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Dt
= r · (krT )

Advection–Diffusion Equation
(conservation of heat)

Specific enthalpy  is heat per unit mass at constant pressure
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H

Conservation

Heat flux
advection Fickian diffusion

Specific heat capacity 
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(⇢H) +r · q = 0
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q = ⇢Hu � krT
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Stefan Condition
(conservation of heat)

frame fixed in solid frame fixed with interface

solid liquid solid liquid
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⇢sHs(�V )� ksn ·rTs = ⇢lHl (ul · n� V )� kln ·rTl
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⇢sLV = ksn ·rTs � kln ·rTl
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L = Hl �Hs
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⇢s(�Hs +Hl)V �Hl [⇢sV + ⇢l(ul · n� V )] = ksn ·rTs � kln ·rTl



Measurements of Sea-Ice Thickness

http://icestories.exploratorium.edu

Dutch ship Varna stuck in pack ice during first International Polar Year 1882–83
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Calculating the Thickness of Sea Ice
Stefan’s Problem

The location of the interface between ice and ocean is determined by the 

COLD AIR –20C

ICE

‘WARM’ OCEAN –2C
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Stefan condition
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z = 0
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z = a(t)
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Tm



Similarity Solution to Stefan’s Problem
(Neumann 1860’s)

<latexit sha1_base64="1jg6cUG3xoJEzwhWNb+pdTrweoY="></latexit>
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<latexit sha1_base64="jzlyQBK6GwhFdvHr1gDq8lw/Uaw=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBItQNyUp1bYLoeDGZYW+oB1KJs20oZmHSUaoQ8FfceNCEbd+hzv/xkxbQUUPXDg5515y73EjwZVG6MNaWl5ZXVvPbGQ3t7Z3du29/ZYKY0lZk4YilB2XKCZ4wJqaa8E6kWTEdwVru+PL1G/fMql4GDT0JGKOT4YB9zgl2kh9+7ABL2Cjj2DvJiYDmL8zT3Tat3OogBDCGMOU4PI5MqRarRRxBeLUMsiBBep9+703CGnss0BTQZTqYhRpJyFScyrYNNuLFYsIHZMh6xoaEJ8pJ5mtP4UnRhlAL5SmAg1n6veJhPhKTXzXdPpEj9RvLxX/8rqx9ipOwoMo1iyg84+8WEAdwjQLOOCSUS0mhhAqudkV0hGRhGqTWNaE8HUp/J+0igV8VkDXpVyttIgjA47AMcgDDMqgBq5AHTQBBQl4AE/g2bq3Hq0X63XeumQtZg7AD1hvn1Gwkxw=</latexit>

T = T0 (z = 0)

<latexit sha1_base64="Zlrr8L3vs6B2Ehp7MCXfvAYHFMw=">AAACAXicdVDLSgMxFM34rPU16kZwEyxCuylJqbZdCAU3Liv0Be1QMmnahmYeJhmhDnXjr7hxoYhb/8Kdf2OmraCiBy6cnHMvufe4oeBKI/RhLS2vrK6tpzbSm1vbO7v23n5TBZGkrEEDEci2SxQT3GcNzbVg7VAy4rmCtdzxReK3bphUPPDrehIyxyNDnw84JdpIPfuwDs9hvefB7nVE+jB7a54kq3O5np1BeYQQxhgmBJfOkCGVSrmAyxAnlkEGLFDr2e/dfkAjj/maCqJUB6NQOzGRmlPBpulupFhI6JgMWcdQn3hMOfHsgik8MUofDgJpytdwpn6fiImn1MRzTadH9Ej99hLxL68T6UHZibkfRpr5dP7RIBJQBzCJA/a5ZFSLiSGESm52hXREJKHahJY2IXxdCv8nzUIen+bRVTFTLS7iSIEjcAyyAIMSqIJLUAMNQMEdeABP4Nm6tx6tF+t13rpkLWYOwA9Yb5+o2ZRt</latexit>

T = Tm (z = a(t))

Diffusion equation

Boundary conditions

Stefan condition

Scale temperature differences with ,  lengths with , times with 
<latexit sha1_base64="ZatFZzdGoQtFvrLYX1Mm8SSlcuY=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyyCG0tSqm0XQkEXLiv0Be0wZNJMG5p5kGSEWoq/4saFIm79D3f+jZm2gooeuJfDOfeSm+PFgiuN0IeVWVpeWV3Lruc2Nre2d+zdvZaKEklZk0Yikh2PKCZ4yJqaa8E6sWQk8ARre6PL1G/fMql4FDb0OGZOQAYh9zkl2kiufdC7YkIT2IAXsOEG8NR05Np5VEAIYYxhSnD5HBlSrVaKuAJxahnkwQJ1137v9SOaBCzUVBCluhjF2pkQqTkVbJrrJYrFhI7IgHUNDUnAlDOZXT+Fx0bpQz+SpkINZ+r3jQkJlBoHnpkMiB6q314q/uV1E+1XnAkP40SzkM4f8hMBdQTTKGCfS0a1GBtCqOTmVkiHRBKqTWA5E8LXT+H/pFUs4LMCuinla6VFHFlwCI7ACcCgDGrgGtRBE1BwBx7AE3i27q1H68V6nY9mrMXOPvgB6+0TfOyTRg==</latexit>

�T = Tm � T0
<latexit sha1_base64="XbQ6qOSpvbGGZoaDkq0V5QTaCYs=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmx1J3QxqVCfoA+ZN54n07O+2BmXiDiL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6XQhpAPJ7OxubW9k93N7e0fHB7lj086OkoUhzaPZKR6HtMgRQhtI4yEXqyABZ6Erje9Sf3uPSgtovDWzGJwAzYOhS84M1ZqNYb5AikSQiilOCW0ck0sqdWqJVrFNLUsCmiN5jD/PhhFPAkgNFwyrfuUxMadM2UEl7DIDRINMeNTNoa+pSELQLvz5aELfGGVEfYjZSs0eKl+n5izQOtZ4NnOgJmJ/u2l4l9ePzF+1Z2LME4MhHy1yE8kNhFOv8YjoYAbObOEcSXsrZhPmGLc2GxyNoSvT/H/pFMq0qsiaZUL9fI6jiw6Q+foElFUQXXUQE3URhwBekBP6Nm5cx6dF+d11Zpx1jOn6Aect0/ni4z4</latexit>

H
<latexit sha1_base64="0QJm/0Pph6wJdhBkiWYnyJWNHB8=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0lKte2t4MVjBVsL7VKyabYNzWaXJCuU0r/gxYMiXv1D3vw3ZtsKKvpg4PHeDDPzgkQKYzH+8HJr6xubW/ntws7u3v5B8fCoY+JUM95msYx1N6CGS6F42woreTfRnEaB5HfB5Crz7+65NiJWt3aacD+iIyVCwajNpL6l6aBYwmWMMSEEZYTULrEjjUa9QuqIZJZDCVZoDYrv/WHM0ogryyQ1pkdwYv0Z1VYwyeeFfmp4QtmEjnjPUUUjbvzZ4tY5OnPKEIWxdqUsWqjfJ2Y0MmYaBa4zonZsfnuZ+JfXS21Y92dCJanlii0XhalENkbZ42goNGdWTh2hTAt3K2JjqimzLp6CC+HrU/Q/6VTK5KKMb6qlZnUVRx5O4BTOgUANmnANLWgDgzE8wBM8e5H36L14r8vWnLeaOYYf8N4+AWs/jnQ=</latexit>⌧

Scaling relationships
<latexit sha1_base64="fkISIuhXEn4oEXQKTr5w88mrUfg="></latexit>

�T

⌧
⇠ 

�T

H2
) H ⇠ (⌧)1/2

<latexit sha1_base64="KJK6dXMmgunGUFoW3Sx+vcc9wRE="></latexit>

⇢L
H

⌧
⇠ k

�T

H
) H ⇠

⇣
⌧

S

⌘1/2

No intrinsic timescale.  Only extrinsic timescale is elapsed time  so choose .
<latexit sha1_base64="p+GCJbosbHROmOnLk2hzgjwKEB4=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmx1J3QpqVCmqAPmTfO08l5H8zcF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPFytpgJAPJ7e2vrG5ld8u7Ozu7R8UD4+6Jko0Fx0eqUj3PGaEkqHogAQlerEWLPCUuPWmV5l/ey+0kVF4A7NYuAEbh9KXnIGV2jAslkiZEEIpxRmhtUtiSaNRr9A6ppllUUIrtIbF98Eo4kkgQuCKGdOnJAY3ZRokV2JeGCRGxIxP2Vj0LQ1ZIIybLg6d4zOrjLAfaVsh4IX6fSJlgTGzwLOdAYOJ+e1l4l9ePwG/7qYyjBMQIV8u8hOFIcLZ13gkteCgZpYwrqW9FfMJ04yDzaZgQ/j6FP9PupUyvSiTdrXUrK7iyKMTdIrOEUU11ETXqIU6iCOBHtATenbunEfnxXldtuac1cwx+gHn7RMqSo0k</latexit>

t
<latexit sha1_base64="tWg/KY3nV+8I5ullwidFHlE0YVE=">AAAB8XicdVBNSwMxEM3Wr1q/qh69BIvgqSSl2vZW8OKxgv3AbinZNG1Ds9klmRVK6b/w4kERr/4bb/4bs20FFX0w8Hhvhpl5QaykBUI+vMza+sbmVnY7t7O7t3+QPzxq2SgxXDR5pCLTCZgVSmrRBAlKdGIjWBgo0Q4mV6nfvhfGykjfwjQWvZCNtBxKzsBJdz6wxLcyxNDPF0iREEIpxSmhlUviSK1WLdEqpqnlUEArNPr5d38Q8SQUGrhi1nYpiaE3YwYkV2Ke8xMrYsYnbCS6jmoWCtubLS6e4zOnDPAwMq404IX6fWLGQmunYeA6QwZj+9tLxb+8bgLDam8mdZyA0Hy5aJgoDBFO38cDaQQHNXWEcSPdrZiPmWEcXEg5F8LXp/h/0ioV6UWR3JQL9fIqjiw6QafoHFFUQXV0jRqoiTjS6AE9oWfPeo/ei/e6bM14q5lj9APe2ye3KpDp</latexit>

