¯gure.
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Figure 4.8: Particle ejections (top) and corresponding vorticit y and streamfunc-
tion ¯elds (bottom), Ro = 0:14, ­ = 6:28 rad/s, and Q = 150 cm3/s.
The particles ejecting near the top indicate the spiral structure of the
ejecting vortices. Structures with a dark center are cyclones while
those with a light center are anti-cyclones. Streamline spacing is
19 cm2/s.
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Thesevortices give further support for the applicabilit y of spiral vortex model.[57]

4.2 Evidence of two-dimensionalization

From the above analysis, it is clear that the slow-rotation and fast-rotation

°ows are very similar. They all consist of a strong counter-rotating jet which is

populated by vortices of varying sizes. This suggeststhat even at the low rotation

rates, the rotation is already an important factor which inhibits the stretching of

vortex tubes. This is indeed true for the casesshown above, since the typical

Rossby numbers are all below one. In this section we show the initial moments of

the °ow evolution, which underscoresthe important role of rotation and shows a

clear example of an inverseenergy cascade. In the secondpart of this section, we

show evidenceof a much more 3D °ow at a rotation rate ­ = 0:79 rad/s (1/8 Hz).

This °ow is shown as an extreme example, but the statistical analysis in the later

sectionswill be done for rotation rates starting at 1/4 Hz.

4.2.1 Flo w developmen t

Evidence of an inverseenergy cascadeis visible during the initial moments

of our °ow setup. If the pumping is started after the water has reached solid body

rotation, small anti-cyclonic and cyclonic vortices form above the inlet and outlet

holes respectively. The vortices are smaller and weaker than the resolution of the

PIV, but within a short time, like-sign vortices start to merge together and grow,

cascadingenergyto the larger scalesasshown in Fig. 4.9. The radially outward °ux

from the pumping simultaneously generatesa strong counter-rotating jet between

the forcing rings. The jet grows in strength until the pumping is balanced by the

Ekman dissipation in the top and bottom boundaries. This behavior is found for

all rotation rates in the range 1:57 < ­ < 14:1 rad/s, and we expect that the

samebehavior continuesfor higher rotation rates. The evolution rate however does
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depend on the experimental conditions.
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Figure 4.9: Initial moments of the °ow setup (­ = 6:28 rad/s). A ring of anti-
cyclones(blue) initially forms above the inlet holes,and cyclones(red)
above the outlets. The interaction between vortices causesthem to
elongateand create spiral structures. In this ¯gure, we threshold the
values of vorticit y and show only those values that are signi¯cantly
above the noise, for clarit y. The vorticit y values are di®erent for dif-
ferent times.

The vorticeswhich form above the forcing holesinteract with their immediate

neighbors in groups of two or three. For instance, a group of three anti-cyclones

might start to orbit each other initially . The vortex centers would then get pulled

in towards the center of the trio, thus creating an elongated structure similar to

a backwards \S". The new vortex then keepsrotating with stronger vorticit y, and

the lobes from the \S" get wrapped around the central core of the vortex. The

orbiting and merging steps repeat with the larger structures until the interactions

with the walls becomeimportant. This processis similar, if not identical, to the one

suggestedby Lundgren[57] for the formation of spiral vortices. One expects that

the vortices still display a spiral structure at later times, although our visualization

doesnot resolve those details.

4.2.2 Lowest rotation 3D °o w

In order to show the existenceof a clearly 3D °ow, a set of PIV data was

taken at ­ = 0:79 rad/s (1/8 Hz). This low rotation rate is more signi¯cant than

the casewith no rotation at all, since we can start to seehints of the \jet and

vortices" structure seenat the higher rotation rates. Although oscillations in the

tank rotation rate make hot-¯lm measurements di±cult at these slow rotations,

PIV data is largely una®ectedsincethe camerarotates independently , and sincethe

oscillations have little e®ecton the °ow outside the boundary layer. A snapshotof

a °ow at this rotation rate, with Q = 550 cm3/sis shown in Fig. 4.10.
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W=0.79 rad/s, Q=550 cm3/s

Figure 4.10: Low-rotation °ow (­ = 0:79 rad/s, or 1/8 Hz, Q = 550 cm3/s)
showing strong signsof three-dimensionalturbulence. Vorticit y range
is ¡ 5 < ! < 5 s¡ 1.
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The ¯rst observation is the existenceof very small, strong vortices of both

signsnear the inner region of the °ow. Recall that thesevorticit y patchesare a 2D

slice of a 3D ¯eld, so that the vortices might be oriented in di®erent directions. A

stream function contour of this °ow would show very little detail, so it is not shown.

However, we do seethe formation of larger vortices, similar to the fast rotation

rates, near the outer wall; thesevortices however remain much smaller and weaker

than in the previous ¯gures. They get carried azimuthally by the weak jet, as in

the other cases.

Note that this °ow doesnot show the sameevolution as the faster rotation

cases. The vortices that form above the forcing holes do not merge together to

produce larger ones,hencethere is no inversecascade.Instead, strong anti-cyclones

produce cyclonic vortices near them, and vortex pairs of opposite signs orbit each

other, interacting with other vortex pairs in a very complicated dance.

The \3D" °ow in Fig. 4.6(a,b) shows a similar region of anti-cyclones in the

cyclonic region, and vice-versa. These vortices are small (» 1 cm) and relatively

short-lived. The presenceof thesesmall eddiesis evidencethat the inversecascade

(i.e. the mechanism that pushesthe vortices to mergeand grow) is very weakfor the

low rotation rates. One expects that as the rotation rate is increased,the inverse

cascadegradually becomesstronger, and the 2D approximation improves until it

becomesvery closely applicable at the high rotation rates.

4.2.3 Top-b ottom cross correlation

Finally, strong evidenceof the two-dimensionalization comesfrom the cross

correlation of the time seriesfrom two probes placed above one another. The two

probes are at the same azimuthal and radial position, one near the top lid and

one near the bottom. The crosscorrelation coe±cients for a range of pumping and

rotation rates are shown in Fig. 4.11. Although the value of the coe±cients never
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Figure 4.11: Linear correlation values for di®erent rotation and pumping rates.
Error bars on this data are unknown.

reaches 100% (possibly due to noisy time series),we seethat the cross-correlation

is above 90%, independently of the pumping rate for ­ =2¼¸ 1:75 Hz.

This high correlation coe±cient is evidencethat largest structures are colum-

nar, or that the °ow motion is mainly parallel to the axis of rotation. The small

scalestructure in the °ow might still be di®erent, although a detailed study hasnot

beendone.

4.3 Mean quan tities

The next step after the generaldescription of the vortices and their interac-

tions is to describe somemean quantities of the °ow. Thesequantities can provide

a better theoretical understanding of the °ow, as in the caseof the force balance.

Understanding the mean velocities and length scalescan also provide typical values
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to be usedin the de¯nition of the dimensionlessnumbers.

4.3.1 Radial pro¯les

In this section, we consider the following parameter values: Q = 150 cm3/s

and ­ = 11:0 rad/s for the 2D caseand Q = 550 cm3/s and ­ = 1:57 rad/s for

the 3D case.Thesevaluesare chosenbecausethey yield similar velocity scales,and

they also correspond approximately to the values used in obtaining the long time

series.From the visualization data, the radial pro¯les of velocity, vorticit y and shear

are plotted in Fig. 4.12 for the 3D and 2D cases.Here, the quantities are averaged

azimuthally and over several snapshotsto give a good approximation to the true

mean radial pro¯le.

In both cases,the jet ¯lls the width of the tank and the velocity pro¯le has

a clear maximum between the forcing rings. The location of this maximum moves

slightly towards the outside of the tank as the pumping is increased,for all rotation

rates. This meansthat for a ¯xed value of the maximum velocity, the total kinetic

energy in the °ow is increasedsince a larger volume of water is displaced at the

outer radii.

The 2D vorticit y pro¯le displays a central region where the vorticit y of the

°ow increasesalmost linearly. This region corresponds to the region with the strong

jet, away from the large coherent vortices that travel near the inside and outside

walls. The signature of the vortices is found to be a plateau of vorticit y near the

walls. For the 3D °ow, the central region is not linearly increasing,but onecan still

di®erentiate betweena \jet" and a \v ortices" regions.

The polar shear is de¯ned in Eq. 3.7 as

¾r Á =
r
2

·
@(uÁ=r)

@r
+

1
r

@ur

@Á

¸
(4.1)

where uÁ is the azimuthal velocity and ur is the radial velocity. In the casewhere

the azimuthal variations can be ignored, the Á derivative can be dropped and we

117



compute the mean shearas

¹¾r Á =
r
2

@(uÁ=r)
@r

: (4.2)

In our turbulent °ows, the shearat each time step is actually dominated by

the Á derivative, as shown in Figs 4.6(c,d) and 4.6(e,f). However, when we average

over many snapshots,we are left with a curve more similar to that obtained from

Eq. 4.2. The value from Eq. 4.2 is plotted in Fig. 4.12 becauseit yields a higher

signal-to-noiseratio, sincewe are not averaginglarge positive and negative numbers.

The shape of the curve for shearis similar to the shape of the vorticit y curve.

One important di®erencehowever is that the shear( ¹¾r Á) changessign at a di®erent

radial location than the vorticit y (! ). The large coherent vortices of Fig. 4.6(a,b)

are only stable in the region where ¹¾r Á and ! are of the samesign, as previously

discussedby Marcus [58]. In the region where the shear is adverse,the vortices can

dissipate through the sheddingof ¯laments of °uid, or by elongating in the plane of

the °ow and losing their coherence.Therefore the change in the jet pro¯le can be

related to the sizeof the structures in it.

