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Central issues:
• What controls the 

pressure ice exerts 
to cause damage?

• Why does water 
migrate to supply 
ice growth?

• What makes soils 
"frost susceptible"?

• What controls 
segregated ice 
growth rates?

• How are ice lenses 
initiated?



Gerber et al., 2022.

Thermodynamic constraints:
Premelting at equilibrium along a flat ice–liquid interface.

system

𝑑



Reversible perturbations to a system 
immersed in a thermal bath satisfy:
• no change in total entropy

∆𝑆 = 0 = ∆𝑆!"#$ + ∆𝑆%&%#'(
• no change in total energy

∆𝑈 = 0 = ∆𝑈!"#$ + ∆𝑈%&%#'(
The bath does no work, so ∆𝑈!"#$ = 𝑇∆𝑆!"#$

∴ ∆𝑈%&%#'( − 𝑇∆𝑆%&%#'( = 0 .

system

𝑑



Consider two reversible perturbations:

i) melting a small ice mass 

ii) transferring a small mass from the reservoir 
to the premelted layer

system

∆𝑈%&%#'( − 𝑇∆𝑆%&%#'( = 0

𝑑



∆𝑈%&%#'( − 𝑇∆𝑆%&%#'( = 0

i) Perturb system by melting small ice mass 𝑚:
∆𝑈%&%#'( = 𝑢*𝑚 − 𝑢+𝑚 + 𝑃*𝑣*𝑚 + 𝜎,,𝑣+𝑚

∆𝑆%&%#'( = 𝑠*𝑚 − 𝑠+𝑚
hence
− 𝜎,,𝑣+ + 𝑃*𝑣* = 𝑢* − 𝑢+ − 𝑇 𝑠* − 𝑠+ .

Define reference bulk melting conditions by 
𝑇- and 𝑃- = −𝜎,, = 𝑃* to find:

𝑣+ − 𝑣* 𝑃- = 𝑢*. − 𝑢+
. − 𝑇- 𝑠*. − 𝑠+

. .

Taking the difference, while neglecting shifts 
to 𝑢*,+ and 𝑠*,+ from 𝑢*,+

. and 𝑠*,+
. yields the 

"generalized Clapeyron equation":

−𝜎,, − 𝑃* ≈ 𝜌+𝐿
𝑇- − 𝑇
𝑇-

− 𝑃* − 𝑃-
𝜌* − 𝜌+
𝜌*

,

where 𝜌*,+ = 𝑣*,+01 and 𝐿 = 𝑇- 𝑠*. − 𝑠+. .

system

𝑑



ii) Perturb system by removing 𝑚 = 𝜌*𝐴∆𝑑
from reservoir and increasing 𝑑 by ∆𝑑:

∆𝑈%&%#'( = 0.
(No melting takes place so ∆𝑆%&%#'( = 0.)
Represent interaction of ice and substrate by 
a potential* 𝑊+*2 𝑑 :
∆𝑈%&%#'( = 𝑊+*2 𝑑 + ∆𝑑 −𝑊+*2(𝑑) 𝐴

− 𝑃* + 𝜎,, 𝐴∆𝑑 = 0,
hence

−
d𝑊+*2

d𝑑
= Π 𝑑 = −𝜎,, − 𝑃* .

*Various sources can contribute to the 
interaction potential (e.g. van der Waals 
forces, screened Coulomb interactions, etc.);
At large layer thicknesses (𝑑~𝑂 𝜇m ) the 
potential vanishes and −𝜎,, = 𝑃*. 

𝑑

∆𝑈%&%#'( − 𝑇∆𝑆%&%#'( = 0

−𝜎,, − 𝑃* ≈ 𝜌+𝐿
𝑇- − 𝑇
𝑇-

− 𝑃* − 𝑃-
𝜌* − 𝜌+
𝜌*

system



• What controls the pressure ice exerts to 
cause damage?

Approximating 𝜌* ≈ 𝜌+, as depicted (i.e. flat):

Π 𝑑 ≈ 𝜌+𝐿
𝑇- − 𝑇
𝑇-

≈ 1.1 MPa/℃ 𝑇- − 𝑇

• Why does water migrate to supply ice 
growth?