⌧ ⇠ t

<latexit sha1_base64="Y3zfHC3bMdLHcJaoP5XqiCSQ7x0="></latexit>

⇢L
da

dt
= k

@T

@z

����
z=a�



<latexit sha1_base64="xIy5EbYCKHslR7KKDdp1T3LDTK4="></latexit>

S� =
1

2
✓0(�)

Similarity Solution to Stefan’s Problem

Dimensionless variables

Similarity variable

Equation and boundary conditions become

<latexit sha1_base64="vaPZFqWS97R+RnmN7GidJyiLk70="></latexit>

T � T0 = �T ✓

✓
z

H
,
t

⌧

◆
= �T ✓

✓
zp
t

, 1

◆
= �T ✓(⌘)

<latexit sha1_base64="V2M0XqX+kysuryh5h96G6q69UuQ=">AAACCXicdVDLSgMxFM34tr6qLt0Ei+CqJMVHXQiCG5cKtgqdUu6kaRuaeZjcEerQrRt/xY0LRdz6B+78GzO2gooeCBzOOZebe4JEK4uMvXsTk1PTM7Nz84WFxaXlleLqWt3GqRGyJmIdm8sArNQqkjVUqOVlYiSEgZYXQf849y+upbEqjs5xkMhmCN1IdZQAdFKrSH2JQA9pduPHLkcrvr0ymPl9SBKgOBy2iiVWZoxxzmlO+P4ec+TgoFrhVcpzy6FExjhtFd/8dizSUEYoNFjb4CzBZgYGldByWPBTKxMQfejKhqMRhNI2s89LhnTLKW3aiY17EdJP9ftEBqG1gzBwyRCwZ397ufiX10ixU21mKkpSlJEYLeqkmmJM81poWxkpUA8cAWGU+ysVPTAg0JVXcCV8XUr/J/VKme+W2dlO6WhnXMcc2SCbZJtwsk+OyAk5JTUiyC25J4/kybvzHrxn72UUnfDGM+vkB7zXD2LGmiE=</latexit>

⌘ =
z

2
p
t

<latexit sha1_base64="3mFoQTSa25AHXKVKgFmPnU1FvYM=">AAACA3icdZBNS0JBFIbn2pfZl9WuNkMSBoHMiKUuAqFNS4P8ABWZO446OPeDmXMDEaFNf6VNiyLa9ifa9W+aqwYVdWDgmfc9h5nzuqGSBgj5cBJLyyura8n11Mbm1vZOenevboJIc1HjgQp002VGKOmLGkhQohlqwTxXiYY7uoz9xq3QRgb+DYxD0fHYwJd9yRlYqZs+aMNQAMtm8SnOty0t7viCdNMZkiOEUEpxDLR4TiyUy6U8LWEaW7YyaFHVbvq93Qt45AkfuGLGtCgJoTNhGiRXYppqR0aEjI/YQLQs+swTpjOZ7TDFx1bp4X6g7fEBz9TvExPmGTP2XNvpMRia314s/uW1IuiXOhPphxEIn88f6kcKQ4DjQHBPasFBjS0wrqX9K+ZDphkHG1vKhvC1Kf4f6vkcPcuR60KmUljEkUSH6AidIIqKqIKuUBXVEEd36AE9oWfn3nl0XpzXeWvCWczsox/lvH0CP/eV9A==</latexit>

✓00 + 2⌘✓0 = 0

<latexit sha1_base64="/UBuxWkfduh4yarjdGeS0cDhVyw=">AAAB9HicdVBNS0JBFJ1nX2ZfVss2QxLYRmbEUheB0KalQX6APmTeOOrgvI9m7hNE/B1tWhTRth/Trn/TPDWoqAMXDufcy733eJGSBgj5cFJr6xubW+ntzM7u3v5B9vCoacJYc9HgoQp122NGKBmIBkhQoh1pwXxPiZY3vk781kRoI8PgDqaRcH02DORAcgZWcrswEsDy5BxfYdLL5kiBEEIpxQmh5UtiSbVaKdIKpollkUMr1HvZ924/5LEvAuCKGdOhJAJ3xjRIrsQ8042NiBgfs6HoWBowXxh3tjh6js+s0seDUNsKAC/U7xMz5hsz9T3b6TMYmd9eIv7ldWIYVNyZDKIYRMCXiwaxwhDiJAHcl1pwUFNLGNfS3or5iGnGweaUsSF8fYr/J81igV4UyG0pVyut4kijE3SK8oiiMqqhG1RHDcTRPXpAT+jZmTiPzovzumxNOauZY/QDztsnzzaQyA==</latexit>

✓(0) = 0

<latexit sha1_base64="sMI9OFN4tZ5ES3g6MUia8uBsI+0=">AAAB/HicdVBLS0JBGJ1rL7PXLZdthiSwjcyIpS4CoU1Lg3yAiswdRx2c+2Dmu4GI/ZU2LYpo2w9p179prhpU1IGBwznf4fvmeJGSBgj5cFJr6xubW+ntzM7u3v6Be3jUNGGsuWjwUIW67TEjlAxEAyQo0Y60YL6nRMubXCV+605oI8PgFqaR6PlsFMih5Ays1HezXRgLYPmuspkBO8OXmPbdHCkQQiilOCG0fEEsqVYrRVrBNLEscmiFet997w5CHvsiAK6YMR1KIujNmAbJlZhnurEREeMTNhIdSwPmC9ObLY6f41OrDPAw1PYFgBfq98SM+cZMfc9O+gzG5reXiH95nRiGld5MBlEMIuDLRcNYYQhx0gQeSC04qKkljGtpb8V8zDTjYPvK2BK+for/J81igZ4XyE0pVyut6kijY3SC8oiiMqqha1RHDcTRFD2gJ/Ts3DuPzovzuhxNOatMFv2A8/YJKZOTww==</latexit>

✓(�) = 1

<latexit sha1_base64="2WLsEfbME2eDjf7HChxDGPlCc1I=">AAACBHicdVC7SgNBFJ31bXxFLdMMBsEq7K7RxEII2FhGMCpkQ7g7O6tDZh/O3BXCksLGX7GxUMTWj7Dzb5yNEVT0wMDhnHu4c4+fSqHRtt+tqemZ2bn5hcXS0vLK6lp5feNMJ5livMMSmagLHzSXIuYdFCj5Rao4RL7k5/7gqPDPb7jSIolPcZjyXgSXsQgFAzRSv1wBekhdT5pEAJ6+Vph7A0hToDjql6t27aC579b3qV2z7YbjOgVxG/XdOnWMUqBKJmj3y29ekLAs4jEyCVp3HTvFXg4KBZN8VPIyzVNgA7jkXUNjiLju5eMjRnTbKAENE2VejHSsfk/kEGk9jHwzGQFe6d9eIf7ldTMMm71cxGmGPGafi8JMUkxo0QgNhOIM5dAQYEqYv1J2BQoYmt5KpoSvS+n/5MytOXs1+6RebTUndSyQCtkiO8QhDdIix6RNOoSRW3JPHsmTdWc9WM/Wy+folDXJbJIfsF4/AEVNl90=</latexit>

a = 2�
p
twhere

<latexit sha1_base64="9DwuazANoF7ReI/4nEcwHHQIJlQ="></latexit>

S =
L

cp�T



Similarity Solution to Stefan’s Problem

Temperature in the ice is

where

with

<latexit sha1_base64="3lPMC2CQ9QwcfgaMRlMnIDqsC4M="></latexit>

T = T0 + (Tm � T0)
erf ⌘

erf �

<latexit sha1_base64="tay73+g2orj1BCRgFipC7abP8q0=">AAACCXicdVC7SgNBFJ31GeNr1dJmMAhWYSdEjYUg2FhGMFHIhnB3MjFDZh/O3BXiktbGX7GxUMTWP7Dzb5yNEVT0wMDhnHO5c0+QKGnQ896dqemZ2bn5wkJxcWl5ZdVdW2+aONVcNHisYn0RgBFKRqKBEpW4SLSAMFDiPBgc5/75tdBGxtEZDhPRDuEykj3JAa3UcakvEOghzW782OZoxTdXGjN/AEkCFEejjlvyyp7nMcZoTtj+nmfJwUGtwmqU5ZZFiUxQ77hvfjfmaSgi5AqMaTEvwXYGGiVXYlT0UyMS4AO4FC1LIwiFaWfjS0Z02ypd2ou1fRHSsfp9IoPQmGEY2GQI2De/vVz8y2ul2Ku1MxklKYqIfy7qpYpiTPNaaFdqwVENLQGupf0r5X3QwNGWV7QlfF1K/yfNSpntlXdPq6Wj6qSOAtkkW2SHMLJPjsgJqZMG4eSW3JNH8uTcOQ/Os/PyGZ1yJjMb5Aec1w9ktJon</latexit>