Finally, note that the vorticit y and shear pro¯les might be a®ectedby the

location of the forcing holes; the details of this dependenceare left to future study.

4.3.2 RMS velocit y

The azimuthal velocity of our °ow is set by the balanceof the torque due to

the Coriolis force and the torque from the Ekman dissipation. Sommeriaet al. [89]

derived an approximate formula for the maximum velocity basedon this balance:

uÁ =
µ

b
a2

¶ 1=3

K (Q­) 2=3 (4.3)
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Figure 4.12: Radial pro¯le of azimuthal velocity (uÁ), vorticit y (! ), and mean
shear (¾) for the 2D (­ = 11:0 rad/s, Q = 150 cm3/s) and 3D (­ =
1:57 rad/s and Q = 550 cm3/s) cases.The shadedareascorrespond
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where coherent long-lived vortices cannot survive.
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Figure 4.13: RMS azimuthal velocity plotted vs. (Q­) 2=3 for Q =
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11:0 rad/s. The solid line is a linear ¯t to the data, giving a slope of
0.08, and an intercept of 0.02. The corresponding b=a2 = 0:37

whereK is a constant which dependson the tank geometryand °uid viscosity2, and

a and b are constants that depend on the shape of the jet. From the PIV data, one

is able to obtain the root-mean-squared(rms) velocity for all rotation and pumping

rates. A plot of this velocity vs. (Q­) 2=3 is shown in Fig. 4.13, and the valuesare

shown in Table 4.1. Table 4.2 shows the valuesof the maximum velocity, computed

as vmean + 2¾where ¾is the standard deviation, which show a similar scaling with

(Q­) 2=3.

The shape of the jet can vary signi¯cantly over the wide range of pumping

and rotation rates, making a single value for a or b misleading. Nevertheless,the

observed linear dependenceof the velocities on (Q­) 2=3 supports the theory that

the Ekman dissipation is the main mechanism limiting the azimuthal velocity. A

similar plot (not shown here) can be made for the maximum velocity and gives a

2K =
³

sd 2

2¼2 º h 0 hr i 2

´
, where s is the slope, d is the distance between the forcing rings, h0 is the

mean height, and hr i is the mean radius. K = 0:21 for our °ows.
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similarly good ¯t.

4.3.3 Reynolds and Rossby num bers

Dissipation doesnot play an important role in our experiments; we quantify

that by computing the Ekman number (Ek = º =2­ L 2 where º is the kinematic

viscosity, ­ is the rotation rate, and L is a characteristic length), which compares

the viscouse®ectsto the Coriolis term. The Ekman number is always small in our

experiments (10¡ 5 < Ek < 10¡ 4), indicating that the viscous e®ectsare always

negligible. Related to the Ekman number is the Ekman spin-down time, ¿E k =

h0=2(º ­) 1=2 where h0 is the mean height of the tank. This time scale should be

long compared to the typical turnover time of vortices for dissipation e®ectsto be

weak. We ¯nd that ¿E k for our experiments are always larger than 80 s, much longer

than the other time scalesin our °ow.

In the absenceof dissipation e®ects,two dimensionlessnumbers are impor-

tant in characterizing our °ows: The Reynolds number (Re = UL=º where U is

a typical velocity), and the Rossby number (Ro = ! =2­ where ! is a typical vor-

ticit y) which describes the importance of rotation. One can also de¯ne a \global"

Rossby number (Rog = U=2­ L), although this de¯nition would require us to extract

a subjective length scalefrom the °ow. Somerepresentativ e Reynolds and Rossby

numbers are shown in table 4.3, corresponding to all the hot ¯lm data and some

important PIV data conditions.

Table 4.1: RMS velocities plotted in Fig. 4.13.
Q ­ = 0:79 1.57 3.14 4.71 6.28 7.85 9.42 11.0 rad/s

150 cm3/s 2.35 3.19 4.72 6.15 7.06 7.95 8.93 9.34
350 cm3/s 3.82 5.98 9.04 11.4 14.1 15.8 17.3 18.7
550 cm3/s 4.63 7.94 12.4 15.8 18.6 21.4 24.7 26.6
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The Reynolds number is kept approximately constant for the long time se-

ries, as shown in the table, which allows us to isolate Rossby number e®ectson

the turbulence. The pumping rate is reduced as the rotation rate is increasedin

order to keepUmax ' 20 cm/s, as measuredby the hot-¯lm probes. The Reynolds

number, using the mean azimuthal velocity (averagedover the whole annulus) and

the distance between the forcing holes (16.2 cm) for L , is always in the range

1:4 £ 104 < Re < 2:0 £ 104. We also compute the Taylor scaleReynolds number,

basedon the Taylor microscale (¸ 2 = h(@xu)2i =u2
rms) and the rms velocity, which

allows us to better compare with other experiments. Our value for Re¸ remains

¯xed at Rȩ ' 360, with ¸ 2D ' 2:0 cm in the fast rotation caseand ¸ 3D ' 1:8 cm

for slow rotation.

The Rossby number can be thought of as a ratio of time scales:It compares

the rotation period of the system (1=­) with the typical turnover time of vortices

(1=! ). A small Ro indicates a °ow where the Coriolis e®ectsfrom the tank rotation

are dominant, and the °ow is expected to approach a 2D state. The complete range

of our Rossby numbers from PIV and hot ¯lm measurements is plotted in Fig. 4.14

as a function of rotation and pumping rates.

For a ¯xed pumping rate, the reduction in Ro is clear, and weareable to cover

a fairly large range. However, a surprising fact is that Ro for high-pumping/high-

rotation °ows are ashigh asthe onesfor the low-pumping/lo w-rotation. This would

indicate that a high-energy °ow at 11 rad/s is as 2D as a lower-energy °ow at

Table 4.2: Maximum velocities for the sameconditions as in Fig. 4.13.
Q ­ = 0:79 1.57 3.14 4.71 6.28 7.85 9.42 11.0 rad/s

150 cm3/s 7.15 9.70 1.44 1.85 2.13 2.40 26.9 28.2
350 cm3/s 11.3 18.2 27.9 35.5 43.5 49.0 53.8 58.2
550 cm3/s 13.1 24.3 38.1 49.1 57.9 66.8 76.7 83.3
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Table 4.3: Conditions for hot ¯lm (HF) and somesamplePIV measurements. State
I is strongly 2D while state IV is 3D. Re and Ro are basedon a length
scaleL = 16:2 and the mean velocity, hvi , as given.

State Rotation Pumping hvi Re Ro
­ (rad/s) Q (cm3/s) cm/s

HF and PIV I 11.0 150 9.34 2:0 £ 104 0.11
I I 6.28 150 7.06 1:5 £ 104 0.14

I I I 3.14 300 8.5 2:0 £ 104 0.32
IV 1.57 450 4.23 1:4 £ 104 0.62

PIV only V 0.79 550 4.63 0:89£ 104 1.1
VI 0.79 150 2.35 0:56£ 104 0.49

VI I 11.0 350 18.7 3:0 £ 104 0.21
VI I I 11.0 550 26.6 6:8 £ 104 0.29

0 1.57 3.14 6.28 11
0

0.5

1

Rotation rate (rad/s)

R
o

Q=550 cm3/s

Q=350 cm3/s

Q=150 cm3/s

Figure 4.14: Rangeof Rossby number asa function of rotation and pumping rates.
The solid squaresare points where the hot ¯lm data were obtained.
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1.57rad/sec, a very surprising observation, especially in light of the cross-correlation

valuesof Fig. 4.11. The sametrends are found for Rog, although the actual values

depend on the length scaleused.

We suggestthat it is possible that the Rossby number is not an accurate

measureof the two-dimensionality of a turbulent °ow, especially in the casewhere

solid boundaries are present, or in the presenceof 3D forcing. Further study is

neededto fully determine the relationship betweenRo and the two-dimensionality

in our experiment, and to comparewith numerical simulations [18, 15].

4.4 Time series

Now we make our way from the Leonardian realm to the statistical realm, by

shifting our attention from the spatial description of the °ows to the time series.The

relation between the °uctuations in the time seriesand the structures in the °ow

are explored in Fig. 4.15. Here we plot a samplePIV ¯eld (where the annulus has

beenmapped onto a rectangle, as discussedin Section3.4.4) and the corresponding

azimuthal velocity at the radius of the hot ¯lm probes. In this geometry, the inner

wall corresponds to the top of the ¯gure, the outer wall is at the bottom, and the

°ow direction is left to right. Several vortices are visible in this °ow. The most

prominent is the oneejecting from the inner wall near ¼=2, with a dark center. Also

visible is the large cyclonic vortex centered at 3¼=2; this structure is mainly visible

through the streamlinesclosing, sinceits vorticit y is not very large. It is broken by

a highly elongatedanti-cyclone which passesthe hot ¯lm radius.

The sharp drop in the azimuthal velocity at ¼=2 corresponds to the large

negative velocity due to the circulation of the ejecting vortex. The ejecting anti-

cyclonealso causesa small dip in the velocity near 5¼=4. Note that both a cyclonic

and an anti-cyclonic ejectionswould causea drop in the measuredvelocity, although

the shape of the vortices being di®erent, the drop might be smaller or shorter in the
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anti-cyclonic case.

The velocity time seriesmeasurements all display large low frequency os-

cillations, as shown in Fig. 4.16(a) and (c), which are very similar to the drop in

Fig. 4.15. Superposedon those variations are high frequency \turbulen t" °uctua-

tions corresponding to the smaller structures being swept past the probe. Note that

in these°ows a 15 cm structure would sweepby in about 1 s and the dynamics at

those scalesare quite complex, as seenin parts (b) and (d) of Fig. 4.16. Both the

2D and the 3D °ows look turbulent, and it is di±cult to distinguish betweenthem

with only low-order statistics. It will becomeapparent in the next section that the

distinction between 2D and 3D °ows is pronounced when high-order methods are

used.

