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Fractional Brownian motion (fBm)
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Scale invariance (random walk)
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Intermittency and activity clustering 

Turbulence (fluid mechanics) 

Barkhausen noise (electromagnetism)
3.3. DISTRIBUTIONS. SCALE INVARIANCE. MULTISCALING & INTERMITTENCY53

Figure 3.6: Example of intermittent phenomena: energy dissipation in a
turbulent flow (left) and Barkhausen noise (right), see Chapter VI. See also
Chapter VIII for intermittency in financial markets.

activity (or volatility) of markets. One observes “intermittency”, i.e. periods
of intense activity intertwined with periods of low activity. The same phe-
nomenology also appears in many physical systems: turbulence, depinning
of elastic lines (contact lines, magnetic walls, fracture fronts, etc.).

Quantitatively, intermittency is unveiled by higher order correlations.
Whereas Cv(τ), as defined above, is blind to these intermittency effects, the
correlation of the squared increments captures interesting effects:

Cv2(τ) = ⟨Ẋ2(t+ τ)Ẋ2(t)⟩t − ⟨Ẋ2(t)⟩2t . (3.15)

In turbulence or in finance, this correlation function decays extremely slowly
in time, like τ−γ with γ ≈ 0.2. As a consequence, higher order moments
Mq(τ) do not scale trivially as [σ(τ)]q. A multifractal signal is such that:

Mq(τ) = [σ(τ)]ζ(q) (3.16)

where ζ(q) ̸= q is a non trivial (concave) of q. For example, a good multi-
fractal model for turbulence and finance is the so-called log-normal cascade,
due originally to Kolmogorov, Obukhov & Mandelbrot, and more recently to
Bacry, Muzy & Delour.1 It is such that:

ζ(q) = q − λ2q(q − 2), (3.17)

where λ2 is the “intermittency” parameter. λ2 = 0 corresponds to the stan-
dard “monofractal” fBm, whereas larger λ2 correspond to more intermittent

1For a review, see e.g. J. P. Bouchaud, J. F. Muzy, in The Kolmogorov legacy in physics,
Springer (2003).
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Multiscale intermittency

Excess volatility, with long range memory

– looks a lot like endogenous noise in complex systems

(Number of weekly 1% jumps/min on S&P stocks)

Excess volatility (Number of weekly 1% jumps/min on S&P stocks)
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Chapter II: Statistics of real prices
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Bachelier’s first law (1870-1946)
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Figure 8.1: Bachelier’s first law: variogram of the log-price of the Dow-Jones
index, showing a very clear diffusive behaviour.

On short time scales, average effects are small compared to fluctuations.
On average, individual stocks grow by – say m = 5% a year, but their
fluctuations are of the order of 1.5% per day, or 25% a year (sometimes even
more). For a biased random walk with drift µ and volatility σ, there is a
crossover time τ ∗ between a fluctuation dominated regime at short times and
a drift dominated regime at long times. The time τ ∗ is given by the condition:

mτ ∼ σ
√
τ −→ τ ∗ ∼ σ2

m2
(8.4)

With the orders of magnitude above, τ ∗ ∼ 25 years! In other words, the
ratio mτ/σ

√
τ is still small, ∼ 0.2 for τ = 1 year and fluctuations are more

important to understand than long term drift, for which a statistical theory
would be very hard to envisage.

Note that the largest drawdown ∆∗ expected for a biased random walk
is the typical extension of the walk after time τ ∗, beyond which the bias
becomes dominant. This leads to the result established in PC2:

∆∗ ∼ σ
√
τ ∗ ∼ σ2

m
, (8.5)

Variogram of the Dow Jones index (1950-2000)

(t in days)
Bachelier à 15 ans
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Elementary cumulative pdf of returns (30 min and daily) for different assets

30 min 1 day

S&P 500

30 min 1 day

Bund

30 min 1 day

GBP/$

30 min 1 day
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Elementary cumulative pdf of returns (daily and monthly) for a pool of 500 US stocks

1 day 1 month

negative tail:  
positive tail:

µ ⇡ 3
µ ⇡ 4.1 µ ⇡ 5.7

negative tail:  
positive tail:

µ ⇡ 3
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Elementary cumulative pdf of daily returns in extreme markets

MXN/$

µ ⇡ 1.34µ ⇡ 2.64

Euro$ front-month (USD Libor futures)
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Two point correlation function or returns

3𝜎 error bars
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Intermittent nature of volatility fluctuations

Daily returns Daily volatility of the S&P 500
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Variogram of the volatility process (500 stocks) 
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Kustosis of cumulated returns (slow decay)
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Return-volatility correlations (Leverage effect) and skewness

(in days)
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Chapter III: Why do prices move?
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No, markets weren’t “efficient” at finding the truth; they were just very efficient 
at converging on a conclusion – often the wrong conclusion.  

We might define an efficient market as one in which price is within a factor of 2 
of (its fundamental) value [...]. By this definition, I think all markets are efficient 
almost all of the time. “Almost all” means at least 90%.  

I can’t figure out why anyone invests in active management [...]. Since I think 
everything is appropriately priced, my advice would be to avoid high fees. So you 
can forget about hedge funds. 

Fisher Black  

Ben Horowitz

Eugene Fama

The Efficient Market Hypothesis (EMH)

Inspired from J. Donier PhD thesis 
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Figure 5: a) Relaxation of the volatility after s = 4 and s = 8 news jumps,
and power law fit with an exponent β = 1. b) Relaxation of the volatility
after s = 4 and s = 8 jumps, and power law fit with an exponent β = 1/2.
Note the difference in the y-scale between the two curves (the first point, at
t = 0, is suppressed in both cases).

There are different possible definitions of collective jumps. One is based on
the correlation matrix of jump occurrences, cij = T−1

∑
t θt

iθ
t
j − pipj, where θt

i is
one if stock i makes an s-jump in the one minute bin t and zero otherwise, pi is
the average of θt

i (i.e. the jump probability pi = T−1
∑

t θt
i) and T is the number

of bins. Most eigenvalues of c are seen to lie within the Marcenko-Pastur noise
band [26, 27], but a few stand out, in particular the ‘market’ eigenvalue with a
eigenvector v1

i close to uniform across all stocks: v1
i ≈ N−1/2, ∀i. A market jump

can be defined such that the indicator χt = N1/2
∑

i θ
t
iv

1
i is larger than a certain

threshold s′. For example s′ = 0.1 means that roughly 10% of the stocks must
jump to qualify as a market jump. Quite interestingly, we found a new ‘stylized
fact’ concerning index jumps: the cumulative distribution of χ decays as a power-
law χ−ν with exponent ν ≈ 1.5. In other words, the number of stocks involved in
a market slide is very broadly distributed. Another definition of collective jumps
is based on a standard sector classification to define a sector index; a sector jump
is such that this index exceeds a certain threshold.