⌘ =
z

2
p
t

<latexit sha1_base64="8E19sGMMKfdbw8AhYyHcRlPvTIc=">AAACBXicdVC7SgNBFJ31bXxFLbUYDIJV2AlqkkIQbCwjmAdkQ7g7meiQ2Yczd4WwpLHxV2wsFLH1H+z8G2eTCCp6YOBwzj3cucePlTTouh/OzOzc/MLi0nJuZXVtfSO/udUwUaK5qPNIRbrlgxFKhqKOEpVoxVpA4CvR9Adnmd+8FdrIKLzEYSw6AVyFsi85oJW6+V2gJ7TkKZvoAfXMjcbUG0AcA8VRN19wi67rMsZoRlj52LWkWq2UWIWyzLIokClq3fy714t4EogQuQJj2syNsZOCRsmVGOW8xIgY+ACuRNvSEAJhOun4ihHdt0qP9iNtX4h0rH5PpBAYMwx8OxkAXpvfXib+5bUT7Fc6qQzjBEXIJ4v6iaIY0awS2pNacFRDS4Braf9K+TVo4GiLy9kSvi6l/5NGqciOi0cXh4XTw2kdS2SH7JEDwkiZnJJzUiN1wskdeSBP5Nm5dx6dF+d1MjrjTDPb5Aect0+OUpf9</latexit>

a = 2�
p
t

<latexit sha1_base64="VtYVFP2k+8ipdt/b2WjM3S+u9EM="></latexit>p
⇡�e�

2

erf � = S�1

<latexit sha1_base64="K6amJVVGSYORuuEOahnfqf3FD9Y="></latexit>

erf ⌘ =
2p
⇡

Z ⌘

0
e�u2

duerf η

η

1
<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1

<latexit sha1_base64="GKx01pCfzjA9CatDkn/Y6eQp8ZU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+qnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d12/erisNS6LOMpwAqdwDh7cQAPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5AwfsjjQ=</latexit>⌘



<latexit sha1_base64="GQunnGiV2KGSRa9vKuTqfDlVaLo="></latexit>

@2T

@z2
=

1

S
@T

@t

<latexit sha1_base64="vFaLmHRdJyUJgIk20PD68nm/hdQ="></latexit>

⇢L
da

dt
= k

Tm � T0

a

<latexit sha1_base64="D3trqMVPnRU+niUBe0T9k/bHHIo="></latexit>

da

dt
=

@T

@z

���
z=a�

AIR

ICE

OCEAN

Quasi-Steady Approximation
valid for large Stefan number

Scaled equations

Stefan condition

Scale temperature differences with  ,  times with , lengths with
<latexit sha1_base64="ZatFZzdGoQtFvrLYX1Mm8SSlcuY=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyyCG0tSqm0XQkEXLiv0Be0wZNJMG5p5kGSEWoq/4saFIm79D3f+jZm2gooeuJfDOfeSm+PFgiuN0IeVWVpeWV3Lruc2Nre2d+zdvZaKEklZk0Yikh2PKCZ4yJqaa8E6sWQk8ARre6PL1G/fMql4FDb0OGZOQAYh9zkl2kiufdC7YkIT2IAXsOEG8NR05Np5VEAIYYxhSnD5HBlSrVaKuAJxahnkwQJ1137v9SOaBCzUVBCluhjF2pkQqTkVbJrrJYrFhI7IgHUNDUnAlDOZXT+Fx0bpQz+SpkINZ+r3jQkJlBoHnpkMiB6q314q/uV1E+1XnAkP40SzkM4f8hMBdQTTKGCfS0a1GBtCqOTmVkiHRBKqTWA5E8LXT+H/pFUs4LMCuinla6VFHFlwCI7ACcCgDGrgGtRBE1BwBx7AE3i27q1H68V6nY9mrMXOPvgB6+0TfOyTRg==</latexit>

�T = Tm � T0
<latexit sha1_base64="0QJm/0Pph6wJdhBkiWYnyJWNHB8=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0lKte2t4MVjBVsL7VKyabYNzWaXJCuU0r/gxYMiXv1D3vw3ZtsKKvpg4PHeDDPzgkQKYzH+8HJr6xubW/ntws7u3v5B8fCoY+JUM95msYx1N6CGS6F42woreTfRnEaB5HfB5Crz7+65NiJWt3aacD+iIyVCwajNpL6l6aBYwmWMMSEEZYTULrEjjUa9QuqIZJZDCVZoDYrv/WHM0ogryyQ1pkdwYv0Z1VYwyeeFfmp4QtmEjnjPUUUjbvzZ4tY5OnPKEIWxdqUsWqjfJ2Y0MmYaBa4zonZsfnuZ+JfXS21Y92dCJanlii0XhalENkbZ42goNGdWTh2hTAt3K2JjqimzLp6CC+HrU/Q/6VTK5KKMb6qlZnUVRx5O4BTOgUANmnANLWgDgzE8wBM8e5H36L14r8vWnLeaOYYf8N4+AWs/jnQ=</latexit>⌧

<latexit sha1_base64="7iJpyziQU3+USMonVlBluu6scv4="></latexit>

H ⇠
⇣
⌧

S

⌘1/2

<latexit sha1_base64="yOUjO/RrowC1cO1VEiqnq18kz1M=">AAACC3icdVC7SgNBFJ31GeMramkzJAhWYSf4SAohYGMZ0UQhG8LdyUSHzD6cuSuEZXsbf8XGQhFbf8DOv3FWI6jogYHDOfdw5x4/VtKg6745U9Mzs3PzhYXi4tLyymppbb1jokRz0eaRivS5D0YoGYo2SlTiPNYCAl+JM390mPtn10IbGYWnOI5FL4CLUA4lB7RSv1QGekA9c6UxTWveCOIYvMgGUo+DoidZhlm/VHGrrusyxmhO2P6ea0mjUa+xOmW5ZVEhE7T6pVdvEPEkECFyBcZ0mRtjLwWNkiuRFb3EiBj4CC5E19IQAmF66cctGd2yyoAOI21fiPRD/Z5IITBmHPh2MgC8NL+9XPzL6yY4rPdSGcYJipB/LhomimJE82LoQGrBUY0tAa6l/Svll6CBo62vaEv4upT+Tzq1Ktur7h7vVJo7kzoKZJOUyTZhZJ80yRFpkTbh5IbckQfy6Nw6986T8/w5OuVMMhvkB5yXd1m4m0M=</latexit>

a =

r
2

S t

Agrees with full similarity solution when   
<latexit sha1_base64="/Kb5cyRN1GvGiPcAcCES8ufXAWU=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXJSm1j13BjcuK9gGdsWTSTBuayQxJRilD/8ONC0Xc+i/u/BszbQUVPXDhcM693HuPHwuuDUIfzsrq2vrGZm4rv72zu7dfODjs6ChRlLVpJCLV84lmgkvWNtwI1osVI6EvWNefXGR+944pzSN5Y6Yx80IykjzglBgr3aYuJQJez6A7GkE8KBRRCSGEMYYZwbUqsqTRqJdxHeLMsiiCJVqDwrs7jGgSMmmoIFr3MYqNlxJlOBVslncTzWJCJ2TE+pZKEjLtpfOrZ/DUKkMYRMqWNHCufp9ISaj1NPRtZ0jMWP/2MvEvr5+YoO6lXMaJYZIuFgWJgCaCWQRwyBWjRkwtIVRxeyukY6IINTaovA3h61P4P+mUS7haOr+qFJuVZRw5cAxOwBnAoAaa4BK0QBtQoMADeALPzr3z6Lw4r4vWFWc5cwR+wHn7BGskkco=</latexit>

S � 1

<latexit sha1_base64="NjtYV+uS3Nmft46pgJqj3T4AwuA=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTNifiwCoU1Lo0xBHzJvnKeD8z6YmReY+BPatCiibb+oXf+meWpQUQcuHM65l3vv8WIptMH4w8msrK6tb2Q3c1vbO7t7+f2DWx0livEWi2SkOh7VXIqQt4wwkndixWngSd72xhep377jSosovDGTmLsBHYbCF4waK13fn+N+voCLGGNCCEoJqVawJfV6rURqiKSWRQGWaPbz771BxJKAh4ZJqnWX4Ni4U6qMYJLPcr1E85iyMR3yrqUhDbh2p/NTZ+jEKgPkR8pWaNBc/T4xpYHWk8CznQE1I/3bS8W/vG5i/Jo7FWGcGB6yxSI/kchEKP0bDYTizMiJJZQpYW9FbEQVZcamk7MhfH2K/ie3pSKpFM+uyoVGeRlHFo7gGE6BQBUacAlNaAGDITzAEzw70nl0XpzXRWvGWc4cwg84b58ljo2x</latexit>

z = 0

<latexit sha1_base64="+1G7B17EVwth/LW4HbYKJ5z+21c=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6KUmpfSyEghuXFewD2qFk0kwbm5kMSUaoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7jxcJrg1CH87K6tr6xmZmK7u9s7u3nzs4bGsZK8paVAqpuh7RTPCQtQw3gnUjxUjgCdbxJpep37ljSnMZ3phpxNyAjELuc0qMldr3F6Rgzga5PCoihDDGMCW4WkGW1Ou1Eq5BnFoWebBEc5B77w8ljQMWGiqI1j2MIuMmRBlOBZtl+7FmEaETMmI9S0MSMO0m82tn8NQqQ+hLZSs0cK5+n0hIoPU08GxnQMxY//ZS8S+vFxu/5iY8jGLDQrpY5McCGgnT1+GQK0aNmFpCqOL2VkjHRBFqbEBZG8LXp/B/0i4VcaV4fl3ON8rLODLgGJyAAsCgChrgCjRBC1BwCx7AE3h2pPPovDivi9YVZzlzBH7AefsEDU6OxQ==</latexit>

z = a(t)