The near periodicit y in the time seriesis due to the periodicit y of the annulus

in the azimuthal direction. The long-lived structures sweep past the probes at

regular intervals as they are carried along by the °ow. At the lower rotation rates,

the pattern of the °ow is mostly ¯xed; it rotates carrying with it the structures

that are visible in the vorticit y ¯eld, which is the causeof the periodicit y in the

3D case. In the 2D case,the vortices grow to a larger size, and they interact with

each other. These interactions are strongly time-dependent and they break the

periodicit y as vortices merge or break up. However, all of these large °uctuations

are well outside the range of length and time scalesof interest in the turbulent

statistics, and therefore they are not problematic in our statistical calculations.

4.5 Structure functions

As discussedin Chapter 2, the high-order structure functions (Sp) are ex-

pected to scaledi®erently in 2D and 3D. In this section, thesescalingsare explored

with emphasison the di®erencesbetween the 2D and 3D cases.The details of the

2D scaling in our experiment are studied in the next chapter, where we explore an
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Figure 4.16: Typical time seriessegments and details for ­ = 1:57 rad/s and Q =
450 cm3/s (a),(b) and ­ = 11 rad/s and Q = 150 cm3/s (c),(d) .
The large velocity drops correspond to regions in the °ow where the
velocity is de°ected in the radial direction by the vortices. Note that
a 15 cm structure would sweeppast the probe in approximately 1 s,
a time much faster than the slow °uctuations seenin the time series.
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anomalousscaling that was not previously predicted for 2D turbulence.

The scalingarguments of the structure functions should apply in the inertial

range, i.e. far from the Kolmogorov scale(´ ) and from the integral scaleL i . For 2D

turbulence, this range is divided into a forward enstrophy cascadefor wavelengths¸

smaller than the injection length ¸ i , and an inverseenergy cascadefor ¸ > ¸ i [49],

as discussedpreviously.

Several length scalesmight act as injection lengths in our °ow, but an im-

portant one is approximately ¸ i ' 2 cm, corresponding to the distance betweenthe

forcing holes in the outer ring (see next chapter for a discussion). Therefore we

expect both the forward and inversecascadesto exist, limited by the Kolmogorov

length ´ at the small scales,and by the Rhines length ¸ ¯ at the large scales. The

dynamics at the small scaleshowever are complicated by the existenceof two forc-

ing lengths, corresponding to the distance betweenthe holesat the inner and outer

rings.

The Kolmogorov dissipation scale ´ is given by the °uid viscosity and the

mean energy transfer rate,

´ =
·

º 3

"

¸ 1=4

(4.4)

where we needto assumesmall-scaleisotropy to estimate " by

" = 15º

* µ
@u
@x

¶ 2
+

= 15º
Z

k2E(k)dk: (4.5)

The value of ´ remains nearly constant at ´ ' 0:07 cm for all rotation and

pumping rates of the time series(conditions I{IV). The digital sampling rate of the

hot-¯lm probes, f = 150 Hz, corresponds to a spatial scaleof dx = U=f ' 0:1 cm,

which is closeto the estimate of ´ ; our spatial resolution however is limited by the

length of the probe's sensingelement at 0.3 cm.

128



The Rhines length ¸ ¯ can also be estimated from the time seriesby using

Eq. 2.29 (¸ ¯ = (2U=¯ R )1=2). For our data, ¸ ¯ is in the range 18< ¸ ¯ < 40 cm for

the 2D and 3D casesrespectively.

The PDFs of the velocity di®erences±v(`) for several separations(`) at low

and high rotation rates are shown in Fig. 4.17. Observe that the low-rotation (3D)

PDFs shift from exponentials (in the tails) at small separationsto a Gaussianshape

at large separations,as expected for 3D turbulence. The high-rotation (2D) PDFs

on the other hand preserve their shape over a wide range of separations,indicating

a self-similar °ow. The 2D PDFs show a large departure from Gaussianity at all

scales,consistent with numerical simulations by Sheet al.[79] and by Fargeet al.[28]

which have found coherent structures to causedeviation from Gaussianity.

The self-similarity might be due to the ejections existing at all the scales

in the inertial range, or alternativ ely to an inverse cascadewhich preserves the

coherenceof vortices as they mergeand grow. In the 3D case,the scaledependence

of the PDFs is like that of other 3D experiments, indicating that the coherent

structures only exist at small scalesof the inertial range. This can be due to small-

scaleejections, or to a forward energy cascaderesponsible for the self-organization

of the °ow into vortices, as in other 3D °ows.

The structure function exponents are obtained by the method of Extended

Self Similarit y (ESS). This technique, intro duced by Benzi et al. [9], has become

the standard way to extract scaling exponents from °ows where the scaling range

is limited. It works by plotting Sp vs S3 on log-log axesand ¯tting a line through

them, the idea being that S3 scaleslinearly with ` for a Kolmogorov-type °ow

(Kolmogorov's four-¯fths law). Sincesystematicerrors (or trends) should be present

in S3 aswell asother order structure functions, the technique providesa more robust

scalingregion than the standard way of plotting Sp vs. `. In the framework of ESS,a

self-similar °ow would producescaling exponents ³ p = p=3, becausethe di®erent Sp
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are comparedto S3. However, in generalone could plot Sp vs. any order structure

function, and the slopeswould changeaccordingly.

A representativ e plot of Sp vs. S3 for the 3D °ow is shown in Fig. 4.18,where

we observe a sizeablescaling region. The ¯ts are typically quite good for both the

2D and 3D casesin the range0:5 < ¸ < 15 cm for the 2D and 3D °ows. This region

is bounded by ´ and ¸ ¯ but never quite reaches either. However, the curvature of

our tank distorts structures much larger than 15 cm, so it is not surprising that we

seedeviations in the linear ¯t at thosescales.At the small scalesend, the dissipation

is predicted to start a®ecting the °ows at scalesa few times ´ , so the deviations

might be due to the dissipation e®ects;we might alsobe running into the resolution

of the HF probe. Note that the alternativ e de¯nition Sp = hj±vjpi is usedhere,since

S3 changessign in the caseof the 2D °ows (seenext chapter).

Finally, the structure function exponents, ³p for p · 10 are shown in Fig. 4.19
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Figure 4.19: Structure function exponents for the di®erent data sets, from the
most 2D case(I) to the most 3D (IV) (seetable 4.3)

for four Rossby numbers. The scaling for the most 2D °ow falls on the p=3 line. For

lower rotation rates a gradual departure from the self similar linear scalingdevelops,

until the most 3D °ow falls on the log-poissoncurve, matching data from 3D tur-

bulence experiments and simulations.[3, 13] This suggeststhat structure function

exponents are a reliable measureof the extent to which our °ow is 2D or 3D. The

values of ³p for the di®erent conditions of our °ow are given in Table 4.4, along

with values for Couette-Taylor °ow, another °ow with strong rotation. Also in-

cluded are the values from the atmospheric boundary layer at Re¸ ' 10; 000 [92],

for comparison.

The points plotted in Fig. 4.19are the averagevaluesfor the two probesover

all realizations at the sameconditions. The error bars correspond to the standard

deviation from the di®erent experimental runs. In order to test the convergenceof

our ¯ts, the data weredivided into setsof shorter time seriesand the structure func-

tion routines were run on thosesubsets.For time serieslonger than N = 2:50£ 105

points, the spreadin the calculated exponents (³ 10 in particular) with record length

was comparable to the spread from separateruns, the latter being due to system-
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atic errors during a given run. It was therefore more advantageousto take several

independent realizations of the same°ow rather than longer time records.

Table 4.4: Values of ³p for di®erent Rossby numbers, compared with values from
other experiments.

Current experiments
p Ro = 0:11 0:14 0:32 0:62
4 1:34§ 0:0065 1:33§ 0:0053 1:30§ 0:0084 1:27§ 0:0016
6 2:02§ 0:031 2:00§ 0:025 1:86§ 0:033 1:75§ 0:0086
8 2:69§ 0:065 2:62§ 0:051 2:40§ 0:062 2:17§ 0:032
10 3:36§ 0:10 3:25§ 0:080 2:90§ 0:093 2:57§ 0:070
p p=3 Couette-Taylor [81] Atmospheric °ow [92] She-L¶ev̂eque[80]

Rȩ ' 220 Rȩ ' 10; 000
4 1.33 1.27 1.26 1.28
6 2.00 1.71 1.71 1.78
8 2.67 2.08 2.05 2.21
10 3.33 2.40 2.38 2.59

4.6 Hierarc hical Symmetry

We have seenthat the structure function exponents show a shift from a lin-

ear scaling with order p at high rotation rate to the typical 3D behavior for the

low rotation rate. This information only shows the departures from self-similarity

for the 3D case,which has already been studied extensively. To learn more about

the internal structure of the °ow, we turn to the She-L¶ev̂eque [80] model of tur-

bulence. This model assumesan internal organization of the °ow, which consists

of a hierarchy of structures ranging from strong highly intermitten t ones(such as

collapsedvortices) to weaker more common events. The model proposestwo tests

of this internal organization, which allow us to better understand the relationship

betweenthe structures of di®erent intensities in our °ow. The ¯ - and ° -tests of the

Hierarchical Structure model are applied below.
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The testsconcernthe scalingof the hierarchy of functions Fp(`) = Sp+1 (`)=Sp(`).