Focussing first on market jumps, and for a threshold s′ = 0.1 that defines
rather loose collective jumps, we find a total of 900 jumps, but only 13% of all
individual jumps with s = 4 can be explained by these jumps, hardly more than
the 10% expected from the very definition of these jumps. Extending the period
around collective jumps to a five minute interval, one can increase this number
to 20%, but this increase is the one expected from the unconditional probability
of jumps, integrated over 5 minutes. If we include further meaningful sectors, we

8

Exogenous (news-related) jumps Endogenous jumps

News feeds and the Omori law
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Price p/share

Mid-price

Bid-Ask Spread

Ask (sell orders)Bid (buy orders)

Best bid Best ask

Limit order: Buy or sell the item at its specified price.
Market order: Buy or sell the item immediately, at the current best price.

Continuous double auction markets and the limit order book

tick size
pt atbt
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Continuous double auction markets and the limit order book
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10.2 Order Size and Aggressiveness 207
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Figure 10.1 Autocorrelation function of the market order sign process for INTC,
CSCO, TSLA, and PCLN. The red dashed line represents a power law with expo-
nent �0.5. The missing data points correspond to negative values.

days of trading. Where does this long-range predictability come from? We will
return to this question later in this chapter.

10.2 Order Size and Aggressiveness

Until now, we have treated all market orders on an equal footing, independently
of their volume. In theory, we could consider the time series of signed volumes
"t�t (where �t denotes the volume of the market order arriving at time t). How-
ever, the distribution of order volumes has heavy tails, which complicates the
estimation of the corresponding autocorrelation function. Furthermore, simply
knowing that a market order is large only tells us half the story, because the
impact caused by the arrival of a large buy (respectively, sell) market order
depends on the volume available at the ask (respectively, bid) price.

A more useful idea is to label market orders with a simple binary aggres-
siveness variable ⇡t 2 {0, 1}, which indicates whether or not the size of the
market order is su�ciently large to trigger an immediate price change (⇡t = 1)

Persistent order flow

=
h✏

t✏
t+

`
i
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Chapter IV: Econometric models for price changes
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Propagator Calibration

280 The Propagator Model
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Figure 13.1 The empirical response function R(`) and the propagator G(`), cal-
culated from the empirical R(`) and C(`), for (top left) INTC, (top right) CSCO,
(bottom left) TSLA, and (bottom right) PCLN. Inset: The same plot in doubly log-
arithmic axes. The dashed black lines depict a power law with exponent �0.25.
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Therefore, only the contribution  (`) in Equation (13.16) may compete with
the long-term di↵usion behaviour of the price induced by the public news term
⇠t . Asymptotic analysis of  (`) yields the following contribution to the di↵usion
coe�cient:
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Propagator (signature plot): how much volatility trades account for?

13.2 A Model of Transient Impact and Long-Range Resilience 281
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Figure 13.2 (Markers and solid curves) the empirical values of the functionD(`)
and (dashed curve) its approximation with the 1-event (market order) propagator
model, Equation (13.16), with ⌃2 = 0. The left panel shows the results for INTC,
which is a large-tick stock, and the right panel shows the results for TSLA, which
is a small-tick stock. Remarkably, the trade-only contribution accounts for 0.65 �
0.8 of the long-term squared volatility. However, the model completely fails to
capture the short-term structure ofD(`), which suggests that one should also take
into account some time dependence of G(`) (which might depend on event type
and past history; see Chapter 14).

where I(�, �) > 0 is a (complicated but finite) numerical integral.
We first examine what would happen if the propagator G(`) did not decay at

all (� = 0). This case corresponds to the assumption that impact is permanent.
In this case, in the presence of long memory of the order flow 0 < � < 1,
one finds that D (`) / `1��, which grows with increasing `. This corresponds
to a super-di↵usive price — or, in financial language, the presence of persistent
trends in the price series: this is the e�ciency paradox created by the long-range
correlation of market order signs.

As the propagator decays more quickly (i.e., as � increases), super-di↵usion
is less pronounced (i.e., D (`) grows more slowly), until

� = �c := (1 � �)/2, (13.17)

for which D (`) is a constant, independent of `. Adding the variance of the
“news” contribution ⌃2, the long-term volatility reads

D1 = �21c1I(�, �c) + ⌃2.

When � > �c, D (`) decreases with `, as do the contributions of the first two
terms of Equation (13.16).2 The lag-dependent volatility D(`) is in this case
enhanced at short lags by the transient impact contribution, resulting in sub-
di↵usive prices at short lags.

Based on the calculations we have performed throughout this section, we can
2 Since � < 1, it follows that 2 � 2� � � > 1 � 2�, and therefore at large ` the term D (`) always

dominates the first two contributions of Equation (13.16) toD(`).

⌧
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⇡ 80%
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Pareto tails (power law)

Pareto tails

Universal distribution: daily stocks, implied volatility, CDS

moves or any other traded stuff: ≈ inverse cubic law. With J.

Bonart

PDF of daily returns for US stocks, implied vol and Credit Default Swaps



26

Chapter V: Microscopic (agent based) models for price changes
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Fish schools

Examples from the animal world

Starling “murmurations” (how/why do they do 
this?)

• No leader!
• 10,000 birds can collectively change 

direction in ~ 0.5 secs
A. Cavagna, I. Giardina et al. 7

Starlings in Rome and Fish Schools

A. Cavagna et al.

Starlings in Rome

Fish schools

There is no leader, 10 000 birds can collectively change direction in less than 0.5 seconds

Collective behaviour
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Examples from the animal world

Starling “murmurations” (how/why do they do 
this?)

• No leader!
• 10,000 birds can collectively change 

direction in ~ 0.5 secs
A. Cavagna, I. Giardina et al. 7

Collective behaviour

Synchronisation of fireflies

“Fireflies blinking on and off in unison (Southeast Asia), in displays that stretched for miles along the riverbanks. 
How could thousands of fireflies orchestrate their flashing so precisely and on such vast scales? For decades, 
no one could come up with a plausible theory. A few believed there must be a maestro, a firefly that cues all the 
rest. Only by the late 60’s did the pieces of the puzzle begin to fall into place...”                       
    

 S. H. Strogatz (Sync, The emerging science of spontaneous order) 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Examples from the animal world

Starling “murmurations” (how/why do they do 
this?)

• No leader!
• 10,000 birds can collectively change 

direction in ~ 0.5 secs
A. Cavagna, I. Giardina et al. 7

Collective behaviour

Neural networks

Conscience is clearly an emerging phenomenon, not « belonging » to any single neurone.  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What about humans?

• Innocuous: Mexican waves*, Lovelocks, Clapping, Fads & Fashion…
• More serious: Vaccination campaigns, Voting patterns, 

Segregation, Fertility…Trust, Fiat money… 
• Scary: Mass panic (Mecca, stadiums, bank runs, market crashes), 

Mass effects (collective denial, riots, Cologne events?), Mass 
enrolment (Fascism, …)

* Clockwise or counterclockwise? 

9

Not random!

Love-locks on Pont Des Arts

The madness of crowds (Newton)

What about humans?

• Innocuous: Mexican waves*, Lovelocks, Clapping, Fads & Fashion…
• More serious: Vaccination campaigns, Voting patterns, 

Segregation, Fertility…Trust, Fiat money… 
• Scary: Mass panic (Mecca, stadiums, bank runs, market crashes), 

Mass effects (collective denial, riots, Cologne events?), Mass 
enrolment (Fascism, …)

* Clockwise or counterclockwise? 