<latexit sha1_base64="SpRVOxjQPpANS9Bsl//shSjxV+I=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZrkFvHiMmA2SIfR0OkmTnoXuHiEM+QQvHhTx6hd582/sSSKo6IOCx3tVVNXzIim0wfjDyWxsbm3vZHdze/sHh0f545OODmPFeJuFMlQ9j2ouRcDbRhjJe5Hi1Pck73qz69Tv3nOlRRi0zDzirk8ngRgLRo2V7lpDPMwXcBFjTAhBKSHVCrakXq+VSA2R1LIowBrNYf59MApZ7PPAMEm17hMcGTehyggm+SI3iDWPKJvRCe9bGlCfazdZnrpAF1YZoXGobAUGLdXvEwn1tZ77nu30qZnq314q/uX1YzOuuYkIotjwgK0WjWOJTIjSv9FIKM6MnFtCmRL2VsSmVFFmbDo5G8LXp+h/0ikVSaV4dVsuNMrrOLJwBudwCQSq0IAbaEIbGEzgAZ7g2ZHOo/PivK5aM8565hR+wHn7BB9Uja0=</latexit>

T0

<latexit sha1_base64="dbZ6e4J91pfS4CGvt+81xOukHcM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkmpfewKblxW7AvaoWTStA1NMkOSEcrQT3DjQhG3fpE7/8ZMW0FFD1w4nHMv994TRIIbi9CHl9nY3Nreye7m9vYPDo/yxycdE8aasjYNRah7ATFMcMXallvBepFmRAaCdYPZdep375k2PFQtO4+YL8lE8TGnxDrprjWUw3wBFRFCGGOYElytIEfq9VoJ1yBOLYcCWKM5zL8PRiGNJVOWCmJMH6PI+gnRllPBFrlBbFhE6IxMWN9RRSQzfrI8dQEvnDKC41C7UhYu1e8TCZHGzGXgOiWxU/PbS8W/vH5sxzU/4SqKLVN0tWgcC2hDmP4NR1wzasXcEUI1d7dCOiWaUOvSybkQvj6F/5NOqYgrxavbcqFRXseRBWfgHFwCDKqgAW5AE7QBBRPwAJ7Asye8R+/Fe121Zrz1zCn4Ae/tE3vIjeo=</latexit>

Tm



Sphere Growing into a Supercooled Melt

Using quasi-steady approximation 

<latexit sha1_base64="sop9ZsOuu3pKTLb5z79TxZUcXqM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVUvm7VKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fwmeM4Q==</latexit>a

<latexit sha1_base64="h2i4/Qyl4JCjDYv+I2+WzV/cHaI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqpfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVUvm7VKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3CuM8g==</latexit>r

<latexit sha1_base64="ZsedaWnudEXlo4U6/lC8WRM3a7Y=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTNifuyENi0V1AR9yLxx1Ml5H8zMC+ThL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6TQBuMPJ7OxubW9k93N7e0fHB7lj0+6OowV4x0WylD1PKq5FAHvGGEk70WKU9+T/NabXaf+7T1XWoRB28wj7vp0EoixYNRYqdUe5gu4iDEmhKCUkGoFW1Kv10qkhkhqWRRgjeYw/z4YhSz2eWCYpFr3CY6Mm1BlBJN8kRvEmkeUzeiE9y0NqM+1mywPXaALq4zQOFS2AoOW6veJhPpaz33PdvrUTPVvLxX/8vqxGdfcRARRbHjAVovGsUQmROnXaCQUZ0bOLaFMCXsrYlOqKDM2m5wN4etT9D/ploqkUrxqlQuN8jqOLJzBOVwCgSo04Aaa0AEGHB7gCZ6dO+fReXFeV60ZZz1zCj/gvH0C+6mNCg==</latexit>

T
<latexit sha1_base64="dbZ6e4J91pfS4CGvt+81xOukHcM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkmpfewKblxW7AvaoWTStA1NMkOSEcrQT3DjQhG3fpE7/8ZMW0FFD1w4nHMv994TRIIbi9CHl9nY3Nreye7m9vYPDo/yxycdE8aasjYNRah7ATFMcMXallvBepFmRAaCdYPZdep375k2PFQtO4+YL8lE8TGnxDrprjWUw3wBFRFCGGOYElytIEfq9VoJ1yBOLYcCWKM5zL8PRiGNJVOWCmJMH6PI+gnRllPBFrlBbFhE6IxMWN9RRSQzfrI8dQEvnDKC41C7UhYu1e8TCZHGzGXgOiWxU/PbS8W/vH5sxzU/4SqKLVN0tWgcC2hDmP4NR1wzasXcEUI1d7dCOiWaUOvSybkQvj6F/5NOqYgrxavbcqFRXseRBWfgHFwCDKqgAW5AE7QBBRPwAJ7Asye8R+/Fe121Zrz1zCn4Ae/tE3vIjeo=</latexit>

Tm

<latexit sha1_base64="2VwskRhAhHFTiPGlP0HQhgawMKU=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KpNS+wAXBTcuK/QF7Thk0kwbmskMSUYZhv6HGxeKuPVf3Pk3ZtoKKnrgwuGce7n3Hi/iTGnb/rBya+sbm1v57cLO7t7+QfHwqKfCWBLaJSEP5cDDinImaFczzekgkhQHHqd9b3aV+f07KhULRUcnEXUCPBHMZwRrI9123BETvk7gJey4gVss2WXbthFCMCOoXrMNaTYbFdSAKLMMSmCFtlt8H41DEgdUaMKxUkNkR9pJsdSMcDovjGJFI0xmeEKHhgocUOWki6vn8MwoY+iH0pTQcKF+n0hxoFQSeKYzwHqqfnuZ+Jc3jLXfcFImolhTQZaL/JhDHcIsAjhmkhLNE0MwkczcCskUS0y0CapgQvj6FP5PepUyqpUvbqqlVnUVRx6cgFNwDhCogxa4Bm3QBQRI8ACewLN1bz1aL9brsjVnrWaOwQ9Yb5/QsZIN</latexit>

T1 < Tm

<latexit sha1_base64="rSKbcs8XaHCKtYhw/SQQEjIqMWA=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KkmpfSyEghuXFdpaaKclk2ba0ExmSDJKGfofblwo4tZ/ceffmGkrqOiBC4dz7uXee7xIcG0Q+nAya+sbm1vZ7dzO7t7+Qf7wqKPDWFHWpqEIVdcjmgkuWdtwI1g3UowEnmC33vQq9W/vmNI8lC0zi5gbkLHkPqfEWGnQl8QTZFCCLXgJ0TBfQEWEEMYYpgRXK8iSer1WwjWIU8uiAFZoDvPv/VFI44BJQwXRuodRZNyEKMOpYPNcP9YsInRKxqxnqSQB026yuHoOz6wygn6obEkDF+r3iYQEWs8Cz3YGxEz0by8V//J6sfFrbsJlFBsm6XKRHwtoQphGAEdcMWrEzBJCFbe3QjohilBjg8rZEL4+hf+TTqmIK8WLm3KhUV7FkQUn4BScAwyqoAGuQRO0AQUKPIAn8OzcO4/Oi/O6bM04q5lj8APO2yec/JFD</latexit>

r2T = 0
<latexit sha1_base64="1xjzjS6cxx1R1iY6PxDhZrpSrMo="></latexit>

) T = T1 + (Tm � T1)
a

r

Stefan condition

<latexit sha1_base64="yOUjO/RrowC1cO1VEiqnq18kz1M=">AAACC3icdVC7SgNBFJ31GeMramkzJAhWYSf4SAohYGMZ0UQhG8LdyUSHzD6cuSuEZXsbf8XGQhFbf8DOv3FWI6jogYHDOfdw5x4/VtKg6745U9Mzs3PzhYXi4tLyymppbb1jokRz0eaRivS5D0YoGYo2SlTiPNYCAl+JM390mPtn10IbGYWnOI5FL4CLUA4lB7RSv1QGekA9c6UxTWveCOIYvMgGUo+DoidZhlm/VHGrrusyxmhO2P6ea0mjUa+xOmW5ZVEhE7T6pVdvEPEkECFyBcZ0mRtjLwWNkiuRFb3EiBj4CC5E19IQAmF66cctGd2yyoAOI21fiPRD/Z5IITBmHPh2MgC8NL+9XPzL6yY4rPdSGcYJipB/LhomimJE82LoQGrBUY0tAa6l/Svll6CBo62vaEv4upT+Tzq1Ktur7h7vVJo7kzoKZJOUyTZhZJ80yRFpkTbh5IbckQfy6Nw6986T8/w5OuVMMhvkB5yXd1m4m0M=</latexit>