The Fp function is the mathematical expectation value for a family of weighted

probabilit y distribution functions Qp(±v` ) = j±v` jpP(±v` )=hj±v` jpi , or the mean°uc-

tuation amplitude with respect to this family of distributions. For higher p, Qp(±v` )

is peaked at higher intensity of the °uctuations ±v` . Therefore, these functions de-

scribe the intensity of °uctuations in the °ow, with higher order Fp describing the

more intermitten t, larger, °uctuations. The model proposesthe scaling

Fp+1 (`) = ApFp(`)¯ F1 (`)1¡ ¯ (4.6)

where 0 · ¯ · 1 is a constant, Ap is independent of `, and where

F1 (`) = lim
p!1

hj±v` jp+1 i =hj±v` jpi (4.7)

characterizesthe most intermitten t structures.

4.6.1 The ¯ -test

Sincein theory oneneedsto wait an in¯nite time to measureF1 , the di±cult y

is avoided by consideringthe ratio:

Fp+1 (`)
F2(`)

=
Ap

A1

µ
Fp(`)
F1(`)

¶ ¯

(4.8)

which can be calculated for all valuesof p. The ¯ -test consistsof checking for this

power law scaling. If it exists, then the hierarchical symmetry is veri¯ed and the

value of the slope (¯ ) in log-log spaceis a descriptor of the amount of intermittency

in the °ow. Characteristic curvesof the ¯ -test are shown in Fig. 4.20, for a 2D case

and a 3D case.
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The value of ¯ remained unchangedwith ¯ I = 0:74§ 0:02 and ¯ IV = 0:76§

0:02, and with the intermediate values¯ I I = 0:78§ 0:02and ¯ I I I = 0:72§ 0:02. These

are signi¯cantly lower than values reported for Couette-Taylor [81] (0.83) and free

jets [56] (0.87). A low ¯ is consistent with the fact that the intermitten t structures

in our °ows are very coherent, and that they stand out of the turbulent background,

as seenin Fig. 4.7. Sincethesestructures exist for all the casesdiscussedhere, it is

not surprising that ¯ should vary little with the conditions of the experiment, and

that its value should be small comparedto previously reported values[81, 56].

The points for the 2D caseare collected in compact groups for each p, as

expected for a self-similar °ow; if the °ow wereperfectly self-similar, thesecompact

groupswould each collapseto a point sincethere is no dependenceon ` by hypothesis.

In contrast, the 3D points trace a straight line both in ` and p. From the results of

Fig. 4.20 and the scaling of the structure function exponents, we concludethat the

2D °ow is no less intermitten t than the 3D °ow (low ¯ 2D ), but that the rotation
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two-dimensionalizesthe intermitten t structures; thesestructures themselvesbecome

self-similar in the 2D case,producing a °ow wherevorticesof all (inertial range)sizes

and strengths are present. This conclusionis consistent with our visual observations

of the ejectedvortices.

4.6.2 The ° -test

The Hierarchical Structure model further assumesthe scaling

F1 » S°
3 (`); (4.9)

where ° describes the relative scaling of the most intermitten t structures with re-

spect to the magnitude of more typical events (of the order of h±vi , or S1=3
3 ). Its

meaning can be understood by an observation of the seriesof PDFs in Fig. 4.17 for

°uctuations at di®erent scales.The value of ° describeshow fast the tail magnitude

(characterized by F1 ) changesin responseto the width of the PDFs (characterized

by S1=3
3 ). When ° = 1=3, the tail expands in the same way as the width of the

PDFs, so that the whole family of PDFs preserve their shape. This is a situation

where the °uctuations of all intensities are statistically alike, or the °ow is globally

self-similar. Another limit is ° = 0, in which the magnitude of the most intermitten t

structures is not related to the typical °uctuation magnitude. This is the situation

where the coherent intermitten t structures are physically decoupled from the dis-

ordered °uctuations. An example can be found in the randomly driven Burgers

equation whereshocks are the most intermitten t structures and the only dissipative

structures in the limit of vanishing viscosity.

In summary, decreasing° indicates an increasing distinction of the most

intermitten t structures with respect to the background °ow structures. With the

assumptionof Eq. (4.9), the relative scalingexponent of the velocity structure func-

tions ³p is given by [80]
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³p = ° p + C(1 ¡ ¯ p); (4.10)

where C = (1 ¡ 3° )=(1 ¡ ¯ 3). Given the valuesof ¯ , the validit y of the assumption

(4.9) can be tested by checking that:

³p ¡ Â(p; ¯ ) = ° [p ¡ 3Â(p; ¯ )]; (4.11)

where Â(p; ¯ ) = (1 ¡ ¯ p)=(1 ¡ ¯ 3).

From Eq. (4.10), it is evident that a self-similar turbulent °ow can be reached

in two ways: either ¯ ! 1 or ° ! 1=3. According to the Hierarchical Structure

model, ¯ measureshow fast the coherenceof °ow structures is establishedfor °uc-

tuations standing out of the random background ¯eld, or how fast the coherenceof

the most intermitten t structures are degradedwith decreasingmagnitude. When ¯

approaches one, °ow structures of all intensities appear alike; this similarit y of all

intensities implies in general the lack of coherence,or the lack of intermittency. In

this scenario,° can in principle have any value. Such a scenariohas not yet been

observed.

On the other hand, the relative scaling ° approaching 1/3 is a di®erent

scenario to achieve a self-similar °ow. Since F1 is the magnitude of the most

intermitten t structures, ° measureshow fast its magnitude (e.g. the tail of the

PDFs) changeswith the typical °uctuation magnitude represented by S3 (e.g. the

width in the bell-like curves in Fig. 4.17). This seemsto be the scenarioobserved

here: during the 3D-2D transition, ¯ remained unchanged (¯ ' 0:75), while °

showed a gradual approach from ° 3D = 0:18 to ° 2D = 0:34 (Fig. 4.21).

The ¯ts for ° are very robust and do not depend strongly on ¯ . The value of

°3D is slightly higher than those reported for Couette-Taylor experiments and free

jets (0:10). This is probably due to the e®ectof rotation, sinceeven in the most 3D
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Figure 4.21: ° -test for all hot ¯lm data. The numbering is as in Table 4.3. The
lines are least-squares̄ ts to the data.

°ow the stretching of structures is already slightly inhibited. On the other hand,

the value of ° 2D givesfurther indication of a self-similar °ow. Therefore, the ° test

helps discover a smooth transition in the degreeof the synchronization betweenthe

high and low intensity °uctuations when the rotation rate increases.A uniform ¯

for °ows at all rotations implies that the high intensity °uctuations di®er from low

intensity °uctuations in the sameway in all regimesduring the 3D-2D transition.

4.7 Summary and discussion

In this chapter, the 2D and 3D turbulent °ows that we obtain in our (non-

standard) experiment are described. The ¯rst step is to comparethe °ows visually

by using the PIV. We¯nd that for the lowest rotation rate (­ = 0:79 rad/s), the °ow

is highly 3D as suggestedby the large number of small vortices populating it. This

is an indication that the inversecascademechanism is very weak. For slightly larger

rotation rates, the °ow starts to lose its 3D character, presumably becausevortex

stretching is slowed down. This leads to the existenceof a weak inversecascade,
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which becomesincreasingly strong as the rotation rate is increased. Finally, in the

caseof the highest rotation rates, small vortices quickly mergewith other structures

in the °ow and the largest scalesgrow to ¯ll the tank in the azimuthal direction.

The energyof theselargest scalescan get transfered back to smaller scalesthrough

the ejection of smaller vortices which draw energyout of the large onesand back into

the °ow at a smaller scale. Thesevortices can either get shearedand dissipate their

energy, or they can merge with the large structures again, thus cascadingenergy

back to larger scales.

In the secondpart of this chapter, the long time seriesare analyzed using

high-order statistics. We search for intermittency in turbulent °ows at a ¯xed

Reynolds number (R¸ ' 360) with varying degreeof three-dimensionality. As the

°ow becomesmore 2D, it gradually becomesmore self-similar. The slopes of the

structure functions for the most 2D casesare indistinguishable from the linear scaling

³p = p=3. As Ro increases,the slopes approach and eventually match experiments

in fully 3D turbulence and the prediction of the She-L¶ev̂eque model. However,

when we use the ¯ -test, the values of ¯ for the 2D and 3D °ows all point to a

highly intermitten t °ow, where the intermitten t structures are coherent and stand

out of the background. This is consistent with our visual observations of coherent

vortices populating the turbulent jet at all rotation rates. Thesevortices lose their

singularity and gain in spatial extent as the °ow becomes2D, probably due to their

inabilit y to stretch and collapseinto ¯laments. This is measuredby the ° -test, with

the value of ° shifting from 0.18, a value comparable to other 3D experiments to

°2D ' 0:33, as predicted for self-similar turbulence.

The above results suggest the following physical picture for the rotating

turbulence in the annulus: Vorticesexist in all turbulent regimesat all scalesstarting

from the injection scaleand with all intensities. At low rotation rates (3D regime),

large intensevortices break into smaller vortices and a cascadeof energyfrom large
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scalesto small scalestakes place. Consequently , there are less intense vortices at

largescalesin 3D than in 2D. As the rotation rates is increased,large intensevortices

becomemore stable and the °ow becomesself-similar. These results suggestthat

a distinction should be made between the concepts of \in termittency" and \self-

similarit y". Intermittency and strong coherent vortices in the turbulent ¯eld can

emergeout of non-local dynamics,even in the absenceof vortex stretching. However,

we have found that the presenceof these intermitten t structures does not exclude

a self-similar cascadein 2D °ows, sincevortices of all inertial range sizescan exist.