Darcy's law 𝑞 = − 3
4
∇ 𝑃* + 𝜌*𝑔𝑧5* , which

for −𝜎,, = 𝜌6𝑔 𝑧2 − 𝑧5* :

𝑞 = −
𝑘
𝜇
𝜌*𝐿
𝑇-

∇𝑇 + 1 −
𝜌6
𝜌+

𝜌*𝑔∇𝑧5*

𝑑

∆𝑈%&%#'( − 𝑇∆𝑆%&%#'( = 0

−𝜎,, − 𝑃* ≈ 𝜌+𝐿
𝑇- − 𝑇
𝑇-

− 𝑃* − 𝑃-
𝜌* − 𝜌+
𝜌*

Π 𝑑 = −𝜎,, − 𝑃*

Style et al., 2023 discuss 2nd order effects

system



Various probes (e.g. TDR, NMR, calorimetry) can be used to measure how the liquid saturation Sl
varies with temperature; measurements of permeability k are more difficult and scarce. 
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• What makes soils "frost susceptible"?
Frost susceptibility depends on soil constitutive behavior (e.g. controls on Sl and k ). 



Idealized predictive treatments can be instructive.

warm cold

colder

With interfacial curvature 𝒦 = ∇ O P𝑛, and surface 
energy 𝛾+* :

Π 𝑑 + 𝛾+*𝒦 ≈ 𝜌+𝐿
𝑇- − 𝑇
𝑇-

• What makes soils "frost susceptible"?
Frost susceptibility depends on soil constitutive behavior (e.g. controls on Sl and k ). 
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(a) pore ice
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(b) throat ice
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(c) crevice ice

Begin with a synthetic soil constructed from a specified distribution of spherical particles.
Strategy: determine equilibrium at a large number of points satisfying  Π 𝑑 + 𝛾+*𝒦 ≈ 𝜌+𝐿

7"07
7"

𝒦 =
2
𝑟!

𝒦 =
2
𝑟"

𝒦 =
1
𝑟#
−
1
𝑟$

𝒦 = −
2

𝑟%&'()*+,

(d) film ice

Appollonius' (of Perga) problem – finding tangent spheres is a long-solved problem.

Fraction of points in ice and liquid phases defines freezing constitutive behavior as function of T.

Π 𝑑 = 𝑃-
𝜆-
𝑑

.
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Chen et al., 2020

graphitized carbon black data from
Maruyama et al., 1992

polystyrene data from 
Cahn et al., 1992

The drop in liquid fraction with undercooling is dominated by curvature at high Sl.
Premelted films are volumetrically significant once only a few percent liquid remains.
Experimental data can be matched at high Sl with no adjustable parameters.

𝜆- = 3.5 nm; 𝑃- = 1.1 MPa 𝜆- = 3.5 nm; 𝑃- = 1.1 MPa



10�1 100 101 102 103
10�3

10�2

10�1

100

(a)

undercooling (K)

Sl

�0 = 0.0 nm
�0 = 3.5 nm
�0 = 7.0 nm
�0 = 10.5 nm
�0 = 14.0 nm
�0 = 17.5 nm

10�2 10�1 100 101 102 103
10�3

10�2

10�1

100
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undercooling (K)

rm = 1 µm
rm = 3 µm
rm = 5 µm
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rm = 9 µm
rm = 11 µm

The drop in liquid fraction with undercooling follows a power law at high Sl.
Once premelted films are volumetrically significant the power-law approximation is poor.

𝑆*

𝑇- − 𝑇 (K) 𝑇- − 𝑇 (K)
Chen et al., 2020

rp= 1 micron 𝜆- = 3.5 nm; 𝑃- = 1.1 MPa

Π 𝑑 = 𝑃-
𝜆-
𝑑

.
thicker 
films

coarser 
sediments

𝑆/ ≈
𝑇0 − 𝑇1
𝑇0 − 𝑇

2

𝑇1
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Permeability drops as ice clogs pores. Treat curved ice surfaces as additional particles 
obstructing a random walk, or with a modified Kozeny–Carman formulation:

𝑘
𝑘M
≈

𝑆*N 1 − 𝑛 O

1 − 𝑛 + 𝑟'PP𝜌+𝐿 𝑇- − 𝑇
2𝛾+*𝑇-

𝑛 1 − 𝑆*
O

1 − 𝑆* 𝑇- − 𝑇 (K) Chen et al., 2021

K-C ice-free 
permeability

𝑘- ≈
𝑛.