a =

r
2

S t

<latexit sha1_base64="Se4LE0zB4r5eMfHLx7rhQW1CYhs="></latexit>

⇢L
da

dt
= �k

@T

@r

����
r=a+

= k
Tm � T1

a



<latexit sha1_base64="KW5YxXB9ciBPFzKhElNrb0YE/3Q="></latexit>

⇢L
da

dt
= k

Tm � T1
�

<latexit sha1_base64="DSwhBIgU2UVJ/O7Ho0YM637zA4I="></latexit>

a =

s
2

S(S � 1)
t

Planar Growth into a Supercooled Melt

<latexit sha1_base64="dbZ6e4J91pfS4CGvt+81xOukHcM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkmpfewKblxW7AvaoWTStA1NMkOSEcrQT3DjQhG3fpE7/8ZMW0FFD1w4nHMv994TRIIbi9CHl9nY3Nreye7m9vYPDo/yxycdE8aasjYNRah7ATFMcMXallvBepFmRAaCdYPZdep375k2PFQtO4+YL8lE8TGnxDrprjWUw3wBFRFCGGOYElytIEfq9VoJ1yBOLYcCWKM5zL8PRiGNJVOWCmJMH6PI+gnRllPBFrlBbFhE6IxMWN9RRSQzfrI8dQEvnDKC41C7UhYu1e8TCZHGzGXgOiWxU/PbS8W/vH5sxzU/4SqKLVN0tWgcC2hDmP4NR1wzasXcEUI1d7dCOiWaUOvSybkQvj6F/5NOqYgrxavbcqFRXseRBWfgHFwCDKqgAW5AE7QBBRPwAJ7Asye8R+/Fe121Zrz1zCn4Ae/tE3vIjeo=</latexit>

Tm

<latexit sha1_base64="2VwskRhAhHFTiPGlP0HQhgawMKU=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KpNS+wAXBTcuK/QF7Thk0kwbmskMSUYZhv6HGxeKuPVf3Pk3ZtoKKnrgwuGce7n3Hi/iTGnb/rBya+sbm1v57cLO7t7+QfHwqKfCWBLaJSEP5cDDinImaFczzekgkhQHHqd9b3aV+f07KhULRUcnEXUCPBHMZwRrI9123BETvk7gJey4gVss2WXbthFCMCOoXrMNaTYbFdSAKLMMSmCFtlt8H41DEgdUaMKxUkNkR9pJsdSMcDovjGJFI0xmeEKHhgocUOWki6vn8MwoY+iH0pTQcKF+n0hxoFQSeKYzwHqqfnuZ+Jc3jLXfcFImolhTQZaL/JhDHcIsAjhmkhLNE0MwkczcCskUS0y0CapgQvj6FP5PepUyqpUvbqqlVnUVRx6cgFNwDhCogxa4Bm3QBQRI8ACewLN1bz1aL9brsjVnrWaOwQ9Yb5/QsZIN</latexit>

T1 < Tm

<latexit sha1_base64="aNw7F2HMcD3CWNRyguTuRB2CArU=">AAAB7nicdVDLSgNBEJz1GeMr6tHLYBAiSNhd1yTeAl5yjGAekCxhdjKbDJl9MNMrxCUf4cWDIl79Hm/+jbNJBBUtaCiquunu8mLBFZjmh7Gyura+sZnbym/v7O7tFw4O2ypKJGUtGolIdj2imOAhawEHwbqxZCTwBOt4k+vM79wxqXgU3sI0Zm5ARiH3OSWgpU6jdH+O4WxQKJrlq1rFdirYLJtm1bKtjNhV58LBllYyFNESzUHhvT+MaBKwEKggSvUsMwY3JRI4FWyW7yeKxYROyIj1NA1JwJSbzs+d4VOtDLEfSV0h4Ln6fSIlgVLTwNOdAYGx+u1l4l9eLwG/5qY8jBNgIV0s8hOBIcLZ73jIJaMgppoQKrm+FdMxkYSCTiivQ/j6FP9P2nbZqpQvb5xi3VnGkUPH6ASVkIWqqI4aqIlaiKIJekBP6NmIjUfjxXhdtK4Yy5kj9APG2yc2iI7R</latexit>

H(z, t)

<latexit sha1_base64="H9YdqgCjYzkvUp2MOeV7ihzg0i8=">AAAB7nicdVDLSgMxFM34rPVVdekmWIQKUpJS+9gV3Lis0Be0Q8mkmTY0kxmSjFCHfoQbF4q49Xvc+Tdm2goqeuDC4Zx7ufceLxJcG4Q+nLX1jc2t7cxOdndv/+Awd3Tc0WGsKGvTUISq5xHNBJesbbgRrBcpRgJPsK43vU797h1TmoeyZWYRcwMyltznlBgrdVuF+0toLoa5PCoihDDGMCW4WkGW1Ou1Eq5BnFoWebBCc5h7H4xCGgdMGiqI1n2MIuMmRBlOBZtnB7FmEaFTMmZ9SyUJmHaTxblzeG6VEfRDZUsauFC/TyQk0HoWeLYzIGaif3up+JfXj41fcxMuo9gwSZeL/FhAE8L0dzjiilEjZpYQqri9FdIJUYQam1DWhvD1KfyfdEpFXCle3ZbzjfIqjgw4BWegADCogga4AU3QBhRMwQN4As9O5Dw6L87rsnXNWc2cgB9w3j4BNeeO0Q==</latexit>

T (z, t)

<latexit sha1_base64="8T1ca6WGzCCXBla+vb+kyVXQh68=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKexKfBwDXjxGMA9IljA7O5uMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYSq4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSmKWtSJZTuhMQwwSVrIkfBOqlmJAkFa4ej25nffmLacCUfcJyyICEDyWNOCVqp1YuYQNIvV7yqN4e7SvycVCBHo1/+6kWKZgmTSAUxput7KQYTopFTwaalXmZYSuiIDFjXUkkSZoLJ/Nqpe2aVyI2VtiXRnau/JyYkMWachLYzITg0y95M/M/rZhjfBBMu0wyZpItFcSZcVO7sdTfimlEUY0sI1dze6tIh0YSiDahkQ/CXX14lrYuqf1W9vK9V6rU8jiKcwCmcgw/XUIc7aEATKDzCM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZCWjxg=</latexit>

�
<latexit sha1_base64="nmA18vEmOAotBPo13tIrgfiMXlY=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZIY27oQCrrowkUF+4AmlMl00g6dTMLMRCihv+HGhSJu/Rl3/o2TtoKKHrhwOOde7r0nSBiVyrI+jMLK6tr6RnGztLW9s7tX3j/oyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDeYXOV+954ISWN+p6YJ8SM04jSkGCkted41YQrBJryEN4NyxTIv6lXHrULLtKya7dg5cWrumQttreSogCVag/K7N4xxGhGuMENS9m0rUX6GhKKYkVnJSyVJEJ6gEelrylFEpJ/Nb57BE60MYRgLXVzBufp9IkORlNMo0J0RUmP528vFv7x+qsK6n1GepIpwvFgUpgyqGOYBwCEVBCs21QRhQfWtEI+RQFjpmEo6hK9P4f+k45h21Ty/dSsNdxlHERyBY3AKbFADDdAELdAGGCTgATyBZyM1Ho0X43XRWjCWM4fgB4y3T3wmkKc=</latexit>

�H = L

Energy conservation

Approximate
<latexit sha1_base64="KbdLrBY5fTQYYGDcuvDtHefenj4="></latexit>Z 1

a
T (z, t) dz ⇡ (Tm � T1)� gives

<latexit sha1_base64="cwQejYgr+aUuD1OFDTnGWdeoJlc=">AAACCHicdVA9SwNBEN2L3/Hr1NLCxSDEwnArapJOsLGMaEwgd4S5vU2yuPfB7p4YjpQ2/hUbC0Vs/Ql2/hv3YgQVfTDweG+GmXl+IrjSjvNuFaamZ2bn5heKi0vLK6v22vqlilNJWZPGIpZtHxQTPGJNzbVg7UQyCH3BWv7VSe63rplUPI4u9DBhXgj9iPc4BW2krr3lBkxowC4kiYxvcDlzKQh8PsJ7mOxi6Nolp+I4DiEE54RUjxxD6vXaPqlhklsGJTRBo2u/uUFM05BFmgpQqkOcRHsZSM2pYKOimyqWAL2CPusYGkHIlJeNHxnhHaMEuBdLU5HGY/X7RAahUsPQN50h6IH67eXiX14n1b2al/EoSTWL6OeiXiqwjnGeCg64ZFSLoSFAJTe3YjoACVSb7IomhK9P8f/kcr9CjiqHZwel44NJHPNoE22jMiKoio7RKWqgJqLoFt2jR/Rk3VkP1rP18tlasCYzG+gHrNcPIISYFg==</latexit>