The presenceof thesecoherent structures however implies that the statistics of the

velocity increments are far from Gaussian,even at large separations. Future studies

will test the e®ectof the beta plane on the dynamics, as well as the validit y of the

Rossby number in determining the level of two-dimensionality of a rotating turbulent

°ow.

In the next chapter, we will concentrate on the scaling of the structure func-

tions and the energyspectrum in the 2D case.Thosequantities display an anomalous

scaling which will be explored and explained.
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Chapter 5

Anomalous scaling in 2D °o ws
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The two-dimensionalizationof a 3D turbulent °ow by rotation is real and can

be measuredin several ways. In the previous chapter, we saw that we could observe

this transition by using high-order statistical tools. In particular, the scaling of the

structure functions by using the ESS method showed a clear shift to a self-similar

°ow as the rotation rate was increased. The transition was also evident in the

behavior of the ° - test of the hierarchical structure model. From the visualization,

the measuredstatistical values could be related to actual structures in the °ow.

The dynamics of the large structures werefound to create intermitten t bursts which

a®ectedthe scalingsin di®erent ways in the 2D and 3D cases.

In this chapter, we concentrate on the 2D turbulence. The energyspectrum

is calculated from the time series, thus allowing us to study statistics in Fourier

space. Furthermore, the scaling of the structure functions of the fast-rotation °ow

are explored as they scalewith the separation distance (`), and they are compared

with the relative scaling with respect to S3. The statistics in both real spaceand

in wavenumber space,consistently with each other, display an anomalousscaling

which was not predicted for 2D turbulence.

The hot-¯lm data used in this chapter correspond to a tank rotation rate

­ = 11:0 rad/s, and a pumping rate Q = 150 cm3/s(data set I, Talbe 4.3). The

corresponding Rossby number is 0.11, and the Reynolds number is 2 £ 104. For

these parameters, the °ow is highly 2D and su±ciently turbulent to produce an

inverseenergycascade.The cascadehowever is much stronger in the caseof higher

pumping, and the PIV data are used for the pumping rates Q = 350 cm3/s and

Q = 550 cm3/s.

Representativ e vorticit y ¯elds for the low pumping (Q = 150 cm3/s) and

high pumping (Q = 550 cm3/s) are shown in Fig. 5.1. These°ows show the strong

coherent vortices ejecting from the inner and outer walls, aswell asthe large vortices

being carried by the mean jet.
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5.1 Energy spectrum

We start by computing the energy power spectra from the velocity time

seriesdata assumingTaylor's frozen turbulence hypothesis. Taylor's hypothesis is

applicable becausethe turbulent intensity (ratio of the rms velocity °uctuation to

the mean velocity) is lessthan 10%. The spectra contain a region with E(k) » k ¡ 2

(Fig. 5.2), in contrast with Kraichnan's prediction of E(k) » k ¡ 5=3 for the inverse

cascade[49]. Energy spectra obtained from PIV measurements of the azimuthal

velocity data at Re = 100; 000 show a scaling consistent with that obtained from

the time seriesdata, as shown in the upper curve of Fig. 5.2.

Fits of all of the hot-¯lm spectra in the range 0:1 < k < 1:22 cm¡ 1 give a

slope of ¡ 2:04 § 0:06. At k & 1:22 cm¡ 1, corresponding to ` . 5 cm, the scaling

starts to depart from the power law. The spectra from the two simultaneousprobes

at thosescalesstart to deviate from each other, as shown by the two bottom curves

in Fig. 5.2. The two traces are indistinguishable for k < 1:22 cm¡ 1 but they start

to deviate for higher k. The sharp spectral peakscorrespond to harmonics of the

tank's rotation rate, not to dynamics of the °ow, as discussedin Section 3.1, and

shown in Fig. 3.6. Thesepeaksare very localized sincethe time seriesare long and

the ¯nite-size e®ectsare small.

Two previous (relevant) theoretical approacheshad predicted energyspectra

of E(k) » k¡ 2:

The ¯rst is a prediction made by Gilb ert [36, 35] for the Lundgren spiral

vortex model [57]. The Lundgren model assumesa °ow made up of individual

vorticesof di®erent sizesand ageswhich interact amongeach other and shedvorticit y

¯laments. The circulation from the vortex corefolds the ¯laments back in the shape

of a spiral, a dynamic which has been simulated numerically. Starting with this

premise,Lundgren wasable to recover the standard E(k) » k ¡ 5=3 in the casewhere

the vortices were allowed to stretch in the axial direction [57]. When stretching
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is removed from the model, the slope of the energy spectrum becomes¡ 2 when

averagedover a distance spanning many such vortices [35]. Spirals were found in

the °ow in our systemassuggestedby Fig. 5.3(seealsoChapter 4), soit is interesting

that our energyspectrum should match the predictions for the spiral vortex model.

However, Gilb ert also reported discontinuities in the energy spectrum E(k) [36],

which we do not observe in our data.

The secondcontext in which this scalingof the energyspectrum waspredicted

is for the caseof rotating turbulent °ows. The prediction was made by Zhou [105]

in 1995, followed by Canuto and Dubovikov [18] in 1996. The two groups use

similar approaches which might or might not be equivalent 1. These authors do

not explicitly addressthe two-dimensionalization of the °ow. Zhou's prediction is

\phenomenological", and is basedon estimates of the time scalesof the nonlinear

interactions with the time scaleassociated with the rotation. He doesnot indicate

whether the slope of the energy spectrum is for an inverse or a forward cascade.

On the other hand, Canuto and Dubovikov only discussa forward cascade.In their

analysis, the forward cascadeof energy is \inhibited" by the rotation, thus causing

the slope to becomesteeper. We shall seebelow that the energy in our system is

cascadinginversely, so it is improbable that the models quoted here are applicable.

At high wavenumbers,our power spectra are consistent with thosepreviously

found for the forward (enstrophy) cascadein 2D turbulence, E(k) » k ¡ n , where

3 · n · 4. However, our spectral range is too small to deducea value for n.

5.2 Probabilit y distribution functions

By plotting the PDF for the velocity di®erencesP[±v(`)] (Fig. 5.4), we obtain

a good indication of self-similarity: We normalize the velocity di®erencesby their
1There have been several comments and answers by the above authors about the similarit y and

di®erencesof their approaches [106, 19].
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Figure 5.3: Ejecting vortex showing spiral structure (­ = 11:0 rad/s, Q =
350 cm3/s). Such vortices often occur in our °ows.
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standard deviation (±v)rms and the probabilit y by its maximum value, Pmax . By

plotting P=Pmax vs. ±v=(±v)r ms , we observe a very good collapseof the PDFs onto

a single curve, indicating a °ow where the statistics are independent of the scaleat

which they are measured.

The curve that is traced by the PDFs is far from Gaussian; the enhanced

probabilit y in the tails is likely due to the strong velocity di®erencesthat arise as

coherent vortices pass the probes, as discussedin the previous chapter. However,

the collapse onto a single curve is quite good for all experimental runs, for both

the energy and enstrophy cascaderanges(i.e. both ` > 2 cm and ` < 2 cm). This

is in stark contrast with all previously observed °ows where the statistics at large

separationsare Gaussian, indicating a lack of correlation of the statistics at large

scales.In the caseof other self-similar °ows [69, 12], the PDFs werenearly Gaussian

at all scales. In the caseof 3D intermitten t turbulence, the statistics shifted from

exponentials to Gaussian with increasing `, as is the casefor the 3D °ow in the

previous chapter.

From the normalization of the PDFs, weget a secondindication of anomalous

behavior: The value of the standard deviation of the velocity di®erences,±vr ms

scalesas ±vr ms (`) » `1=2 (seeinsets of Fig. 5.4). This is consistent with the scaling

of the energyspectrum in the inversecascaderange(Fig. 5.2), but departs from the

expected value from Kolmogorov's 1941theory. The four-¯fths law of K41 predicts

the scaling S3 = h±vi 3 » `, therefore h±vi = S1=3
3 should scaleas `1=3, as opposedto

the `1=2 that we observe.

5.3 Structure functions

Self-similarity wasalready discussedin the previous chapter through the use

of the structure function scaling. By using Extended Self Similarit y (ESS), the

relative exponents of the structure functions were found to fall on the ³ p = p=3 line.
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Re = 35; 000 and ® = 0:54§ 0:06 for Re = 100; 000.

Here, we look more carefully at the scaling of thesestructure functions Sp, both as

a function of ` [as shown in Fig. 5.5(a)] and as a function of S3 (ESS) [Fig. 5.5(b)].

There is a scaling region in Fig. 5.5(a) (labeledA) from about 2 cm to 8 cm,

and someindication of another scalingregion (labeledB) for ` < 2 cm; the transition

between the two regions can be seenmore clearly in the plot of S10=`5:5 vs. ` in

the inset. The 2 cm lower limit of scaling of the structure functions is below the

5 cm (k = 1:2 cm¡ 1 in Fig. 5.2) length wherethe energyspectrum behavior changes;

this di®erencemight be due to systematic error in calibration of the probes (note

in Fig. 5.2 the di®erencein two probes at high wavenumbers), or perhaps because

the scaling regions in real spaceand in Fourier spacedo not exactly correspond, as

discussedfor exampleby Frisch [33] (p. 62).

The ESS plots of our data, Fig. 5.5(b), exhibit power law scaling through

both rangesA and B, for lengths 0:5 < ` < 15 cm. Since S3 should contain the
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sametrends as the other structure functions, it is not surprising that the switching

from region A to B is lost by this method.

