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Navier-Stokes Eq.

Incompressible flow

Mass conservation

Restricting to 2D and introducing the streamfunction

one gets

One can finally combine above equations inwhere

Basic equations

however, N will be taken constant in the remainder of the paper. In some studies, to ease

greatly the theoretical analysis, this approximation that looks drastic at first sight can be

relaxed when N changes smoothly by relying on the WKB approximation.

The equations of motion can be written as a dynamical system for the perturbed buoy-

ancy field b = btot � b0 and the three components of the velocity field u = (ux,uy,uz):

r · u = 0, (1)

@tu+ u ·ru = �
1
⇢ref

rp+ bez + ⌫r2u, (2)

@tb+ u ·rb+ uzN
2 = 0. (3)

with p(r, t) the pressure variation with respect to the hydrostatic equilibrium pressure

P0(z) = P0(0) �
R

z

0
⇢0(z

0)gdz0, and ⌫ the kinematic viscosity. We have also neglected the

molecular di↵usivity, that would imply a term Dr
2b in the r.h.s. of Equation (3), with

D the di↵usion coe�cient of the stratifying element (molecular di↵usivity for salt, thermal

di↵usivity for temperature). The importance of the dissipative terms with respect to the

nonlinear ones are described by the Reynolds UL/⌫ and the Peclet numbers UL/D, with U

and L typical velocity and length scales, or equivalently by the Reynolds number and the

Schmidt number ⌫/D. In many geophysical situations, both Reynolds and Peclet numbers

are large, and molecular e↵ects can be neglected at lowest order. In such cases, the results

do not depend on the Schmidt number. In laboratory settings, the Peclet is often also

very large, at least when the stratification agent is salt, in which case D ⇡ 10�9 m2
·s�1.

However, the viscosity of water is ⌫ ⇡ 10�6 m2
·s�1, and the corresponding Reynolds number

are such that viscous e↵ects can play an important role, as we will see later.

Let us first consider the simplest case of two-dimensional flow, which is invariant in the

transverse y-direction. The non-divergent two-dimensional velocity field is then conveniently

expressed in terms of a streamfunction  (x, z) as u = (@z , 0,�@x ). Introducing the

Jacobian J( , b) = @x @zb � @xb @z , the dynamical system (1), (2) and (3) is expressed

as

@tr
2 + J(r2 , ) = �@xb+ ⌫r4 . (4)

@tb+ J(b, )�N2@x = 0. (5)

Di↵erentiating Equation (4) with respect to time and Equation (5) with respect to the

spatial variable x, and subtracting the latter from the former, one gets finally

@ttr
2 +N2@xx = ⌫r4@t + @tJ( ,r

2 ) + @xJ(b, ), (6)

describing the nonlinear dynamics of non-rotating non-di↵usive viscous stratified fluids in

two dimensions.

2.2. Linear Approximation

In the linear approximation, assuming vanishing viscosity, the right-hand side of Equa-

tion (6) immediately vanishes leading to the following wave equation for the streamfunction

@ttr
2 +N2@xx = 0. (7)

This equation is striking for several reasons. First, its mathematical structure is clearly dif-

ferent from the traditional D’Alembert equation. Indeed, the spatial di↵erentiation appears
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tures (Alexander 2003). Oceanic wave beams arise from the interaction of the barotropic

tide with sea-floor topography, as has been recently studied theoretically and numerically

(Khatiwala 2003; Lamb 2004; Maugé & Gerkema 2008), taking into account transient,

finite-depth and nonlinear e↵ects, ignored in the earlier seminal work by Bell (1975). The

importance of those beams has also been emphasized recently in quantitative laboratory

experiments (Gostiaux & Dauxois 2007; King, Zhang & Swinney 2009; Peacock, Echeverri

& Balmforth 2008). From these di↵erent works, it is now recognized that internal wave

beams are ubiquitous in the geophysical context.

The interest for internal gravity beams resonates with the usual pedagogical introduction

to internal waves, the Saint Andrew’s cross, which comprises four beams generated by

oscillating a cylinder in a stratified fluid (Mowbray & Rarity 1967). Thorough studies of

internal wave beams can be found in Voisin (2003). Moreover, Tabaei & Akylas (2003)

have realized that an inviscid uniformly stratified Boussinesq fluid supports time-harmonic

plane waves invariant in one transverse horizontal direction, propagating along a direction

determined by the frequency (and the medium through the buoyancy frequency and the

Coriolis parameter), with a general spatial profile in the cross-beam direction. These wave

beams are not only fundamental to the linearized dynamics but, like sinusoidal wavetrains,

happen to be exact solutions of the nonlinear governing equations. Remarkably, Tabaei &

Akylas (2003) showed that the steady-state similarity linear solution for a viscous beam

(Thomas & Stevenson 1972) is also valid in the nonlinear regime. In light of the recent

experimental and analytical studies of those internal gravity wave beams, it is thus timely

to study their stability properties.