� ⇡ (S � 1)a

Stefan condition gives

<latexit sha1_base64="IxN2sICdgx7Hrbz9Z0VjNM08Ii0="></latexit>

H ⌘ [⇢cp(Tm � T1)� L] a+

Z 1

a
⇢cp(T � T1) dz = 0

<latexit sha1_base64="2t44iJZ2PwZYQZfwO6ezwsdrRzk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4tQ8OKxgmkLbSib7aRdutmE3Y1QS3+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkOb6d+8xGV5ol8MKMUg5j2JY84o8ZK/hO5IW63XHGr7gxkmXg5qUCOerf81eklLItRGiao1m3PTU0wpspwJnBS6mQaU8qGtI9tSyWNUQfj2bETcmKVHokSZUsaMlN/T4xprPUoDm1nTM1AL3pT8T+vnZnoOhhzmWYGJZsvijJBTEKmn5MeV8iMGFlCmeL2VsIGVFFmbD4lG4K3+PIyaZxVvcvqxf15pXaex1GEIziGU/DgCmpwB3XwgQGHZ3iFN0c6L8678zFvLTj5zCH8gfP5A4Ubjc8=</latexit>

z = 0
<latexit sha1_base64="YkPaB3wafqa31GT+5WJ/bPHdEkw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA9IljA7mU2GzOwuM71CWPILXjwo4tUf8ubfOEn2oIkFDUVVN91dQSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANlyLiTRQoeSfRnKpA8nYwvpv57SeujYijR5wk3Fd0GIlQMIoziVbwol8qu1V3DrJKvJyUIUejX/rqDWKWKh4hk9SYrucm6GdUo2CST4u91PCEsjEd8q6lEVXc+Nn81ik5t8qAhLG2FSGZq78nMqqMmajAdiqKI7PszcT/vG6K4a2fiShJkUdssShMJcGYzB4nA6E5QzmxhDIt7K2EjaimDG08RRuCt/zyKmldVr3r6tVDrVyv5XEU4BTOoAIe3EAd7qEBTWAwgmd4hTdHOS/Ou/OxaF1z8pkT+APn8wddso3E</latexit>

a(t)



Kinetic Undercooling 

<latexit sha1_base64="2VwskRhAhHFTiPGlP0HQhgawMKU=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KpNS+wAXBTcuK/QF7Thk0kwbmskMSUYZhv6HGxeKuPVf3Pk3ZtoKKnrgwuGce7n3Hi/iTGnb/rBya+sbm1v57cLO7t7+QfHwqKfCWBLaJSEP5cDDinImaFczzekgkhQHHqd9b3aV+f07KhULRUcnEXUCPBHMZwRrI9123BETvk7gJey4gVss2WXbthFCMCOoXrMNaTYbFdSAKLMMSmCFtlt8H41DEgdUaMKxUkNkR9pJsdSMcDovjGJFI0xmeEKHhgocUOWki6vn8MwoY+iH0pTQcKF+n0hxoFQSeKYzwHqqfnuZ+Jc3jLXfcFImolhTQZaL/JhDHcIsAjhmkhLNE0MwkczcCskUS0y0CapgQvj6FP5PepUyqpUvbqqlVnUVRx6cgFNwDhCogxa4Bm3QBQRI8ACewLN1bz1aL9brsjVnrWaOwQ9Yb5/QsZIN</latexit>

T1 < Tm

<latexit sha1_base64="H9YdqgCjYzkvUp2MOeV7ihzg0i8=">AAAB7nicdVDLSgMxFM34rPVVdekmWIQKUpJS+9gV3Lis0Be0Q8mkmTY0kxmSjFCHfoQbF4q49Xvc+Tdm2goqeuDC4Zx7ufceLxJcG4Q+nLX1jc2t7cxOdndv/+Awd3Tc0WGsKGvTUISq5xHNBJesbbgRrBcpRgJPsK43vU797h1TmoeyZWYRcwMyltznlBgrdVuF+0toLoa5PCoihDDGMCW4WkGW1Ou1Eq5BnFoWebBCc5h7H4xCGgdMGiqI1n2MIuMmRBlOBZtnB7FmEaFTMmZ9SyUJmHaTxblzeG6VEfRDZUsauFC/TyQk0HoWeLYzIGaif3up+JfXj41fcxMuo9gwSZeL/FhAE8L0dzjiilEjZpYQqri9FdIJUYQam1DWhvD1KfyfdEpFXCle3ZbzjfIqjgw4BWegADCogga4AU3QBhRMwQN4As9O5Dw6L87rsnXNWc2cgB9w3j4BNeeO0Q==</latexit>

T (z, t)

<latexit sha1_base64="3mI/xbPR5eYuv4YgHb98Lx4bS+M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1W9bNYq9VoeRxFO4BTOwYNrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALG7jNY=</latexit>

V

<latexit sha1_base64="HFmgqqUjvEuuf4/Dt9+AYUicSnY=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJSm1D3BRcOOyQl/SDkMmzbShycyQZIQy9CvcuFDErZ/jzr8x01ZQ0QMXDufcy733+LHg2iD04aytb2xubed28rt7+weHhaPjro4SRVmHRiJSfZ9oJnjIOoYbwfqxYkT6gvX86XXm9+6Z0jwK22YWM1eSccgDTomx0l3b4/AKtj3pFYqohBDCGMOM4FoVWdJo1Mu4DnFmWRTBCi2v8D4cRTSRLDRUEK0HGMXGTYkynAo2zw8TzWJCp2TMBpaGRDLtpouD5/DcKiMYRMpWaOBC/T6REqn1TPq2UxIz0b+9TPzLGyQmqLspD+PEsJAuFwWJgCaC2fdwxBWjRswsIVRxeyukE6IINTajvA3h61P4P+mWS7haurytFJuVVRw5cArOwAXAoAaa4Aa0QAdQIMEDeALPjnIenRfnddm65qxmTsAPOG+fzYKPvg==</latexit>

Ti < Tm

Kinetic growth
<latexit sha1_base64="reSD9IM8nlOQyRmS60TGXgWINIo=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoNBiIVhJ8Q8CiFgoWWEvCBZltnJbDJk9sHMrBCWNP6KjYUitn6GnX/jbBJBRQ9cOJxzL/fe40acSWVZH0ZmZXVtfSO7mdva3tndM/cPOjKMBaFtEvJQ9FwsKWcBbSumOO1FgmLf5bTrTq5Sv3tHhWRh0FLTiNo+HgXMYwQrLTnmUQdewmRAMIfXs0LL8eE5bDnszDHzVtGyLIQQTAmqVixN6vVaCdUgSi2NPFii6Zjvg2FIYp8GinAsZR9ZkbITLBQjnM5yg1jSCJMJHtG+pgH2qbST+QMzeKqVIfRCoStQcK5+n0iwL+XUd3Wnj9VY/vZS8S+vHyuvZicsiGJFA7JY5MUcqhCmacAhE5QoPtUEE8H0rZCMscBE6cxyOoSvT+H/pFMqokrx4racb5SXcWTBMTgBBYBAFTTADWiCNiBgBh7AE3g27o1H48V4XbRmjOXMIfgB4+0TnN2Uew==</latexit>

V = G(Tm � Ti)

In frame of interface
<latexit sha1_base64="2ZpdZsbuZwkx2OmjOIl8t8/pzFo="></latexit>

�V
@T

@z
= 

@2T

@z2

<latexit sha1_base64="wFs4usYZhLzzY7bgTkQVAHWkayQ="></latexit>

T = T1 + (Ti � T1)e�V z/gives

Stefan condition
<latexit sha1_base64="VARofLOByZXttnTaxUQQ8KuTiDY="></latexit>

⇢LV = ⇢cp(Ti � T1)
V


gives

<latexit sha1_base64="XjvahjC49xmY34kR2vRxQiQJGSo="></latexit>

(Ti � T1) = S(Tm � T1)

Whence
<latexit sha1_base64="B1afmMEvBejGpVasYPLWPOAm8bY="></latexit>

V = G(1� S)(Tm � T1)



Gibbs-Thomson Undercooling 

Clausius-Clapeyron equation (equilibrium)

<latexit sha1_base64="6edfzF+KifJbWDy2UjKMYSoRxAQ="></latexit>

⇢sL
Tm � Ti

Tm
= ps � pl + (pl � pm)