One test for the existenceof an inverseenergy cascadein 2D turbulence is

the sign of S3(`): The energy transfer for for anisotropic °ows can be written as

h" i = ¡ 1
4r ` ¢hj±v(`)j2±v(`)i , where v is the full 3D velocity vector and h" i is the

meanrate of energytransfer (Frisch [33], p. 88). For the 3D forward cascade,h" i is

positive; a negative value of h" i corresponds to an inversecascade.If the anisotropy

is not too strong, the longitudinal S3 dominates the transverse S3, and one can

obtain the sign of h" i from measurements of the longitudinal structure function

alone. The hot-¯lm data yield S3 > 0 for ` < 10 cm, which suggeststhat the inverse

energy cascadestops at that point. This length corresponds visually to the scale

of the largest vortices for these °ow conditions; thus region A corresponds to the

inverse cascade. Scalesbelow about 1 cm (the distance between the holes in the

inner ring) presumably correspond to the forward enstrophy cascade.

To verify the relationship between the inversecascadeand the value of S3,

we usethe PIV data to compute S3(`) for di®erent pumping rates, plotted (on linear

axes) in Fig. 5.6. In the caseof Q = 150cm3/s, the value of S3 is very small even in

the HF data, and it is below the resolution of the PIV. However, note that Fig. 5.6

shows a qualitativ e di®erencein the behavior of S3 around ` ' 15 cm, which is

consistent with the hot-¯lm measurements. For higher pumping rates, the signal to

noiseratio of the PIV improvesdramatically, and we seethat S3 is positive for larger

` as the pumping rate is increased. This indicates that enough energy is injected

into the system at the higher pumping rates to allow for an inversecascadewhich

goes to larger scales. This idea is consistent with the visual observations of larger

vortices present at the higher pumping rates.

The exponent values³p deducedfrom the plot of Sp(`) [regionA in Fig. 5.5(a)]

and from the ESSplot [Fig. 5.5(b)] are comparedin Fig. 5.7 (and Table 5.1) with the
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prediction ³p = p=3. Region A of Fig. 5.5(a) yields a scaling ³ p;A = p=2, in contrast

with theory, although ³p;ESS = p=3, as it must for a self-similar °ow. The error bars

correspond to the standard deviation of the spreadfrom the di®erent experimental

runs (eight runs in this case).

Table 5.1: Valuesof ³p plotted in Fig. 5.7.

p ESS Sp vs. ` (region A)
4 1:34§ 0:0065 2:01§ 0:054
6 2:02§ 0:031 3:00§ 0:12
8 2:69§ 0:065 3:99§ 0:21
10 3:36§ 0:10 4:97§ 0:32
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5.4 Summary

In this chapter, we combine real spaceand wavenumber spaceanalysisof the

2D °ow. In doing so, we ¯nd a scaling of the energy spectrum that that scalesas

E(k) » k¡ 2, instead of Kraichnan's prediction of k¡ 5=3. This scaling is further sup-

ported by behavior of the structure functions which display a region, corresponding

to the inversecascade,where Sp » ³p and ³p = p=2. This scaling of the structure

functions is unexpected, but it is consistent with the predictions of E(k) » k ¡ 2

for the energy spectrum, made by Gilb ert [35], and also by Zhou [105] and Canuto

and Dubovikov [18]. Another fact which had not been expected in the turbulence

literature is that the scalingof Sp vs. ` might give a remarkably di®erent value from

the ESSscaling Sp vs. S3.

The p=2 scaling obtained for ³p in our °ow may be a consequenceof an

inversecascadedriven by a radial velocity shear. We have seenthat the background

shear in the °ow can force the vortices to eject radially acrossthe jet. Since the

radial velocity could be independent of the azimuthal velocity, this processwould

yield an energy °ux h" i » ±vs(±vk)2=`, where vs would be a radial velocity due to

the interaction of the vortices with the mean shear,vk the azimuthal velocity and `

the azimuthal separation. For a scale-invariant h" i , the resulting pth order velocity

structure function would have the scaling exponent p=2.

This result is signi¯cant in two ways. First it underscoresthe fact, stated

in Chapter 2, that rotating turbulence is a di®erent °ow from the limit of two-

dimensional Navier-Stokes. The disagreement with Kraichnan's theory is a sign

that the limit of quasi-2D turbulence is not a universal one encompassingall °ows,

but might well be system dependent. Not only is our scaling signi¯cantly di®erent

from the onesobserved by Paret and Tabeling (see¯gures in Chapter 2), the vortex

dynamics are also di®erent. We seevortices merging and growing in size, whereas

Paret and Tabeling [70], supported by the numerical simulations of Bo®ettaet al. [12]
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observe vortices orbiting each other and forming clusters.

The secondareaof signi¯cance is in the context of shear°ows. A particularly

interesting trend in turbulence research recently hasbeento look at scaling in more

realistic °ows than homogeneousisotropic turbulence. Structure functions havebeen

measuredin °ows with high shear such as boundary layers, and the scaling of the

structure functions is found to depart from the standard 3D scaling. Theseresults

are best summarized by Toschi et al. [94], who note that the e®ectof shear seems

to be universal acrossvery di®erent systems;the departure from the p=3 scaling is

signi¯cantly more pronounced than in the more homogeneousisotropic cases.The

new exponents that have been measuredin di®erent experiments and simulations

seemto match each other quite well, although the details of the systemsaredi®erent.

In our case,we also study a °ow with a strong shear,but where the rotation forces

the statistics to remain self-similar. The scaling of ³ p with p remains linear due to

the 2D nature of the °ow, but the slope of the scaling changesin an unexpected

way. This indicates that the shearcan play a very signi¯cant role even in self-similar

°ows. The energy transfer in rotating °ows might therefore scaledi®erently from

what was previously predicted, and the \classical" expectations might not apply.
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Chapter 6

Nonequilibrium statistical
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1 1 0 1 0 1 1 0 0 0

N

...

Figure 6.1: 1D vector of binary valueshas 2N possiblecombinations.

As discussedin previous chapters, the statistical approach has dominated

turbulence research since Kolmogorov. For this reason, it seemsnatural to look

at the methods of statistical physics and to use the techniques developed there in

exploring turbulence. However, turbulence is a nonequilibrium problem, or a system

constantly driven far away from thermodynamic equilibrium, making the application

of typical statistical mechanicstools (energy, entropy, etc...) complicated. In the last

decade,signi¯cant advanceshave beenmadeto generalizethe conceptsof statistical

mechanics to encompassa much larger set of problems, of which turbulence is one.

Below we explore this avenue.

In statistical mechanics, onequantit y of particular interest is the entropy. A

closedsystem'sentropy (¾) is de¯ned asthe natural log of the number of states that

are possible[48]. For example,considerthe 1-dimensionalbinary vector of Fig. 6.1,

in which every box can have the value 1 or 0, giving a total number of combinations

of g = 2N . Therefore, the \entropy" of the 1D vector is

¾´ ln(g(N )) : (6.1)

Usually, not all the states of a physical system are accessible,due to the

limited amount of energy(U) available. Therefore, g and ¾depend not only on the

number of states, but also on the energy of the system. The entropy then becomes

the log of all the accessiblestates, given the available energy. With many possible

states to chose from, a physical system will settle in the state that maximizes its

entropy in the long time limit. Therefore writing the entropy in functional form can
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be very useful, since we can extremize it and predict the ¯nal state of the system.

Related to entropy and energyis the temperature of the system,which is de¯ned as

1=T = @¾=@U (to within a multiplicativ e constant).

The situation for nonequilibrium systemsis complicated by the fact that one

often cannot write down a formula for entropy, due to the abilit y of the temperature

and energydissipation rates to °uctuate in time [7]. A systemdeveloped by Tsallis

extendsthe ideasof statistical mechanicsto the nonequilibrium realm by intro ducing

a nonextensive entropy [99]:

Given probabilit y pi for a given state i , the Tsallis entropy is de¯ned as

Sq =
1

q ¡ 1

Ã

1 ¡
X

i

pq
i

!

; (6.2)

which reducesto the standard (Boltzmann-Gibbs) entropy, ¾= ¡
P

pi ln pi in the

notation of Eq. (6.2), for q ! 1. The parameters q is called the nonextensivity

parameter. The Tsallis entropy is in generalnonextensive,meaningthat if Sq(A) and

Sq(B ) are the entropies of two probabilistically independent systems,then Sq(A +

B ) = Sq(A) + Sq(B ) + (1¡ q)Sq(A)Sq(B ) [63]. Hence,q = 1,> 1 and < 1 correspond

to the \extensive, subextensive, and superextensive systemsrespectively" [63], and

in general the entropies cannot be added for separatesubsystems.

Tsallis entropies have been used to describe many nonequilibrium systems,

as compiled in Ref. [98]. However, the vast majorit y of the (hundreds of) works

cited are theoretical, and very few measurements have beenmade in experiments to

test the validit y of this description. Turbulence o®ersa natural application to this

theory, as seenbelow.
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6.1 Application to turbulen t °o ws

The aim of this work is to state the statistical results of the velocity di®er-

encesin terms of statistical mechanicsquantities, in the hopeof developingpredictive

tools for turbulence. By starting with the de¯nition of nonequilibrium entropy of

Eq. (6.2), one can extremize (maximize) Sq to ¯nd the ¯nal state of the system.

Two constraints need to be satis¯ed; they are the norm constraint, which insures

that the probabilities add to one, and the energyconstraint [7].