𝑐 1 − 𝑛 $ 𝑟,33
$

note: hydraulic conductivity and 
permeability are linearly related 
through 𝑘4 =

5!6
7
𝑘

; 𝑟,33 =
∑ 𝑟8

.

∑ 𝑟8
$



• What makes soils "frost susceptible"?

The "disjoining pressure" must be sufficient to produce deformation:

Π 𝑑 ≈ 𝜌+𝐿
𝑇- − 𝑇
𝑇-

≈ 1.1 MPa/℃ 𝑇- − 𝑇

Water must flow to supply continued ice growth:

𝑞 = −
𝑘
𝜇
𝜌*𝐿
𝑇-

∇𝑇 + 1 −
𝜌6
𝜌+

𝜌*𝑔∇𝑧5*

Require water to be present at moderately large undercoolings 𝑇- − 𝑇.
Approximating the liquid saturation as a power law: 

𝑆* ≈
𝑇- − 𝑇U
𝑇- − 𝑇

V

And the relative permeability as a rapidly decreasing function of Sl :
𝑘 ≈ 𝑘M𝑆*W

Need fine-grained soils to make 𝑇U sufficiently cold, but not so fine that 𝑘M prevents transport.



Taber 1929/1930 - refrigerated experiments

Beskow 1935 - rails and roads

Everett 1961 - capillary rise (persistent, flawed idea)

Gilpin 1980 - surface interactions

O’Neill & Miller 1985 - rigid-ice

Fowler & Krantz 1994 - asymptotics

Peppin et al. 2006 - morphological instability

Style et al. 2011 - geometrical supercooling
“Something there is that doesn’t love a wall, 
that sends the frozen-ground-swell under it,

and spills the upper boulders in the sun;”
Robert Frost 1915

• What controls segregated ice growth rates?
• How are ice lenses initiated?



In the "rigid ice" model of O'Neill and Miller, a fringe of ice connected to the 'active' warmest 
lens regelates upwards at the lens growth rate V ,		supplied	by	Darcy	transport	q.
Deformation between or below lenses is assumed negligible; Sl and k		are independent of V .

𝑘 𝑆*

∇𝑇

𝑞

𝑧U

𝑧*

cold 
low 𝑆*

warm 
𝑆* = 1



𝑘 𝑆*

cold 
low 𝑆*

warm 
𝑆* = 1

∇𝑇

𝑞

The force balance on the growing lens involves gravity ↓, the hydrodynamic pressure 𝑃* on the 
ice surface ↓, and the net disjoining pressure Π(𝑑) between the ice and particles of the fringe ↑. 

∇𝑇𝑧U

𝑧*

cold 
low 𝑆*

warm 
𝑆* = 1

Mass balance requires that 𝜌*𝑞 ≈ 𝜌+ 1 − 𝑛 1 − 𝑆* 𝑉.



𝑘 𝑆*

cold 
low 𝑆*

warm 
𝑆* = 1

∇𝑇

𝑞

The force balance on the growing lens involves gravity ↓, the hydrodynamic pressure 𝑃* on the 
ice surface ↓, and the net disjoining pressure Π(𝑑) between the ice and particles of the fringe ↑. 

The net hydrodynamic force per unit area can be expressed as: 𝑃* 𝑧U + µ𝑉 ∫X#
X$ 10, 10Y$ %

3
d𝑧

∇𝑇𝑧U

𝑧*

warm 
𝑆* = 1

cold 
low 𝑆*

Mass balance requires that 𝜌*𝑞 ≈ 𝜌+ 1 − 𝑛 1 − 𝑆* 𝑉.



∇𝑇

The force balance on the growing lens involves gravity ↓, the hydrodynamic pressure 𝑃* on the 
ice surface ↓, and the net disjoining pressure Π(𝑑) between the ice and particles of the fringe ↑. 
The strength of ice–particle interactions varies according to Π 𝑑 ≈ 𝜌+𝐿

7"07
7"

− 𝛾+*𝒦.

𝑧U

𝑧*

cold 
low 𝑆*

warm 
𝑆* = 1

Mass balance requires that 𝜌*𝑞 ≈ 𝜌+ 1 − 𝑛 1 − 𝑆* 𝑉.



Π 𝑑

Π 𝑑

Digression to a simpler problem.