1� ⇢s

⇢l

�

At a curved interface
<latexit sha1_base64="bERJV6z6reZ6TG6oi52yCJbHxic=">AAACA3icdVDLSgNBEJyN7/ha9aaXwSB4MewEH/EgCF4ELwrmAdmw9E4myZCZ3WVmVghLwIu/4sWDIl79CW/+jbMmgooWNBRV3XR3hYng2njeu1OYmp6ZnZtfKC4uLa+sumvrdR2nirIajUWsmiFoJnjEaoYbwZqJYiBDwRrh4Cz3GzdMaR5H12aYsLaEXsS7nIKxUuBuJoHGezgJBD7Bfg+khMynIPDFKHBLXtnzPEIIzgk5OvQsOT6uVkgVk9yyKKEJLgP3ze/ENJUsMlSA1i3iJaadgTKcCjYq+qlmCdAB9FjL0ggk0+3s84cR3rFKB3djZSsy+FP9PpGB1HooQ9spwfT1by8X//JaqelW2xmPktSwiI4XdVOBTYzzQHCHK0aNGFoCVHF7K6Z9UECNja1oQ/j6FP9P6pUyOSwfXO2XTvcnccyjLbSNdhFBR+gUnaNLVEMU3aJ79IienDvnwXl2XsatBWcys4F+wHn9AC2NlpY=</latexit>

ps � pl = �K where

Curvature
<latexit sha1_base64="eFRDyOYqGkiIhiVrcUpw2d9g/tE="></latexit>

K ⌘ r · n =
2

a
for a sphere of radius <latexit sha1_base64="Xc0SNCE3QLLjNprLA3o8yV9big0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4Ct0hZrkFvHhMwCyQDKGnU5O06Vno7hFCyBd48aCIVz/Jm39jTxJBRR8UPN6roqqeF0uhDSEfTmZjc2t7J7ub29s/ODzKH590dJQoDm0eyUj1PKZBihDaRhgJvVgBCzwJXW96nfrde1BaROGtmcXgBmwcCl9wZqzUYsN8gRQJIZRSnBJarRBL6vVaidYwTS2LAlqjOcy/D0YRTwIIDZdM6z4lsXHnTBnBJSxyg0RDzPiUjaFvacgC0O58eegCX1hlhP1I2QoNXqrfJ+Ys0HoWeLYzYGaif3up+JfXT4xfc+cijBMDIV8t8hOJTYTTr/FIKOBGzixhXAl7K+YTphg3NpucDeHrU/w/6ZSKtFK8apULjfI6jiw6Q+foElFURQ10g5qojTgC9ICe0LNz5zw6L87rqjXjrGdO0Q84b58PbI0X</latexit>a

Interface temperature
<latexit sha1_base64="nndCbG5qSo7G0Enyz0k+TH30aKQ="></latexit>

Ti = Tm � Tm

⇢sL
�K ⌘ Tm � �K



Critical Nucleation Radius

<latexit sha1_base64="sop9ZsOuu3pKTLb5z79TxZUcXqM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVUvm7VKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fwmeM4Q==</latexit>a

<latexit sha1_base64="h2i4/Qyl4JCjDYv+I2+WzV/cHaI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqpfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVUvm7VKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3CuM8g==</latexit>r

<latexit sha1_base64="ZsedaWnudEXlo4U6/lC8WRM3a7Y=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTNifuyENi0V1AR9yLxx1Ml5H8zMC+ThL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6TQBuMPJ7OxubW9k93N7e0fHB7lj0+6OowV4x0WylD1PKq5FAHvGGEk70WKU9+T/NabXaf+7T1XWoRB28wj7vp0EoixYNRYqdUe5gu4iDEmhKCUkGoFW1Kv10qkhkhqWRRgjeYw/z4YhSz2eWCYpFr3CY6Mm1BlBJN8kRvEmkeUzeiE9y0NqM+1mywPXaALq4zQOFS2AoOW6veJhPpaz33PdvrUTPVvLxX/8vqxGdfcRARRbHjAVovGsUQmROnXaCQUZ0bOLaFMCXsrYlOqKDM2m5wN4etT9D/ploqkUrxqlQuN8jqOLJzBOVwCgSo04Aaa0AEGHB7gCZ6dO+fReXFeV60ZZz1zCj/gvH0C+6mNCg==</latexit>

T

<latexit sha1_base64="2VwskRhAhHFTiPGlP0HQhgawMKU=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KpNS+wAXBTcuK/QF7Thk0kwbmskMSUYZhv6HGxeKuPVf3Pk3ZtoKKnrgwuGce7n3Hi/iTGnb/rBya+sbm1v57cLO7t7+QfHwqKfCWBLaJSEP5cDDinImaFczzekgkhQHHqd9b3aV+f07KhULRUcnEXUCPBHMZwRrI9123BETvk7gJey4gVss2WXbthFCMCOoXrMNaTYbFdSAKLMMSmCFtlt8H41DEgdUaMKxUkNkR9pJsdSMcDovjGJFI0xmeEKHhgocUOWki6vn8MwoY+iH0pTQcKF+n0hxoFQSeKYzwHqqfnuZ+Jc3jLXfcFImolhTQZaL/JhDHcIsAjhmkhLNE0MwkczcCskUS0y0CapgQvj6FP5PepUyqpUvbqqlVnUVRx6cgFNwDhCogxa4Bm3QBQRI8ACewLN1bz1aL9brsjVnrWaOwQ9Yb5/QsZIN</latexit>

T1 < Tm

<latexit sha1_base64="a576MRMUeFGyGa9h5bVfdI1VgyA=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZrkFvHiMmA2SIfR0OkmTnoXuHiEM+QQvHhTx6hd582/sSSKo6IOCx3tVVNXzIim0wfjDyWxsbm3vZHdze/sHh0f545OODmPFeJuFMlQ9j2ouRcDbRhjJe5Hi1Pck73qz69Tv3nOlRRi0zDzirk8ngRgLRo2V7lpDMcwXcBFjTAhBKSHVCrakXq+VSA2R1LIowBrNYf59MApZ7PPAMEm17hMcGTehyggm+SI3iDWPKJvRCe9bGlCfazdZnrpAF1YZoXGobAUGLdXvEwn1tZ77nu30qZnq314q/uX1YzOuuYkIotjwgK0WjWOJTIjSv9FIKM6MnFtCmRL2VsSmVFFmbDo5G8LXp+h/0ikVSaV4dVsuNMrrOLJwBudwCQSq0IAbaEIbGEzgAZ7g2ZHOo/PivK5aM8565hR+wHn7BHW4jeY=</latexit>

Ti

Stefan condition

Sphere melts if 
<latexit sha1_base64="w+PDQwSk4NVHRXLR8CmQtCAMkKo="></latexit>

a < ac ⌘
2�Tm

⇢sL(Tm � T1)
<latexit sha1_base64="in5u+e2GffsQJ5tZKeQIrYkN0hs="></latexit>

⇡ 6 nm for �T ⇡ 10�C

Note
<latexit sha1_base64="a+vw9ivfy4YXAVy3K5hcp5Gijlo=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoPgKfRkz0EIKOgxQhYhCaGm0zFNumeG7h4hhuCvePGgiFf/w5t/Y2cRVPRBweO9KqrqeaHg2hDy4cSWlldW1+LriY3Nre2d5O5eQweRoqxOAxGoaw80E9xndcONYNehYiA9wZre8GzqN2+Z0jzwa2YUso6EG5/3OQVjpW7yoH0BUgI+xdCl7XMmDOBaN5kiaVLIl7MEk3SeuMVy2RJCCqVsBruWTJFCC1S7yfd2L6CRZL6hArRuuSQ0nTEow6lgk0Q70iwEOoQb1rLUB8l0Zzy7foKPrdLD/UDZ8g2eqd8nxiC1HknPdkowA/3bm4p/ea3I9EudMffDyDCfzhf1I4FNgKdR4B5XjBoxsgSo4vZWTAeggBobWMKG8PUp/p80Mmm3kM5f5VKV3CKOODpER+gEuaiIKugSVVEdUXSHHtATenbunUfnxXmdt8acxcw++gHn7RMPL5RR</latexit>

� = ac�T

<latexit sha1_base64="cGMxwpK8lT/eqzQ/qcoJth3rpac="></latexit>

⇢L
da

dt
= k

Ti � T1
a

<latexit sha1_base64="00NtFpnoEksDNnj4dQW+tBJQet0="></latexit>

= k


(Tm � T1)

1

a
� 2�Tm

⇢sL

1

a2

�



Morphological Stability

<latexit sha1_base64="TBmnZqE5WlMe3cHg3VWMx1w84Lg=">AAAB83icdVDLSgMxFM3UV62vqks3wSJUkGEqtboRCm5cVrAP6Awlk2ba0ExmSO6IdehvuHGhiFt/xp1/Y6at4PPA5R7OuZfcHD8WXIPjvFu5hcWl5ZX8amFtfWNzq7i909JRoihr0khEquMTzQSXrAkcBOvEipHQF6ztjy4yv33DlOaRvIZxzLyQDCQPOCVgJPfu3GVAyrdHGA57xZJj15wM+Dep2NPulNAcjV7xze1HNAmZBCqI1t2KE4OXEgWcCjYpuIlmMaEjMmBdQyUJmfbS6c0TfGCUPg4iZUoCnqpfN1ISaj0OfTMZEhjqn14m/uV1EwjOvJTLOAEm6eyhIBEYIpwFgPtcMQpibAihiptbMR0SRSiYmAomhM+f4v9J69iu1OyTq2qpXp3HkUd7aB+VUQWdojq6RA3URBTF6B49oicrsR6sZ+tlNpqz5ju76Bus1w/H7pDW</latexit>

z = ⌘(x, t)

<latexit sha1_base64="jO71X801IMkGTbhIeZbw5cr5eIE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfFyEgBePEc0DkiXMTjrJkNnZZWZWiEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDP1m4+oNI/kgxnH6Id0IHmfM2qsdP907XaLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJ46zsXZTP7yqlaiWLIw9HcAyn4MElVOEWalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/2ImNew==</latexit>

z = 0

<latexit sha1_base64="3mI/xbPR5eYuv4YgHb98Lx4bS+M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1W9bNYq9VoeRxFO4BTOwYNrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALG7jNY=</latexit>