9

Not random!

Collective behaviour

“I can calculate the motion of heavenly bodies, 
but not the madness of people.”          

Isaac Newton 

Mexican wave

Lovelocks

Voting patterns
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Collective behaviour

The behaviour of large assemblies of interacting individuals (particles) cannot be understood as a 
simple extrapolation of the properties of isolated individuals. Instead, entirely new, unanticipated 
behaviours may appear and their understanding requires new ideas and methods.  
Statistical physics has developed tools to describe these “collective phenomena”, pertaining to crowds 
and not to any of its single constituents. Small changes at the individual level can trigger dramatic 
effects at the collective level - for the better or for the worse.  

Adapted from Phil Anderson (Nobel prize 1977) « More is different » in Science (1972). 
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94 CHAPTER 6. COLLECTIVE BEHAVIOUR

Figure 6.4: Decimation, starting from an equilibrium configuration at tem-
perature T = Tc.

Critical phenomena

Percolation network

Probability that a randomly chosen 
site belongs to the percolating cluster  

Liquid-gas coexistence at the critical point 

Critical 
opalescence

14. Montrer que la masse moyenne M de l’amas porté par un site se met sous la forme:

M = p

✓
1 +

zp

1 � p(z � 1)

◆
. (10)

On pourra dans un premier temps chercher à calculer la masse moyenne de l’amas porté par une branche.

15. Déterminer l’exposant �.

V Point critique et invariance d’échelle

Au point critique p = pc, les systèmes de percolation sont invariants d’échelle ou fractales. C’est à dire qu’aucune
échelle ne caractérise le système, ou encore que les propriétés du système seront les mêmes quelle que soit la
“distance” à laquelle on se place pour l’observer (voir Fig. 4).

Figure 4: Simulation de percolation au point critique p = pc à gauche, zoom ⇥10 à droite. “FK-Ising model
(Fortuin-Kasteleyn)” aussi connu comme “random-cluster model”.

Définition Une fonction f est dite invariante d’échelle dès lors qu’il existe une fonction g telle que:

8x, y

f(x)

f(y)
= g

✓
x

y

◆
. (11)
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7. Que dire de l’exposant critique � ?

IV Percolation à deux dimensions

On s’intéresse dans un premier temps au cas du réseau carré (voir Fig. 2).

s = 2s = 1

s = 4

s = 4

s = 4

Figure 2: Réseau carré.

8. Montrer que la probabilité ⇡(s) qu’un site quelconque appartienne à un amas de masse s s’écrit maintenant:

⇡(s) =
X

t

s p

s(1 � p)tgst , (8)

où t est le nombre de sites vides encadrant l’amas de taille s, et gst est facteur de dégénérescence dont on donnera
le sens. On pourra traiter les cas s = 3 et s = 4 en guise d’exemple.

A ce jour, on ne sait pas calculer analytiquement le facteur gst. Nous allons donc regarder un réseau particulier,
dit de Bethe, dont la topologie nous permettra d’aller plus loin dans l’étude de la percolation à deux dimensions
(voir Fig. 3). Le réseau de Bethe est un réseau arborescent, c’est à dire qu’il existe un unique chemin reliant deux
sites donnés du réseau. Le réseau de Bethe n’est défini que par sa coordinence z, il n’a pas de métrique et donc
le calcul de la quantité ⇠ n’a aucun sens. Enfin, étant donné un site du réseau, on appelle branche l’ensemble
des sites qui lui sont connectés par l’un de ses z bras.

z = 3 z = 4

Figure 3: Réseaux de Bethe.

Il est nécessaire ici de poser à nouveau la définition de percolation: on dit d’une branche du réseau qu’elle percole
dès lors que son premier site est occupé et qu’elle porte un amas infini.

9. Etablir une relation polynomiale sur la probabilité Q qu’une branche ne percole pas faisant intervenir p et z.

10. Dans le cas z = 3, déterminer la fonction Q(p) puis la tracer pour p 2 [0, 1].

11. Dans le cas général, montrer que le seuil de percolation est donné par:

pc =
1

z � 1
. (9)

Pour ce faire, on pourra développer la relation obtenue à la question 9. au voisinage de pc.

12. La paramètre d’ordre pouvant être vu comme la probabilité qu’un site appartienne à l’amas infini, déterminer
l’expression de P en fonction de Q, z et p.

13. Déterminer l’exposant �. On pourra à nouveau utiliser le développement au voisinage de pc de la relation
obtenue à la question 9.
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On pourra dans un premier temps chercher à calculer la masse moyenne de l’amas porté par une branche.

15. Déterminer l’exposant �.

V Point critique et invariance d’échelle

Au point critique p = pc, les systèmes de percolation sont invariants d’échelle ou fractales. C’est à dire qu’aucune
échelle ne caractérise le système, ou encore que les propriétés du système seront les mêmes quelle que soit la
“distance” à laquelle on se place pour l’observer (voir Fig. 4).

Figure 4: Simulation de percolation au point critique p = pc à gauche, zoom ⇥10 à droite. “FK-Ising model
(Fortuin-Kasteleyn)” aussi connu comme “random-cluster model”.
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16. Démontrer qu’une fonction f est invariante d’échelle si et seulement si il s’agit d’une fonction puissance.

Pour la suite de cette partie, on se place dans le cas particulier du réseau de Bethe de coordinence z = 3.

17. Montrer que la densité des amas de masse s s’écrit:

n(s) = gs p
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où gs est une facteur de dégénérescence dont on donnera le sens.

18. On note nc(s) ⇠ s

�⌧ la densité des amas de masse s au point critique (⌧ est appelé exposant de Fisher).
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20. Tracer n(s) au voisinage du point critique et déterminer la masse caractéristique des plus grands amas.

21. Déterminer l’exposant ⌧ . On pourra chercher à recalculer M de la manière suggérée à la question 6.

VI Jeux de fourmis

On s’intéresse à la di↵usion de fourmis dans un réseau désordonné. A chaque pas de temps t, la fourmi choisit
l’un des sites plus proches voisins. Si le site est occupé (autorisé) alors elle y va, si le site est inoccupé (interdit)
alors elle reste là ou elle est jusqu’au pas de temps suivant. Ce processus est répété de nombreuses fois, puis
moyenné sur un grand nombre de fourmis et sur un grand nombre de réseaux. Les interactions fourmi-fourmi
sont négligées.
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16. Démontrer qu’une fonction f est invariante d’échelle si et seulement si il s’agit d’une fonction puissance.

Pour la suite de cette partie, on se place dans le cas particulier du réseau de Bethe de coordinence z = 3.
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FIG. 1: AAPL on NASDAQ in 2016. Upper row, left: rescaled expected return RN (Q/N⇠)/N conditioned of the volume
imbalance Q for di↵erent bin sizes N in arbitrary units (see eqns. 2, ↵.). X- and y-axis rescaling exponents: ⇠ = 0.84,  = 0.53.
Right: rescaled mean return RN (E/N )/N conditioned on the sign imbalance E (see eq. 9). ⇠✏ = 0.69,  ✏ = 0.48. Lower
row: the corresponding complementary cumulative distributions. The positive and negative half were calculated independently
and then binned to smooth out noise and discretisation steps for small N . The largest shown N corresponds to the shortest
day in the sample.