The structure of the review is the following. First, in section 2, we introduce the subject

by presenting concepts, governing equations and approximations that lead to the description

of gravity waves in stratified fluids. We dedicate a special emphasis on the peculiar role

of nonlinearities to explain why internal gravity wave beams are ubiquitous solutions in

oceans and middle atmospheres. Then, in section 3, we discuss the classic triadic resonant

instability that corresponds to the destabilization of a primary wave with the spontaneous

emission of two secondary waves, of lower frequencies and di↵erent wave vectors. In addition

to the simple case of plane waves, we discuss in detail the generalization to wave beams

with a finite width. Section 4 is dedicated to the streaming instability, the second important

mechanism for the instability of internal gravity waves beams through the generation of a

mean flow. Finally, in section 5, we draw some conclusions and discuss main future issues.

2. THE DYNAMICS OF STRATIFIED FLUIDS AND ITS SOLUTIONS

2.1. Basic Equations

Let us consider an incompressible non rotating stratified Boussinesq fluid in Cartesian co-

ordinates (ex,ey,ez) where ez is the direction opposite to the gravity. The Boussinesq

approximation amounts to neglecting density variations with respect to a constant refer-

ence density ⇢ref , except when those variations are associated with the gravity term g.

The relevant field to describe the e↵ect of density variations is then the buoyancy field

btot = g (⇢ref � ⇢) /⇢ref , with ⇢(r, t) the full density field, r=(x,y,z) the space coordinates

and t the time coordinate. Let us call ⇢0(z) the density of the flow at rest, with buoyancy fre-

quency N(z) = (�g (@z⇢0) /⇢ref)
1/2. The corresponding buoyancy profile g (⇢ref � ⇢0) /⇢ref

is denoted b0. The buoyancy frequency N varies in principle with the depth z. In the ocean,

N is rather large in the thermocline and weaker in the abyss. For the sake of simplicity,
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Different from the D’Alembert’s equationr2 tt + N2 xx = 0

Plane wave solution

 =  0 ei(~k.~r�!t)

Unusual wave equation: Linear Approximation

at second order in both terms. Time-harmonic plane waves with frequency !, wavevector

k = (`, 0,m) and wavenumber k = |k| = (`2 +m2)1/2 are solutions of Equation (7), if the

dispersion relation for internal gravity waves

! = ±N
`
k
= ±N sin ✓, (8)

is satisfied. ✓ is the angle between wavenumber k and the vertical.

Plane wave solution:
 0 ei(k·r�!t) + c.c.
where c.c. denotes
complex conjugate

The second important remark is that contrary to the usual concentric waves emitted

from the source of excitation when considering the D’Alembert equation, here four di↵er-

ent directions of propagation are possible depending on the sign of ` and m. This is an

illustration of the anisotropic propagation due to the vertical stratification. This remark

is particularly relevant here since one sees that the anisotropy is at the very origin of the

existence of beams for internal waves, the focus of this review.

The third remarkable property is that the dispersion relation features the angle of

propagation rather than the wavelength, emphasizing a clear di↵erence between internal

waves and surface waves. This is also a crucial property for this review since it will allow

us to define beams with a general profile, rather than with a single wavenumber.

2.3. Nonlinear Terms

2.3.1. Plane Wave Solutions. It is striking and pretty unusual that plane waves are solu-

tions of the inviscid nonlinear equation (6) even for large amplitudes. Indeed, the stream-

function of the plane wave solution is a Laplacian eigenmode, with r
2 = �k2 . Con-

sequently, the first Jacobian term vanishes in Equation (6). Equation (4) leads therefore

to the so-called polarization relationship b = �

�
N2`/!

�
 ⌘ P , with P the polarization

prefactor. Consequently, the second Jacobian in (6) vanishes: J( ,P ) = 0. To conclude,

both nonlinear terms in Equation (6) vanish for plane wave solutions, that are therefore

solutions of the nonlinear equation, for any amplitude.

2.3.2. Internal Wave Beams. Since the frequency ! is independent of the wavenumber,

it is possible to devise more general solutions, time-harmonic with the same frequency !,

by superposing several linear solutions associated to the same angle of propagation, but

with di↵erent wavenumbers k (McEwan 1973; Tabaei & Akylas 2003). Introducing the

cross-beam direction ⌘ = x sin ✓ + z cos ✓, perpendicular to the direction of propagation

⇠ = x cos ✓ � z sin ✓ (see Figure 1) the plane wave solution can be written as

 (x, y, z, t) =  0 e
i`x+imz�i!t + c.c. =  0 e

ik⌘ e�i!t + c.c. , (9)

since ` = k sin ✓ and m = k cos ✓. If one introduces Q(⌘) = ik 0e
ik⌘, one obtains the

velocity field u = Q(⌘)(cos ✓, 0,� sin ✓)e�i!t + c.c. and the buoyancy perturbation b =

�i(P/k)Q(⌘)e�i!t + c.c. .