V

<latexit sha1_base64="dbZ6e4J91pfS4CGvt+81xOukHcM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4KkmpfewKblxW7AvaoWTStA1NMkOSEcrQT3DjQhG3fpE7/8ZMW0FFD1w4nHMv994TRIIbi9CHl9nY3Nreye7m9vYPDo/yxycdE8aasjYNRah7ATFMcMXallvBepFmRAaCdYPZdep375k2PFQtO4+YL8lE8TGnxDrprjWUw3wBFRFCGGOYElytIEfq9VoJ1yBOLYcCWKM5zL8PRiGNJVOWCmJMH6PI+gnRllPBFrlBbFhE6IxMWN9RRSQzfrI8dQEvnDKC41C7UhYu1e8TCZHGzGXgOiWxU/PbS8W/vH5sxzU/4SqKLVN0tWgcC2hDmP4NR1wzasXcEUI1d7dCOiWaUOvSybkQvj6F/5NOqYgrxavbcqFRXseRBWfgHFwCDKqgAW5AE7QBBRPwAJ7Asye8R+/Fe121Zrz1zCn4Ae/tE3vIjeo=</latexit>

Tm

<latexit sha1_base64="2VwskRhAhHFTiPGlP0HQhgawMKU=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KpNS+wAXBTcuK/QF7Thk0kwbmskMSUYZhv6HGxeKuPVf3Pk3ZtoKKnrgwuGce7n3Hi/iTGnb/rBya+sbm1v57cLO7t7+QfHwqKfCWBLaJSEP5cDDinImaFczzekgkhQHHqd9b3aV+f07KhULRUcnEXUCPBHMZwRrI9123BETvk7gJey4gVss2WXbthFCMCOoXrMNaTYbFdSAKLMMSmCFtlt8H41DEgdUaMKxUkNkR9pJsdSMcDovjGJFI0xmeEKHhgocUOWki6vn8MwoY+iH0pTQcKF+n0hxoFQSeKYzwHqqfnuZ+Jc3jLXfcFImolhTQZaL/JhDHcIsAjhmkhLNE0MwkczcCskUS0y0CapgQvj6FP5PepUyqpUvbqqlVnUVRx6cgFNwDhCogxa4Bm3QBQRI8ACewLN1bz1aL9brsjVnrWaOwQ9Yb5/QsZIN</latexit>

T1 < Tm

Perturb interface
<latexit sha1_base64="58ZaQGqjxyYOwqz8kks1qRtJGMQ="></latexit>

z = ⌘ = ⌘0e
i↵x+�t

Perturbed temperature field

Quasi-stationary perturbation
Large wavenumber
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Morphological Stability

Snowflakes cling to a car window in Alaska. Research shows that the shape of each flake
determines how it falls. Photograph: M. Scott Moon/AP

Weatherwatch
Meteorology Weatherwatch: how, when and why

does a snowflake fall?
Scientists have used 3D printing to create varying shapes of
snowflakes and study how their individual structure affects
their behaviour

Kate Ravilious
@katerav

Fri 15 Feb 2019 21.30 GMT
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At 48, I should be inspired

The free press is under attack from multiple forces. Media outlets are
closing their doors, victims to a broken business model. In much of the
world, journalism is morphing into propaganda, as governments dictate
what can and can’t be printed. In the last year alone, hundreds of reporters
have been killed or imprisoned for doing their jobs. The UN reports that
85% of the world’s population experienced a decline in press freedom in
their country in recent years. 

Next week marks the 30th annual World Press Freedom Day, a day for
everyone to reflect on the importance of free expression as fundamental
for all other rights. It is also an opportunity to pledge support for
independent media – because without a robust and free press, a healthy

A bout 85% of precipitation in the UK started life as an ice crystal or
snowflake. Most turn to rain as they fall (the UK has an average of
just 23.7 days of snow or sleet each year) and many prefer to drift
around, creating overcast days. Predicting when a cloud will

dump its load is hard, but new experiments are showing that snowflake
geometry plays an important role.

Hefty snowflakes fall quickly through the air, whilst delicate ice crystals tend
to take their time. Understanding the aerodynamics of how ice crystals fall is
an important part of climate modelling, because some ice crystals help
clouds hang around for longer, reflecting more sunlight back into space. But
snowflakes and ice crystals are difficult to study: they are small, they come in
lots of shapes and sizes, and they tend to break or melt when you touch
them.

Mark McCorquodale and his colleagues at the University of Reading have
overcome this problem by 3D printing a batch of snowflakes of varying
shapes and creating snowstorms in the lab. So far they have found that the
more open snowflake shapes fall much more slowly than we thought. Now
they are investigating how different flakes tumble as they fall.

The Guardian.  Photograph M. Scott Moon/AP
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Fig. 1 - - T h e  microstructures of samples with Sn-rich coarsening phase at t h = 0,64 as a function of time. The top row is at constant magnification; 
the bottom row is at variable magnification and illustrates scale factor coarsening. 

rich particles of 0.64. The top row of pictures is at constant 
magnification (100x) and illustrates a typical coarsening 
process, i .e . ,  an increase in average particle size and 
decrease in number of particles per unit volume as time in- 
creases. Many of the particle morphologies shown in Fig- 
ure 1 are not spherical. Because the interfacial energy is 
nearly isotropic, as illustrated by the spherical liquid inclu- 
sions in some of the solid particles, it is necessary to con- 
sider other causes for the nonsphericity of the particles. 
One possible explanation is that the nonspherical shapes are 
due to interparticle diffusional interactions between the par- 
ticles. Detailed numerical free-boundary calculations using 
particle arrangements similar to that shown in Figure 1 sup- 
port this view. t141 Although the nonspherical shapes may re- 
sult from this dynamic process of interparticle mass flow, it 
is not possible to rule out on the basis of these experiments 
the classical interparticle contact stress mechanism for fiat 
formation. [15] 

The microstructures shown in the bottom row are of the 
same samples as the corresponding pictures above, but the 
magnification has been multiplied by the ratio of the inter- 

cept length at time t to the intercept length at t = 75 min- 
utes. This process effectively scales the absolute size of the 
microstructures by the average intercept length, L. The 
striking result of this process is that the microstructures in 
this second sequence are qualitatively identical in the pro- 
jected average particle size, shape, and arrangement. The 
only major change in the scaled micrographs is a loss of 
resolution of the solidified eutectic at lower magnification. 
The similarity of the scaled micrographs implies that during 
the coarsening process only one length scale is important, 
L. The entire evolution of the microstructure is governed 
solely by the time kinetics of the average intercept length. 

The similarity of the micrographs under a scaled magni- 
fication agrees with the theoretical prediction of both LSW 
and the current statistical theories in that, after a transient 
period, the particle radii distribution is time invariant if the 
particle radii are normalized by the mean radius; Ostwald 
ripening in this regime is described as scale factor coarsen- 

il 16] ing. ' However, there are aspects of the coarsening process 
illustrated in Figure 1 which are somewhat surprising. The 
similarity of the first picture in the sequence at 5 minutes to 

METALLURGICAL TRANSACTIONS A VOLUME 19A, NOVEMBER 1988--2715 

Ostwald Ripening

Hardy & Voorhees, Met. Trans. A 1988



Ostwald Ripening

Mean radius

Mean temperature
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ȧ = k

Tm � T

a
� 2k

�

a2

<latexit sha1_base64="Iy0ZMA8MOJ+ELOVV2OoOl5iAVV4="></latexit>

⇢L
a

t
⇠ k

�T

a
⇠ k

�

a2

<latexit sha1_base64="AOTKIJddDb/X3CCPYljOK+rN+U4="></latexit>

a ⇠
✓
k�

⇢L
t

◆1/3
<latexit sha1_base64="nrgnWd38uVJLGg8nkdP1f+TGgUQ="></latexit>

�T ⇠
✓

k�

⇢L�2
t

◆�1/3



<latexit sha1_base64="52TmjLPRkFPi36Ah1FiSTV9toDE="></latexit>r
t

S ⌧
p
t

Summary

Diffusion-controlled solidification has thickness proportional to 
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At large Stefan number, thickness is proportional to 

which allows use of the quasi-stationary approximation

Rapid solidification is limited by molecular kinetics, giving 
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Ti < Tm

Solidification into a supercooled melt is morphologically unstable

Surface energy mitigates morphological instability and ultimately leads to coarsening



Snow<akes is a term used today to described over-
sensitive people Credit: Getty Images - Getty

What does the term snow<ake mean?
Other than frozen rain, a "snowCake" is a term used
to describe an overly sensitive person who thinks
the world revolves around them.

SnowCakes gasp in horror when they hear an
opinion they don't like, and believe they have a
right to be protected from anything unpalatable.

Today's generation of sensitive uni students are
often labelled snowCakes because they receive
"trigger warnings" on books and lectures that
might contain upsetting subjects.

SnowCake youngsters were horriJed at un-PC jokes
in the 90s sitcom Friends, which they saw for the
Jrst time when it was released on NetCix. And the
term was also used when people began
complaining about old James Bond Jlms starring
Sean Connery.

The name comes from the phrase "special
snowCake", meaning somebody who is self-
obsessed and fragile, easily oUended, or unable to
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