The right-hand panel of Fig. 1 shows the rescaled
aggregate-sign impact, defined as:

RN (E) :=
*
logmt+N � logmt

��� E =
N�1X

i=0

✏t+i

+
. (9)

Here, the impact for small sign imbalances is more lin-
ear than for the volume imbalance, corresponding to a
larger value of the e↵ective parameter ↵. Around a sign
imbalance of 50%, the impact saturates sharply and re-
verts towards zero at the extremes. This may come as a
surprise since it means that a very strong imbalance in
the order-signs is associated to a very small price change
on average. This e↵ect is found for all instruments, and
also for the trade imbalance, as shown in Figures 8 and 9
in Appendix B. The reason for this highly peculiar be-
haviour is investigated below. First, however, we have a

closer look at the scaling exponents ⇠ and  (and their
counterpart for the aggregate-sign impact ⇠✏ and  ✏).

B. Scaling & Hurst Exponents

Figure 3 shows the means and standard deviations for
several scaling exponents. The scaling exponent of the
width QN of the aggregate-volume impact is found close
to ⇠ ⇡ 0.75 while the exponent governing the height RN

is  ⇡ 0.5. In other words, the width of the impact curve
grows faster than its height when the bin size is increased.
Very similar values are found for the aggregate-sign im-
pacts (exponents ⇠✏ and  ✏). Note that using Eqs. (3)
and (6), the slope of the linear region of impact follows
as @RN (Q)/@Q|Q=0 = RN/QN . It scales as N� with
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FIG. 4: AAPL, May first 2016. An typical example of an extreme order-sign imbalance and a “sticky price”. The visible
liquidity at each price-level just before each trade is drawn in red above and in blue below the mid-price (upper solid line). Full
saturation corresponds to the 90-percentile for the day. The signed buy volumes q+ for each trade are drawn as bars above
the orderbook reconstruction and the signed sell volumes q� below. The volume axis is log-scaled. A lower bound for the true
number of trades is shown because transactions with the same sign and timestamp were merged (see section II). Therefore, a
series of 100 successive market buys drawn above took at least 100ms in wall time and may have consisted of more than 100
independent market orders submitted to the market. Lower solid curve: 50 trade sign imbalance (causal).

signs. When it is extremely likely that the next trade is a
buy, and a buy trade indeed materializes, then the price
change is small. Empirically, many studies have reported
that returns in the direction of a particular trade-sign
predictor are on average lower than those in the opposite
direction (see e.g. [22–24]). This e↵ect is attributed to
liquidity takers adjusting their market order volume at
the outstanding liquidity, while liquidity providers revise
their limit orders and refill to match the incoming or-
der bias. Our results show a connection to the aggregate
price-impact and a direct measure of the aforementioned,
hypothesised bilateral order-flow adaptation. The prob-
ability of price changes as a function of local sign imbal-
ance becomes (for large N) a tent-shaped function that
has a discontinuous slope for zero imbalance and vanishes

for strong imbalances. This observation is consistent with
[12] where a similar shape was reported for the standard
deviation of price-changes in 15 minute windows for US
stocks traded in 1994–1995, i.e. before electronic markets
and High-Frequency algorithms.

Taken together, our findings suggest that markets gen-
erally operate in a state where traders collectively coun-
terbalance the impact of predictable events to a very high
degree, and on all intra-day timescales. Since market-
order volumes are known to be highly conditioned on
visible liquidity (see e.g. [19]), the dependence of market
order signs on repeated refills (as shown in Fig. 4) should
not come as a surprise: these observation simply con-
firm that liquidity takers pay attention to the currently
available liquidity. Reciprocally, liquidity providers ob-

3

based on the timestamps, which were reported with mil-
lisecond precision for all three platforms (see also ap-
pendix A).

Trading volumes vary considerably over time. To con-
trol for extremely active days, we normalised aggregate
transaction volumes Q = hQDi/QD

P
i qi by the daily

volume QD relative to its average. This global normali-
sation will be omitted in the following equations for no-
tational simplicity.

The first 30 minutes after opening and before closing
on each day are discarded, as well as all days with short-
ened trading-hours. Obviously irregular entries were dis-
carded too, such as transactions labelled as irregular by
the exchange or provider, transactions outside the afore-
mentioned hours, or transactions with non-finite prices
(including bid- and ask-prices).

III. RESULTS

A. Aggregate Impact

As mentioned in the introduction, we measure the
aggregate-volume impact as

RN (Q) :=

*
logmt+N � logmt

���Q =
N�1X

i=0

qt+i

+
, (2)

where mt is the mid-price immediately before the tth

transaction, qt the signed volume of the tth transaction
and h. . . i denotes an empirical average over all time win-
dows containing N successive trades, executed the same
day. R1(Q) corresponds to the average impact of a sin-
gle market order of signed volume Q as studied in, e.g.,
[8, 16].

As expected, both width and height of the function
RN (Q) increase with N . However, if one rescales the
Q-axis with an N -dependent volume scale QN , and the
R-axis with an N -dependent return scale RN , all curves
for N >⇠ 10 collapse to a single master curve, as shown in
Figure 1 for AAPL, and in Appendix B for a variety of
other assets. More precisely, one finds that empirically:

RN (Q) ⇡ RNF

✓
Q

QN

◆
, (3)

where QN and RN both obey power-law scaling with N ,

QN ⇡ Q1N
⇠, (4)

RN ⇡ R1N
 , (5)

and the scaling function F (x) is a sigmoidal function
parameterized as

F (x) =
x

(1 + |x|↵)�/↵
, (6)

where ↵ and � are fitting parameters that describe the
shape of F (x). Note that for x ! 0, the leading be-
haviour is:

F (x) = x � �

↵
sign(x)|x|1+↵ + . . . , (7)

i.e., a linear behaviour with possibly non-analytic correc-
tions.
For x ! 1, on the other hand, one has:

F (x) = sign(x)|x|1�� + . . . . (8)

Hence � = 1 corresponds to saturation for large volumes,
� < 1 to continued growth, and � > 1 to reversal towards
lower impacts.
In order to determine the rescaling exponents ⇠ and  ,

the shape of RN (Q) is fitted for each N using the scaling
form Eq. (3) with F (x) given by Eq. (6), keeping the
same value of ↵ and � for all N . 3 We obtained ↵ = 1.2±
0.6, � = 1.3 ± 0.7 for the mean and standard deviation
of the fitted RN (Q) across all instruments in the sample.
The corresponding scaling function for AAPL is shown
as a dashed line in Fig. 1.4

Once F (x) is fixed, one can map out the scale fac-
tors QN and RN as a function of N , which are indeed
very accurately described by power-laws of N as shown
in Fig. 2.5 The final rescaled impact functions are shown
in Fig. 7 of Appendix B for other stocks and futures. All
scaling curves look remarkably similar, as indicated by
the similar values of ↵ and � in all cases. Any theoret-
ical approach will have to explain not only the value of
the exponents ⇠ and  , but also of the full master curve
F (x).