Π 𝑑 ≈ 𝜌+𝐿
𝑇- − 𝑇
𝑇-

− 𝛾+*𝒦



𝐹7 = −nΠ dΓ

𝐹7 = − Z&[
7"

∮ 𝑇- − 𝑇 dΓ +𝛾+* ∮𝒦dΓ

𝐹7 =
𝜌+𝐿
𝑇-

q∇𝑇 dΩ =
𝑚+𝐿
𝑇-

∇𝑇

"Thermodynamic buoyancy"

Digression to a simpler problem.

Π 𝑑

Π 𝑑

𝑚+ = 𝜌+Ω
Π 𝑑 ≈ 𝜌+𝐿

𝑇- − 𝑇
𝑇-

− 𝛾+*𝒦



∇𝑇

The force balance on the growing lens involves gravity ↓, the hydrodynamic pressure 𝑃* on the 
ice surface ↓, and the net disjoining pressure Π(𝑑) between the ice and particles of the fringe ↑.
With ∮𝒦dΓ = 0, we have ∫Π dΓ = Z&[

7"
∫X#
X$ 1 − 𝑛 1 − 𝑆* ∇T d𝑧 = Z&[

7"
∫7#
7$ 1 − 𝑛 1 − 𝑆* d𝑇

𝑧U

𝑧*

warm 
𝑆* = 1

cold 
low 𝑆*



• What controls segregated 
ice growth rates?

𝑧/(𝑡)

𝑧1(𝑡)

𝑇/(𝑡)

depth

x

constitutive 
behavior
𝑆! 𝑇 , 𝑘 𝑆!

fringe 
base

Steady growth is possible if freezing and heave 
rates match (e.g. needle ice, pingos?).

Energy (and mass) balance dictates thermal field.

𝑇U

lens
Force (and mass) balance on 
the lens/fringe ice surface:

𝑉 ≈

𝜌8𝐿
𝑇0

𝑇0 − 𝑇/ + 𝑛 ∫9"
9! 1 − 𝑆/ d𝑇 − 𝜎,33 𝑧1

𝜌8
$𝜇
𝜌/
$ ∫:"

:! 1 − 𝑛 1 − 𝑆/ $

𝑘 d𝑧



𝑧U

𝑧* 𝑇*

𝑇U

𝑇

For 𝑧* > 𝑧 > 𝑧U, the effective stress supported by particle contacts 𝜎'PP balances any mismatch 
between gravity, hydrodynamic pressure and the net Π 𝑑 transmitted through the fringe ice.

Steady growth is possible if freezing and heave rates match (e.g. needle ice, pingos?).
The fringe thickens if lens growth lags isotherm advance. 

𝑧



𝜎'PP/𝜎'PP 𝑧U

𝜎'PP decreases as 
Π 𝑑 increases 

𝜎'PP increases as 
k 𝑆* increases 

• How are ice lenses 
initiated?

i) sediment contacts 
can be unloaded by 
stress transfer through 
the connected ice of 
the fringe

Meyer et al., 2023
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1/ 1 + 𝑉𝑛 1 − 𝑆"



1 + 𝑉𝑛 1 − 𝑆*



simulation

• How are ice lenses 
initiated?

i) sediment contacts 
can be unloaded by 
stress transfer through 
the connected ice of 
the fringe

Data supporting the 
idealized 1D treatment 
isn't overwhelming. 
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V

film 
effects

𝑇U
Idealized 1D treatments 
only allow deformation 
during lens initiation.

Ice might infiltrate 
anomalously large pores 
that can themselves be 
enlarged through a 
mechanism akin to crack 
growth.
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Maruyama et al., 1992 film 

effects

𝑇U

big 
pores

Idealized 1D treatments 
only allow deformation 
during lens initiation.

Ice might infiltrate 
anomalously large pores 
that can themselves be 
enlarged through a 
mechanism akin to crack 
growth.

"geometrical supercooling", Style et al., 2011

𝑆* ≈
𝑇- − 𝑇U
𝑇- − 𝑇

V



simulation

• How are ice lenses 
initiated?

i) sediment contacts 
can be unloaded by 
stress transfer through 
the connected ice of 
the fringe

ii) ice growth that 
initiates in large pores 
can propagate cracks 
that evolve into ice 
lenses
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