Two separateapproachesto the application of Tsallis entropy to turbulence

have beensuggested.Arimitsu and Arimitsu (seee.g. [2]) attempt mainly to recover

the structure function exponents as a function of the parameter q. They obtained

a relation for q as a function of the intermittency parameter ¹ , where ¹ = 2 ¡ ³ 6,

where q can be computed as

q = 1 ¡
1 + ¹ + (log2(1 +

p
1 ¡ 2¡ ¹ ))(log 2(1 ¡

p
1 ¡ 2¡ ¹ ))

log2(1 +
p

1 ¡ 2¡ ¹ ) ¡ log2(1 ¡
p

1 ¡ 2¡ ¹ )
: (6.3)

The authors compute a value of q = 0:237 by using the value of ¹ = 0:235 [2].

From this value of q, they are able to calculate scaling exponents ³ p which are in

agreement with the ones observed in experiments and simulations. However, the

formula above cannot be implemented for our data. In the caseof a Kolmogorov-

type self-similar °ow, ¹ = 0 and the Eq. (6.3) givesq ! ¡1 . In the caseof our 2D

°ow, characterized by the values plotted in Fig. 5.7, we would have ¹ = ¡ 1 which

would lead to q = 1+ 0:68i , a complexnumber. Therefore the formalism of Arimitsu

and Arimitsu is not applicable to our data, and we will not pursue this line further.

Beck [7], on the other hand, concentrates on the form of the velocity di®erence

PDFs. As seenin chapter 2, the statistics of the velocity di®erencesin turbulence

contain all the statistical information about the °ow, so knowing their probabilit y

distribution can be a useful measureof the °ow.
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Beck et al. derived a functional form for the velocity di®erencePDFs [8],

and the equationsare the following:

p(±v) =
1

Zq
[1 + ¯ (q ¡ 1)²(±v)]¡ 1=(q¡ 1) ; (6.4)

²(±v) =
1
2

±v2 ¡ c
p

° ¿(±v ¡
1
3

±v3) + O(° ¿); (6.5)

¯ =
2

5 ¡ 3q
: (6.6)

Here, p(±v(`)) is the probabilit y of ¯nding a given velocity di®erence±v at scale

`. ² is an energy associated with the velocity di®erence±v, which depends on the

velocity di®erencesquaredplus a small term which dependson the squewnessof the

statistics through c, ° , and ¿. ¯ describes the temperature in the nonequilibrium

sense(where ¯ = 1=kbT for an equilibrium system). Zq is the partition function; it

can be thought of simply as a scaling constant [8]. The nonextensivity parameter q

is the only ¯tting parameter, and knowing it will de¯ne the functional form of the

PDFs completely, as well as de¯ning the entropy Sq.

Note that the experimental PDFs needto be normalized both in the abscissa

and in the ordinate (by their standard deviation), since the formulae above do not

contain information about the actual velocity di®erences,but only about the shape

of the function. Therefore some information is lost in the processof ¯tting the

statistics in this way.

Beck et al. [8] generalizeEq. (6.5) for ² by the intro duction of a new variable

® into the equation for energy,

²(±v) =
1
2

j±vj2® ¡ c
p

° ¿(j±vj® ¡
1
3

j±vj3®): (6.7)
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They apply this formulation to time seriesdata from a turbulent Couette-Taylor

°ow. For ® = 1, Eq. (6.5) is recovered, and the PDFs of the velocity di®erences

were ¯t with someaccuracy. However, taking ® = 1 ¡ (q ¡ 1) = 2 ¡ q yielded very

good ¯ts of both the peaks and the tails of the experimental PDFs. The authors

relate ® to the intermittency parameter of the log-normal theory [33], ¹ = 2 ¡ ³ 6,

such that a smaller ® (larger q) corresponds to more intermitten t °ow.

6.2 Results

In this chapter, we apply the ideasdeveloped above to our °ow statistics to

explore whether the signature of a 3D-2D transition is visible in the Beck-Tsallis

analysis. We concentrate on the most 2D and most 3D °ows for which time-series

data is available, namely °ows I (­ = 11 rad/s, Q = 150 cm3/s) and IV (­ =

1:57 rad/s, Q = 450cm3/s) in Table 4.3 above. We start with Eqs. (6.4), (6.6), and

(6.7) above, to obtain the valuesof q which best ¯t the velocity di®erencePDFs. A

few changeswere done to the equationsabove, as described next.

6.2.1 Fitting parameters

Beck et al. make certain assumptionsabout the dependenceof the di®erent

parameters on q [8]. For instance, we have seenabove that the form for ®(q) is

empirically chosen. If we use ® = 2 ¡ q as in Ref. [8], we obtain ¯ts which are

reasonable,but not quite satisfactory. Instead, we try to use

® = 1 ¡ (q ¡ 1)· (6.8)

where · is a positive integer. This form was tested for di®erent values of · , and

the results are shown in Figs. 6.2 and 6.3. In these ¯gures, the top plots show the

value of q (for di®erent separation distance, `) as the power (· ) is varied from 1 to
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10. The computed value of q shows a strong dependenceon · for small · , but then

becomesalmost ¯xed as · grows.
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Figure 6.2: Suitabilit y of the ¯ts with · in the 2D case.The top ¯gure shows the
value of q, while the bottom ¯gure shows the residual norm.

The bottom plots show the error in the ¯ts, through the norm of the residual,

or the sum of the squarederror. The reduction in the residual shows that the ¯ts

are improved with higher · , especially in the caseof the 2D °ows. In the caseof

the 3D °ows, the residuals are relatively ¯xed for · > 2, consistent with the ¯xed

value of q. In the ¯ts below, we will use· = 7 for all the data.

Note however that the residual for the 3D °ows at large separation is large,

indicating poor ¯ts. At theseconditions, the ¯ts can be vastly improved by changing

the dependenceon the skewnessin Eq. (6.5) above. The skewnessis de¯ned as
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Figure 6.3: Sameas Fig. 6.2, for the 3D case.

» =
S3

S3=2
2

: (6.9)

In \t ypical" 3D °ows, it is always small and negative, sinceS3 doesnot changesign

and S2 ¸ 0 by de¯nition. Beck et al. make this argument to usec
p

° ¿ ' 0:124(q¡ 1)

in their ¯ts of experimental Couette-Taylor data [8]. Since S3 changessign in 2D

°ows (seechapter 5), it is no surprise that the results should take the skewnessinto

account.

In our experiments, the skewnesschangessign for both the 2D and 3D °ows,

as shown in Fig. 6.4. This is probably due to the anisotropy or inhomogeneity of

the °ow. Furthermore, the valuesof », while small, do not seemto converge to an

asymptotic value for large separations. For thesereasons,we ¯nd that a ¯xed form

for c
p

° ¿ doesnot produce very good results.

163



0 5 10 15 20

-0.2

-0.1

0

0.1

0.2

Distance (cm)

S
ke

w
ne

ss

2D

3D

Figure 6.4: Skewness(S3=S2=3
2 ) of the velocity di®erencesas a function of separa-

tion `. In our experiments, e®ectsof the strong shearlead to a change
of the sign of S3 in both the 2D and 3D cases.

In our ¯ts, we measurethe skewness(») and we use c
p

° ¿ = ¡ »(q ¡ 1)=2

in Eq. 6.5. This form of the dependencewas found to produce excellent ¯ts in the

2D case(see below), and very good ¯ts in the 3D caseat small separations. In

the 3D casehowever, the quality of the ¯ts was found to depend more strongly on

the skewnessthan the 2D case. As the separations in the 3D casebecomelarger

than about 13 cm, the ¯ts do not capture the large positive velocity increments.

However, this approach has the advantage of keepingthe number of free parameters

to a minimum, instead of adding another parameter which would vary for di®erent

°ows.
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6.2.2 Probabilit y Distribution Functions

Sample¯ts for the 2D data are shown on linear and log-lin axesin Fig. 6.5.

The log-lin axes show the details of the tails of the distributions, while the linear

axes show the details of the peaks. We seefrom these ¯gures that both the tails

and the peaksare ¯t quite well over the whole range of length scalesin the inertial

range. The data su®erfrom somenoise,asseenin the tails of the distributions, and

also near the peak of the 1.2 cm curve in Fig. 6.5, but the ¯t is largely insensitive

to the noise.

The samecurvesfor the 3D °ow are shown in Fig. 6.6. Here, we ¯nd that we

are still able to ¯t the PDFs, as they changeshape from having exponentials tails to

a Gaussianshape. The ¯ts for the small separationcaseare not asgood as the ones

shown in the 2D case;the peaksare not ¯t correctly, although the behavior in the

tails of the distributions is well captured. However, the results are still reasonable

for an analysis with only one ¯tting parameter.

6.2.3 Nonextensivit y parameter

From the ¯ts above, we can extract the value of q that provides the best ¯ts

for the PDFs as a function of separation distance `. The distinction between the

2D and 3D °ows can be seenin Fig. 6.7. Consistently with the results of Chapter 4,

we seethat the 2D PDFs preserve their shape and produce values of q that are

relatively stable. These values are far from q = 1, which would correspond to

Gaussianstatistics; the parameter q can therefore be usedas a measureof how the

far the statistics are from Gaussian. The 3D °ows produce values of q that start

around 1.25, indicating a large departure from Gaussianity, and then decreaseuntil

they reach the value for Gaussian°ow at q = 1. These3D results are similar to the

results for a turbulent Couette-Taylor °ow [8].

The physical signi¯cance of the nonextensivity parameter q is not solidly es-
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tablished in the literature. It is believed to be related to the space¯lling of the vor-

tices at a scale`, whereq = 1 indicates space-¯lling Kolmogorov-type °ow [8]. Large

departures from q = 1 indicate a °ow that is highly intermitten t at those scales.