Together with the rescaled aggregate-volume impact,
Fig. 1 shows the corresponding cumulative distribution
of volume, rescaled by QN . Events far in the saturation
regime occur with probability ⇠ 10�2 on a daily basis.
This must be compared with the typical number of trades
per day, which is of the order of 104 for AAPL. For exam-
ple, there about 100 events per day at the end of a bin of
size N = 100 and within the saturation regime. Events
contributing to the saturation regime are relatively fre-
quent, and the e↵ect is therefore not anecdotal.

3 Technically, this was achieved by alternating between fitting ei-
ther the scales or the shape parameters and using nonlinear re-
gression. Only 80% of all N were randomly included in each
pass.

4 Some instruments exhibit a slight reversal of the aggregate-
volume impact R(Q) for very large arguments. These are some-
times fitted with quite large �, but the fitted curve only strongly
reverts outside of the observed range of Q. This is in very di↵er-
ent from R(E) discussed below, which strongly reverts close to
zero impact within the frequently observed range of sign imbal-
ances E.

5 This was done using robust regression. We also tried to fit the
power-law rescaling without using parametric curves as an in-
between step, but failed to achieve the same level of reliability
across instruments and time periods.

4

FIG. 1: AAPL on NASDAQ in 2016. Upper row, left: rescaled expected return RN (Q/N⇠)/N conditioned of the volume
imbalance Q for di↵erent bin sizes N in arbitrary units (see eqns. 2, ↵.). X- and y-axis rescaling exponents: ⇠ = 0.84,  = 0.53.
Right: rescaled mean return RN (E/N )/N conditioned on the sign imbalance E (see eq. 9). ⇠✏ = 0.69,  ✏ = 0.48. Lower
row: the corresponding complementary cumulative distributions. The positive and negative half were calculated independently
and then binned to smooth out noise and discretisation steps for small N . The largest shown N corresponds to the shortest
day in the sample.

The right-hand panel of Fig. 1 shows the rescaled
aggregate-sign impact, defined as:

RN (E) :=
*
logmt+N � logmt

��� E =
N�1X

i=0

✏t+i

+
. (9)

Here, the impact for small sign imbalances is more lin-
ear than for the volume imbalance, corresponding to a
larger value of the e↵ective parameter ↵. Around a sign
imbalance of 50%, the impact saturates sharply and re-
verts towards zero at the extremes. This may come as a
surprise since it means that a very strong imbalance in
the order-signs is associated to a very small price change
on average. This e↵ect is found for all instruments, and
also for the trade imbalance, as shown in Figures 8 and 9
in Appendix B. The reason for this highly peculiar be-
haviour is investigated below. First, however, we have a

closer look at the scaling exponents ⇠ and  (and their
counterpart for the aggregate-sign impact ⇠✏ and  ✏).

B. Scaling & Hurst Exponents

Figure 3 shows the means and standard deviations for
several scaling exponents. The scaling exponent of the
width QN of the aggregate-volume impact is found close
to ⇠ ⇡ 0.75 while the exponent governing the height RN

is  ⇡ 0.5. In other words, the width of the impact curve
grows faster than its height when the bin size is increased.
Very similar values are found for the aggregate-sign im-
pacts (exponents ⇠✏ and  ✏). Note that using Eqs. (3)
and (6), the slope of the linear region of impact follows
as @RN (Q)/@Q|Q=0 = RN/QN . It scales as N� with

Aggregate-sign impact:  

Aggregate-volume impact:  

AAPL (NASDAQ, 2016) 
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FIG. 9: Price impact as a function of the trade imbalance. Instruments and years as in Fig. 6.
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FIG. 7: Price impact as a function of the order volume imbalance. The raw point-clouds were quantile-binned along the
imbalance axis. Therefore the curves have a constant noise level but a range of imbalances that changes with the temporal bin
size N . Instruments and years as in Fig. 6.

Herding and percolation - aggregate impact

Patzelt & Bouchaud 2017



37

6.3. DYNAMICS 105

Figure 6.10: Typical configurations found in a simulation of Schelling’s model
(from Gauvin et al. (arXiv: 0903.4694v1)), starting from random initial
conditions.

2nd Schelling’s model - Segregation
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Chapter VI: Financial engineering and derivative pricing
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Hedging in the real world

156 CHAPTER 9. FINANCIAL ENGINEERING
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Figure 9.2: Hedging in the real world: Histogram of ∆W for an optimally
hedged real option with τ = 30 min (left) and evolution of the residual risk
⟨∆W ⟩2 as a function of τ in a Gaussian world and in the real world (right).

only Q ≈ 20. If the increments are not Gaussian, then R∗ can never reach
zero. This is actually rather intuitive, the presence of unpredictable price
‘jumps’ jeopardies the differential strategy of Black-Scholes. The miraculous
compensation of the two terms in Eq. (9.21) no longer takes place.

9.3.3 Non-zero drift and Black-Scholes’ second miracle

We should now come back to the case where the excess return (or drift)
mτ ≡ ⟨rk⟩ = mτ is non-zero. This case is very important conceptually:
indeed, one of the most striking result of Black and Scholes (besides the zero
risk property) is that the price of the option and the hedging strategy are
totally independent of the value of m. This may sound at first rather strange,
since one could think that if m is very large and positive, the price of the
underlying asset on average increases fast, thereby increasing the average
pay-off of the option. On the contrary, if m is large and negative, the option
should be worthless.

This intuitive argument does not take into account the impact of the
hedging strategy on the global wealth balance, which is itself proportional
to m. In other words, the pay-off max(pT − p>, 0), averaged with the drifted
distribution Pm(p,N |p0, 0), such that: is obviously strongly dependent on
the value of m. However, this dependence is partly compensated when one

Histogram of ∆W for an optimally hedged real option with τ = 30 min (top) and evolution of 
the residual risk ⟨∆W ⟩2 as a function of τ in a Gaussian world and in the real world (bottom).  
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Figure 9.2: Hedging in the real world: Histogram of ∆W for an optimally
hedged real option with τ = 30 min (left) and evolution of the residual risk
⟨∆W ⟩2 as a function of τ in a Gaussian world and in the real world (right).

only Q ≈ 20. If the increments are not Gaussian, then R∗ can never reach
zero. This is actually rather intuitive, the presence of unpredictable price
‘jumps’ jeopardies the differential strategy of Black-Scholes. The miraculous
compensation of the two terms in Eq. (9.21) no longer takes place.

9.3.3 Non-zero drift and Black-Scholes’ second miracle

We should now come back to the case where the excess return (or drift)
mτ ≡ ⟨rk⟩ = mτ is non-zero. This case is very important conceptually:
indeed, one of the most striking result of Black and Scholes (besides the zero
risk property) is that the price of the option and the hedging strategy are
totally independent of the value of m. This may sound at first rather strange,
since one could think that if m is very large and positive, the price of the
underlying asset on average increases fast, thereby increasing the average
pay-off of the option. On the contrary, if m is large and negative, the option
should be worthless.

This intuitive argument does not take into account the impact of the
hedging strategy on the global wealth balance, which is itself proportional
to m. In other words, the pay-off max(pT − p>, 0), averaged with the drifted
distribution Pm(p,N |p0, 0), such that: is obviously strongly dependent on
the value of m. However, this dependence is partly compensated when one

The volatility surface (smile) 
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 • I will remember that I didn’t make the world, and it doesn’t satisfy my equations.  

 • Though I will use models boldly to estimate value, I will not be overly impressed by mathematics.  

 • I will never sacrifice reality for elegance without explaining why I have done so.  

 • Nor will I give the people who use my model false comfort about its accuracy. Instead, I will make explicit its 
assumptions and oversights.  

 • I understand that my work may have enormous effects on society and the economy, many of them beyond my 
comprehension.  

Emanuel Derman & Paul Wilmott, 2009 

The modeler’s Hippocratic oath: 

The Financial Modelers' Manifesto was a proposal for more responsibility in risk management and quantitative finance written by 
financial engineers Emanuel Derman and Paul Wilmott. The Manifesto and Oath were written in response to the Financial crisis of 
2007-2008 with the collapse of subprime mortgages. Note that both authors had written extensively about the risks related to financial 
models for several years before the crisis; for example: 

Emanuel Derman in 1996: "There are always implicit assumptions behind a model and its solution method. But human beings have 
limited foresight and great imagination, so that, inevitably, a model will be used in ways its creator never intended. This is especially true 
in trading environments… but it’s also a matter of principle: you just cannot foresee everything. So, even a “correct” model, “correctly” 
solved, can lead to problems. The more complex the model, the greater this possibility." 

Paul Wilmott in 2000: "Unfortunately, as the mathematics of finance reaches higher levels so the level of common sense seems to drop. 
There have been some well publicised cases of large losses sustained by companies because of their lack of understanding of financial 
instruments…. It is clear that a major rethink is desperately required if the world is to avoid a mathematician-led market meltdown." 
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Chapter VII: Market impact of metaorders
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Price p/share

Mid-price

Bid-Ask Spread

Ask (sell orders)Bid (buy orders)

Best bid Best ask

Limit order: Buy or sell the item at its specified price.
Market order: Buy or sell the item immediately, at the current best price.

Continuous double auction markets and the limit order book

tick size
pt atbt



43

12.3 The Square-Root Law 245
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Large ticks
Small ticks

� = 1
� = 1/2

Figure 12.2 The impact of metaorders for Capital Fund Management proprietary
trades on futures markets, in the period from June 2007 to December 2010 (see
Tóth et al. (2011), in Section 12.7). We show Ipeak(Q,T )/�T vs. Q/VT in a log-
log scale, where �T and VT are the daily volatility and daily volume measured
one the day the metaorder is executed. The blue curve is for large tick sizes, and
the red curve is for small tick sizes. For comparison, we also show the lines of
slope 0.5 (corresponding to a square-root impact) and 1 (corresponding to linear
impact).

,

square-root for T ⌧ Tm but is additive for T � Tm (when all memory of past
trades is lost). We will hypothesize in Chapter 18 that Tm is in fact imprinted
in the “latent” lob that we alluded to above.

The second surprising feature of Equation (12.8) is that Q appears not alone,
nor (as might be naively anticipated) as a fraction of the total market capitaliza-
tionM of the asset,3 but instead as a fraction of the total volume VT traded dur-

3 The idea that trading 1% of a stock’s total market capitalization should move its price by about
1% was common lore in the 1980s, when impact was deemed totally irrelevant for quantities
representing a few basis points ofM. Neglecting the potential impact of trades representing
100% of VT , but (at the time) about 0.25% of the market capitalization, is often cited as one of

Empirical square-root impact

Impact of Capital Fund Management proprietary trades on futures markets from June 2007 to December 2010  

Toth et al. 2011
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con¯rms the view expressed in Toth et al. (2011) and Mastromatteo et al.
(2014a) that market impact depends neither on microstructure (with e.g.,
arbitrage and high-frequency trading), nor on a clear metaorder distribution.
As such, it directly challenges the explanation of concave market impact in
terms of rational equilibrium theories.

4.2. Square-root impact trajectories

We now turn to the study of impact trajectories, i.e., the quantity Ipathðr;
Q;!Þ for given Q, ! and r varying from 0 to 1. Unless mentioned otherwise,
we average over all other quantities in the following (like e.g., daily volatility,
daily traded volume, etc.). Figure 6 shows the results, putting into light two
facts of particular interest. The ¯rst is the answer to question whether the
impact trajectories follow the same law as peak impacts. On the Bitcoin,
where execution paths are roughly executed linearly in time, the agreement is
remarkable, meaning that while the metaorder is not ¯nished the market
makes no di®erence between a metaorder that will stop soon and a metaorder
that will continue.11 We ¯nd empirically that

Ipathðr;Q;!Þ ¼ IðrQ;!Þ: ð5Þ
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(b)

Fig. 5. Market impact hIðQ;!Þi! (averaged over all execution rates !), follows the same
square-root law as is observed by banks and hedge funds on ¯nancial markets (plots in log–log
scale). Each point represents the average impact of all metaorders in a given range of volume.
The impact exponent " is found to be very close to 0:5, and the Y -ratio is around 0:9. One
should emphasize that this power-law behavior appears at the smallest scales and holds over
four decades. (a) Only end points of metaorders ($1M data). (b) 41 point per metaorder
(every 2:5% quantile of volume), giving 27M data points. Part of these points being degen-
erate, one can assess the number of e®ective points around a few millions.

11This is at variance with Zarinelli et al. (2015) where average executions are not linear in time
but rather front-loaded execution, resulting in very particular price trajectories.

Metaorder Analysis of Market Impact on the Bitcoin
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Chapter VIII: Latent order book models
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Reaction-diffusion order book model

Donier & Bonart 2015

Price p/share

Ask (sell orders)Bid (buy orders)

pt

y = Lx
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ity
Intuition: For the impact to be square root, the OB must be linear (static vision).

LI(Q)

LI(Q)

The area of        is: Q =
1

2
(I ⇥ LI)

Order of size Q =
1

2
(I ⇥ LI)

I(Q) =

r
2Q

L
Square root impact!

=)

L is the liquidity of the market.
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The instantly available volume is typically 1% of the daily traded volume

  Latent order book

Vo
lu

m
e 

de
ns

ity

Price

Ask (sell orders)Bid (buy orders)

pt

y = Lx

It does make sense: No incentive on giving away private information!

Intentions (    ) reveal themselves (    ) as they get close to the price

Reaction-diffusion order book model
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  The model
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Price
ptB particles A particles

Drift-diffusion: People can change their minds and revise 
      their intentions  (drift     , diffusion     )

Cancellations: Departures (rate   )
Depositions: New arrivals (rate   )
Reaction: Market-clearing                       (rate    )A+ B ! ?