Thereforethe valuesof q2D for our 2D experiment areconsistent with the small value

of ¯ 2D that weobtained in Chapter 4, indicating an intermitten t °ow at all the scales

of the inertial range. As already argued in numerical simulations [79, 28], coherent

vortices causea strong departure from Gaussianstatistics in a turbulent °ow. In

this chapter, we show actual experimental data which quantify this departure with

one parameter.

In the caseof the 3D °ow, the value of ¯ 3D is similar to ¯ 2D . However,

q3D decays to one for large separations, consistent with our observation that the

intermitten t coherent structures are only present at small scalesin the 3D case. It

is common for 3D turbulence to display coherent vortices (and hence departures

from Gaussianity) at small scalesscales,but these coherent vortices do not grow

sinceno inversecascadeis present. This behavior is captured by the trend in q, and

a large di®erencebetweenthe value for large and small scalesindicates a °ow which

is strongly scale-dependent.

The signi¯cance of these results has yet to be fully explored, since this is a

relatively new ¯eld of research. However, there is mounting evidencethat the Tsal-

lis nonextensive statistical mechanics are applicable to a variety of nonequilibrium

systems;The hope is that a commonapproach might allow oneto understand prob-

lemsthat aredi®erent in their dynamicsthrough a commonstatistical approach. We

present results here as motivation for further theoretical and experimental work on

the applicabilit y of nonextensive, nonequilibrium statistical mechanics in turbulent

°ows.
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Chapter 7

Discussion
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This thesisdescribesmeasurements madeon the transition betweentwo- and

three-dimensionalturbulence in a rotating system,asa function of the rotation rate.

Below are someof the main contributions of this work, followed by someof the many

interesting avenuesthat might be pursued in the future.

7.1 Con tributions

In this thesis, The signature of the transition between3D and 2D turbulence

as a function of rotation rate was shown from di®erent viewpoints. First through

the shape of the velocity di®erencePDFs (Fig. 4.17); in the 3D case,the behavior

wassimilar to other 3D °ows, where the PDFs switch from having exponential tails

at short separations to nearly Gaussian at large separations. In the 2D case,the

PDFs preserve their shape at all the length scalesexplored here.

Next, the structure function relative (ESS) scalinggradually varied from the

typical 3D behavior to a linear dependenceon the order p, shown in Fig. 4.19. This

behavior was not unexpected, since 2D turbulence was expected to be self-similar,

and the scaling of 3D turbulence is well known. We have con¯rmed however that

the statistics of rotating °ows approach those for 2D turbulence as the rotation rate

is increased. Furthermore, the abilit y to switch between the 2D and 3D °ows is

unique to this study and has not beenshown in any previous experiments.

This switching was explored by using the tests of the Hierarchical Structure

model. The model makes certain assumptionsabout the internal structure of the

turbulent °ow, and the relation between structures of di®erent intensities. The ¯ -

and ° - tests were applied and con¯rm that the model is applicable to our °ow.

The value of ¯ remained ¯xed across all the °ows explored in our tank

(Fig 4.20), at a value signi¯cantly lower than those obtained for other turbulent

°ows. This indicates that our °ows are more intermitten t than the Couette-Taylor

°ow and free jets. In other words, the structures that causethe intermitten t °uc-
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tuations in the time seriesare more coherent in our °ows than in other situations.

This result was supported by the visualization of the experiment where coherent

vortices were omnipresent over the whole parameter space.

The results of the ° test supported the observations of a gradual transition

to a self-similar °ow observed in the structure functions, as the rotation rate was

increased(Fig 4.21). Moreover, the ° test showed that the mechanism that caused

this transition was the generation of coherent/in termitten t vortices at a wide range

of scalesin the cascade.In the 2D case,the width of the tails of the PDFs, corre-

sponding to the rare events, changed in the sameway as the typical width of the

PDF, corresponding to the lessintense,more common events.

This route to self-similarity is a new one. Previously, the only °ows found

to be self-similar were oneswhere large coherent vortices didn't exist at all. The

2D simulations and strati¯ed experiments which reported self-similarity had near

Gaussian statistics at all scales; °ows that had non-Gaussian statistics at small

scalesinvariably showed scale-dependence,such as soap ¯lms. In the present case,

the statistics of the °ow were found to be far from Gaussian at all scalesin the

inertial range, yet still led to self-similar °ow when vortex stretching was excluded

by rapid rotation. This is signi¯cant since °ows occuring in Nature might display

scale-invariance even when strong structures are present.

We also explored the high-rotation 2D °ows in detail. The classical theory

of 2D turbulence starts with the Navier-Stokes equations in two-dimensionsand

ignores the third dimension altogether. In physically realizable quasi-2D °ows, the

third dimension is always present though its e®ectsare small. In rotating turbulent

°ows for instance, the equations to describe the °ow are the full 3D Navier-Stokes

equationswith the addition a strong Coriolis force term. Therefore the exact scaling

might well be di®erent from the predictions for strictly 2D turbulence.

Indeed, we found in our casea turbulent °ow where the energy scaled as
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E(k) » k¡ 2, in contrast with standard Kolmogorov theory, and also di®erent from

the Kraichnan scalingpredicted for 2D °ows. This anomalousscalingwasconsistent

with the scaling of the moments of the velocity di®erence(structure functions),

which also scaledwith a slope of 1=2 (³ p = p=2). This anomalousscaling is likely

related to the strong shear that exists in the °ow, and which causesthe energy

transfer betweenscalesto be driven by both radial and longitudinal e®ects.

Similarly to previously reported shear°ows, the shearseemedto increasethe

intermittency of the °ow (the value of ¯ was low). However, this was the ¯rst study

of a shear °ow where the statistics remained self-similar. Therefore the structure

function exponents still scaledlinearly with the order p, but the e®ectof the shear

was to change the coe±cient from 1/3 to 1/2. This was a completely unexpected

result which will hopefully ¯nd theoretical validation aspart of a moregeneraltheory

of turbulent shear°ows.

Finally, we motivated further theoretical work by measuring the nonexten-

sivity parameter q of the Tsallis entropy. This work is related to the extension of

standard statistical mechanics to the non-equilibrium realm, where the turbulence

problem lives. We extend the theoretical work which describesturbulence in terms

of nonextensive entropy and we ¯nd that our statistics are well represented by the

Beck-Tsallis analysis. The signi¯cance of this result lies in the validation of a highly

abstract concept in experimental measurements. The abilit y to relate the valuesof

q to the existing theories of turbulence can be a very important contribution to the

understanding of the impliciations of non-equilibrium statistical mechanics.

One goal of our study was to isolate certain e®ectsin turbulent °ows which

contribute to the complexity of the problem. In this case,we attempted to isolate

the e®ectsof vortex stretching by switching from a fully 3D regimeto a 2D °ow with

all other parameters¯xed. Much was learned from this by testing existing theories

of turbulence asthey apply in the 3D and 2D regimes. A useful theory should apply
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in both cases,and should capture the presenceor lack of vortex stretching in a

conclusive way. That is what we found in the scaling of the structure functions and

from the ¯ and ° tests. In the process,we learnedabout the e®ectsof shearand the

presenceof coherent structures. By analyzing the data in di®erent ways, we hope

to gain even more insight on the nature of the transition from 3D to 2D, and about

the dynamical changesas vortex stretching is added or removed.

7.2 Future work

Many questionsare left unansweredby the work in this thesis. The technical

aspects of building the apparatus and writing the analysis routines took up too

much time. However, given the current state of the experiment (working) and of

the analysis software, one can now use the system to further probe some of the

following questions.

First, it would be very interesting to test the e®ectof the sloped bottom on

the °ow. Would we still obtain the anomalousscaling for a °at bottom? How about

for the co-rotating jet, which has traditionally been viewed as being more orderly

and lessturbulent? The shearin the co-rotating jet is inherently di®erent from that

in the counter-rotating °ow. Therefore, both the dynamics and the statistics of the

°ow might be di®erent. Repeating our study in the co-rotating caseshould provide

great insights on the problem.

The secondquestion would be to test the e®ectsof the forcing mechanism.

We have found a change in behavior of the structure functions at 2 cm, or the

separation of the holes in the forcing ring. While a connection between the length

scalesseemslikely, it is also possiblethat the matching is purely coincidental. One

can test for the relation would be to add a falsebottom on the tank with slits rather

than holes forcing the °ow. This might change the °ow signi¯cantly if indeed the

separation between the individual forcing holes is important, which would also be
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an interesting result.

A subject that we had approached but never really fully entered was the

relation betweenour °ows and plasma °ows in tokamaks. Flows in a magnetically

con¯ned plasma can be modeled by the same equations of motion as °uid °ows

under rotation, within certain regimes. Recent numerical simulations [11] and ex-

periments [72] show the existenceof radial ejections in plasma °ows which are very

similar to our vortex ejections. The role of these vortices in the transport of pas-

sive tracers (heat or particles) is of major importance for fusion experiments. Our

setup has the great advantage of visualization, compared with the plasma exper-

iments where measurements are extremely di±cult. Therefore an experiment like

ours might contribute qualitativ e (if not quantitativ e) insights into the behavior of

plasmas.

A related question that was also raised in the plasma communit y is whether

shear°ows can suppressturbulence in the context of geostrophy. Several extensive

numerical and theoretical studies have been made on the e®ectof strong shear on

the generation or suppressionof turbulence (seereview article by Terry [93]). Our

experiment is uniquely positioned to study these questions with no modi¯cations

necessary. Here also, the e®ectof the beta plane and the asymmetry between the

co-rotating and counter-rotating jets would be important to study.

The list of possibleproblems can be extended to include many more ques-

tions, but we will stop here.
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