Vt D

⌫

�



Reaction-diffusion order book model



49

pt
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B A

Continuous space approximation 

⇢B(x, t) ⇢A(x, t)

Reaction-diffusion order book model
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A model of price impact A general dynamic framework for supply and demand Some open questions Appendix

The dynamics
The previous ingredients + a continuous space approximation lead to

ˆflB(x , t)
ˆt

= ≠Vt
ˆflB(x , t)

ˆx
+ D ˆ2flB(x , t)

ˆx2 ≠ ‹flB(x , t) + ⁄�(pt ≠ x) ≠ ŸRAB(x , t)

ˆflA(x , t)
ˆt

= ≠ Vt
ˆflA(x , t)

ˆx
+ D ˆ2flA(x , t)

ˆx2¸ ˚˙ ˝
Drift≠Di�usion

≠ ‹flA(x , t)¸ ˚˙ ˝
Cancel

+ ⁄�(x ≠ pt)¸ ˚˙ ˝
Deposition

≠ ŸRAB(x , t)¸ ˚˙ ˝
Reaction

(2)

where flB(x , t) © Èb(x)Ít
flA(x , t) © Èa(x)Ít

RAB(x , t) © Èa(x)b(x)Ít
Vt © Ei [—i

t ] d›t
dt

and
flA(pt , t) ≠ flB(pt , t) = 0
defines the average price

Remark (I): The di�cult (non-linear) term to deal with is RAB(x , t) ƒ flA(x , t)flB(x , t)
Remark (II): The definition of the price is only meaningful for Ÿ æ Œ.

Heterogeneous agents and price formation on financial markets PhD defense, October 10, 2016
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Bid side:
Ask side:

Price equation: ⇢B(pt, t) = ⇢A(pt, t)

Governing equations

pt

⇢B(x, t) ⇢A(x, t)

The nonlinear reaction term can be disposed of by considering:

�(x, t) = ⇢B(x, t)� ⇢A(x, t)

The drift term can be reabsorbed through: x ! x�
R t
0dt Vt

Reaction-diffusion order book model
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t

� x) + mt�(x � pt)

�(pt, t) = 0

Price dynamics:  Constant execution rate                      for mt = m0 t 2 [0, T ]

Additional flux of orders at x = pt

Courtesy of J. Donier

Reaction-diffusion order book model
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Reaction-diffusion order book model
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Reaction-diffusion order book model



55

Chapter IX: Dimensional analysis in finance
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Andersen et al. 2015

Trading invariance hypothesis
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Figure 4. This figure shows scatter plots of nt onto wt − 3/2qt (Clark), wt − qt (Ané and Geman),

and wt (invariance). Also shown are OLS Regression lines (solid) and model predicted lines with a

slope of 2/3 (dashed).

the regression line for the invariance model. These observations correspond to the
data from 15:00–15:15 CT, when the cash market for equities is closed but the fu-
tures market trading continues to take place until until CME Globex trading stops
at 15:15 CT. Remarkably, the slope generated by the crosses is also almost iden-
tical to 2/3. The parallel shift in observations suggests that our empirical model
may be improved if it is adjusted appropriately for contemporaneous trading in
the equity cash market and other related markets.
Additional details regarding the estimated regressions (11), (13), and (14) are

provided in table 2. One reason that the R2 of all three regressions are greater
than 0.99 is that the number of transactions nt essentially appears on both sides
of each regression equation, explicitly as the dependent variable and implicitly
as an explanatory variables. Recalling the definition of trading activity wt :=
pt+qt+nt+st/2, we effectively regress nt on pt+nt−qt/2+st/2 in Clark’s model,
nt on pt + nt + st/2 in Ané and Geman’s model, and nt on pt + nt + qt + st/2 in
the intraday invariance model.
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Figure 4. This figure shows scatter plots of nt onto wt − 3/2qt (Clark), wt − qt (Ané and Geman),

and wt (invariance). Also shown are OLS Regression lines (solid) and model predicted lines with a

slope of 2/3 (dashed).

the regression line for the invariance model. These observations correspond to the
data from 15:00–15:15 CT, when the cash market for equities is closed but the fu-
tures market trading continues to take place until until CME Globex trading stops
at 15:15 CT. Remarkably, the slope generated by the crosses is also almost iden-
tical to 2/3. The parallel shift in observations suggests that our empirical model
may be improved if it is adjusted appropriately for contemporaneous trading in
the equity cash market and other related markets.
Additional details regarding the estimated regressions (11), (13), and (14) are

provided in table 2. One reason that the R2 of all three regressions are greater
than 0.99 is that the number of transactions nt essentially appears on both sides
of each regression equation, explicitly as the dependent variable and implicitly
as an explanatory variables. Recalling the definition of trading activity wt :=
pt+qt+nt+st/2, we effectively regress nt on pt+nt−qt/2+st/2 in Clark’s model,
nt on pt + nt + st/2 in Ané and Geman’s model, and nt on pt + nt + qt + st/2 in
the intraday invariance model.

SPMINI Futures 2008 - 2011 ⌧ = 1min

US

Europe

Asia
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Name hSpreadi hNi hQi hV i hP i h�i hVbidi hVaski ↵ hIi µ

TBOND 1.007 18 10.8 191 140960 1.22 206.1 206.5 1.58 98.0 2.49

EUROSTOXX 1.011 36 23.8 855 28683 1.36 458.4 458.4 1.56 56.5 2.24

SPMINI 1.011 45 11.2 499 81025 1.46 183.8 185.4 1.50 30.5 2.51

EUR 1.021 22 4.1 89 163831 1.70 33.9 33.7 1.52 18.6 2.26

NSDQMINI 1.120 17 2.8 47 58969 2.04 11.9 12.0 1.56 7.0 2.18

DJMINI 1.157 13 2.5 33 73777 1.98 9.8 9.8 1.53 6.7 2.33

GOLD0 1.323 21 2.2 45 153092 2.61 4.6 4.6 1.58 12.5 1.63

MRUSSEL 1.362 14 1.9 27 97573 2.05 6.6 6.5 1.46 10.7 1.04

NCOFFEE0 2.066 6 2.0 12 59407 1.57 3.1 3.0 1.66 24.7 1.52

NCOTTON0 3.628 5 2.0 10 40375 2.38 2.5 2.5 1.47 10.9 1.64

HEATOIL0 4.950 9 1.7 15 122626 6.56 2.0 2.0 1.48 15.6 1.62

RBGASOL0 6.052 9 1.7 15 116292 7.49 1.8 1.8 1.46 18.1 1.61

TABLE I. Summary table for twelve futures contracts. Values are computed in one minute bins. The average spread and
volatility are given in units of tick, the trade size is given in number of contracts, the volume is given in contracts per unit
time. The “invariant” I = PV �/N

3/2 is given in dollars. All averages are defined as hXi := exp [E(logX)].

Name hSpreadi hNi hQi hV i hP i h�i ↵ hIi µ

YHOO UQ 1.006 68 325.3 22032 16.0 1.28 1.66 0.51 3.67

EBAY UQ 0.000 124 153.4 19052 41.8 4.00 1.86 0.55 4.26

WMI UN 1.099 21 249.3 5146 33.6 2.05 1.58 1.13 3.56

PG UN 1.172 43 280.9 12057 66.1 3.18 1.70 1.37 3.42

FE UN 1.335 21 187.8 3888 44.9 2.60 1.83 1.07 3.98

FAST UQ 1.574 35 117.4 4134 44.9 3.66 1.93 0.72 4.17

DISCA UQ 0.000 26 111.5 2853 52.5 3.45 2.01 0.76 3.89

ZMH UN 2.204 17 148.0 2490 62.6 3.72 1.99 1.34 3.70

MON UN 2.628 30 153.5 4577 82.7 6.06 1.96 1.70 3.95

MGA UN 3.319 11 132.1 1508 43.1 3.63 2.14 1.42 3.58

ALXN UQ 5.568 24 110.4 2629 93.5 7.85 2.16 1.78 3.47

MARY UQ 7.613 13 126.9 1679 58.1 6.82 2.02 2.38 3.57

TABLE II. Summary table for a random subset of twelve stocks. Values are computed in five minute bins. Units are identical
to those of Tab. I. All averages are defined as hXi := exp [E(logX)].

Name hSpreadi N0 �0 Q0 I0 hVbesti
TBOND 1.008 177.63 1.23 35.18 3.25 224.6

EUROSTOXX 1.011 138.53 1.21 53.56 5.51 476.7

SPMINI 1.012 156.88 1.34 24.77 2.65 190.3

EUR 1.022 40.06 1.26 7.18 1.43 35.3

NSDQMINI 1.130 8.07 0.98 4.16 1.44 12.7

DJMINI 1.171 4.71 0.84 3.40 1.31 10.4

GOLD0 1.340 4.46 0.99 2.79 1.31 4.9

NCOFFEE0 2.143 20.16 1.87 4.32 1.80 3.3

NCOTTON0 3.819 2.16 1.25 3.01 2.56 2.8

HEATOIL0 5.092 0.08 0.51 1.80 3.28 2.1

RBGASOL0 6.253 0.07 0.55 1.86 3.78 1.9

TABLE III. Values of N0, �0 (in ticks), Q0 obtained by fitting
the data of eleven futures to Eqs. (6) and (7) (see Fig. 6), I0 =
Q0�0/

p
N0 as well as Vbest = (Vbid + Vask)/2. All averages

are defined as hXi := exp [E(logX)].

Binsize �0 Q0 I0

1min 1.21 33.80 3.27

5min 1.34 24.77 2.65

10min 1.45 21.98 2.54

25min 1.64 19.14 2.51

1h 1.83 16.93 2.47

2h 1.94 15.91 2.46

TABLE IV. Values of �0 (in ticks) and Q0 obtained by fitting
the data of the SPMINI at di↵erent sampling frequencies to
Eqs. (6) and (7) (see Fig. 8), and I0 = Q0�0/

p
N0.

⌧ = 1min

Futures

Benzaquen & Bouchaud 2016
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↵ = 1.54± 0.11Cross-sectional determination of the slope 

Trading invariance hypothesis

Stocks

Benzaquen & Bouchaud 2016
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Chapter X: Conclusion
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Figure 22.1 Empirical probability of a 10-� price jump on a given day for any
of the stocks in the S&P 500, from 1992 to 2013. We estimate the daily volatility
� for each stock and each year separately. The horizontal line shows the full-
sample mean 0.027, and the dashed lines at ±0.008 correspond to one standard
deviation (neglecting correlations, which are in fact present and would lead to
wider error-bars). There is no significant change between the pre-HFT era (before
about 2000) and the explosion of HFT (after about 2008). Note that the average
jump probability is compatible with a Student’s-t distribution with a tail exponent
µ between 3 and 4 (see Section 2.2.1).

the last century), with annual volatility ranging from less than 10% in calm pe-
riods such as 1965 or 2005, to more than 60% in crisis periods such as 2008.
These volatility swings are certainly very large, but it is hard to ascribe them
to microstructural e↵ects or the presence of HFT. It would be absurd to blame
HFT for triggering the 2008 Great Recession (not to mention the 1929 Great
Depression, which predated HFT by several decades). The worst one-day drop
of the US market in 2008 was actually less than 10%, compared to more than
20% in 1929 or 1987. Ultimately, the cause of chronic volatility fluctuations
and extreme tail events is still uncertain.

Why do markets have such a persistent propensity to crash, in spite of many
changes in market microstructure and regulation? One possible explanation is
simply that markets will always be fragile, because such fragility is an un-
avoidable consequence of trading itself. An alternative explanation is that we
(collectively) have not yet understood the basic mechanisms that lead to insta-

Market stability

Empirical probability of a 10-sigma price jump on a given day for any of the stocks in the S&P 500, from 1992 to 2013. 
We estimate the daily volatility for each stock and each year separately. The horizontal line shows the full-sample mean 
0.027, and the dashed lines at ±0.008 correspond to one standard deviation (neglecting correlations, which are in fact 
present and would lead to wider error-bars).

There is no significant change between the pre-HFT era (before about 2000) and the explosion of HFT (after about 2008).  
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Endogenous instabilities in financial market
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Figure 1: Left: "Flash Crash" May 6, 2010. Right: numerical simulation of the limit order book.

Subject

Ever since Bachelier’s PhD thesis in 1900 – a theory of Brownian motion 5 years before Einstein –
our understanding of financial markets has reasonably progressed. Over the past decades financial
engineering has grown tremendously and has regrettably outgrown our understanding. The inadequacy
of the models used to describe financial markets is often responsible for the worst financial crises, with
significant impact on everyday economy. From a physicist’s perspective, understanding price formation
in financial markets namely how markets absorb and process information of thousands of individual
agents to come up to a "fair" price is a truly fascinating and challenging problem. Statistical physics
has taught us that systems made of a large number of individual entities may display robust (often
unanticipated) regularities that rise above individual behaviours. Or as P. W. Anderson puts it "More is
different", see [1]. We work on building self-consistent agent-based models able to reproduce stylised
facts revealed by real market data. The success of zero-intelligence models comforted us in the idea that
market dynamics can, to some extent, be understood from a purely mechanical endogenous perspective,
in conflict with most economical models. In particular models need no exogenous ingredients (such as
news reports) to be able to reproduce a number of well-established empirical findings.

One remarkable observation is that a substantial fraction of the large price jumps (or "micro-
crashes") that take place in financial markets cannot be correlated to economic or financial news feeds
[2, 3]. This indicates that small-scale market crashes seem to be induced by the dynamics of the market
itself, or in other words that sudden price movements are predominantly endogenous.

The internship – consisting in studying the dynamics and instabilities of the limit order book – will
have both an analytical and numerical components. It should be noted that this study constitutes a
challenging intellectual issue, and above all a fundamental practical issue from the point of view of
regulation of financial markets.
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"Flash Crash" May 6, 2010  

“liquidity is a coward — it’s never there when you need it.” 

Market stability
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When men are in close touch with each other, they no longer decide randomly and independently of 
each other, they each react to the others. Multiple causes come into play which trouble them and pull 
them from side to side, but there is one thing that these influences cannot destroy and that is their 
tendency to behave like Panurges sheep. 

Henri Poincaré, Comments on Bachelier’s thesis 

Market stability