One can actually obtain a wider class of solutions by considering an arbitrary complex

amplitude Q(⌘). Indeed, the fields u and b do not depend on the longitudinal variable ⇠.

Consequently, after the change of variables, the Jacobians, which read J( , b) = @⇠ @⌘b�

@⌘b @⇠ , simply vanish, making the governing equations linear. As discussed in Tabaei,

Akylas & Lamb (2005), note that uni-directional beams, in which energy propagates in

one direction, involve plane waves with wavenumbers of the same sign only.

Internal wave beam:
Superposition of
time-harmonic plane
waves with an
arbitrary profile in
the cross-beam
direction.

We see that the class of propagating waves that are solutions of the nonlinear dynamics

in a Boussinesq stratified fluid is much more general than plane wave solutions: there
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illustration of the anisotropic propagation due to the vertical stratification. This remark

is particularly relevant here since one sees that the anisotropy is at the very origin of the

existence of beams for internal waves, the focus of this review.

The third remarkable property is that the dispersion relation features the angle of

propagation rather than the wavelength, emphasizing a clear di↵erence between internal

waves and surface waves. This is also a crucial property for this review since it will allow

us to define beams with a general profile, rather than with a single wavenumber.

2.3. Nonlinear Terms

2.3.1. Plane Wave Solutions. It is striking and pretty unusual that plane waves are solu-

tions of the inviscid nonlinear equation (6) even for large amplitudes. Indeed, the stream-

function of the plane wave solution is a Laplacian eigenmode, with r
2 = �k2 . Con-

sequently, the first Jacobian term vanishes in Equation (6). Equation (4) leads therefore

to the so-called polarization relationship b = �
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 ⌘ P , with P the polarization

prefactor. Consequently, the second Jacobian in (6) vanishes: J( ,P ) = 0. To conclude,

both nonlinear terms in Equation (6) vanish for plane wave solutions, that are therefore

solutions of the nonlinear equation, for any amplitude.

2.3.2. Internal Wave Beams. Since the frequency ! is independent of the wavenumber,

it is possible to devise more general solutions, time-harmonic with the same frequency !,

by superposing several linear solutions associated to the same angle of propagation, but

with di↵erent wavenumbers k (McEwan 1973; Tabaei & Akylas 2003). Introducing the

cross-beam direction ⌘ = x sin ✓ + z cos ✓, perpendicular to the direction of propagation

⇠ = x cos ✓ � z sin ✓ (see Figure 1) the plane wave solution can be written as

 (x, y, z, t) =  0 e
i`x+imz�i!t + c.c. =  0 e

ik⌘ e�i!t + c.c. , (9)

since ` = k sin ✓ and m = k cos ✓. If one introduces Q(⌘) = ik 0e
ik⌘, one obtains the
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�i(P/k)Q(⌘)e�i!t + c.c. .

One can actually obtain a wider class of solutions by considering an arbitrary complex

amplitude Q(⌘). Indeed, the fields u and b do not depend on the longitudinal variable ⇠.

Consequently, after the change of variables, the Jacobians, which read J( , b) = @⇠ @⌘b�

@⌘b @⇠ , simply vanish, making the governing equations linear. As discussed in Tabaei,

Akylas & Lamb (2005), note that uni-directional beams, in which energy propagates in

one direction, involve plane waves with wavenumbers of the same sign only.
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amplitude Q(⌘). Indeed, the fields u and b do not depend on the longitudinal variable ⇠.
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cross-beam direction ⌘ = x sin ✓ + z cos ✓, perpendicular to the direction of propagation
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ik⌘ e�i!t + c.c. , (9)
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amplitude Q(⌘). Indeed, the fields u and b do not depend on the longitudinal variable ⇠.

Consequently, after the change of variables, the Jacobians, which read J( , b) = @⇠ @⌘b�

@⌘b @⇠ , simply vanish, making the governing equations linear. As discussed in Tabaei,

Akylas & Lamb (2005), note that uni-directional beams, in which energy propagates in

one direction, involve plane waves with wavenumbers of the same sign only.
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Unusual wave equation: Nonlinear

however, N will be taken constant in the remainder of the paper. In some studies, to ease

greatly the theoretical analysis, this approximation that looks drastic at first sight can be

relaxed when N changes smoothly by relying on the WKB approximation.

The equations of motion can be written as a dynamical system for the perturbed buoy-

ancy field b = btot � b0 and the three components of the velocity field u = (ux,uy,uz):

r · u = 0, (1)

@tu+ u ·ru = �
1
⇢ref

rp+ bez + ⌫r2u, (2)

@tb+ u ·rb+ uzN
2 = 0. (3)

with p(r, t) the pressure variation with respect to the hydrostatic equilibrium pressure

P0(z) = P0(0) �
R

z

0
⇢0(z

0)gdz0, and ⌫ the kinematic viscosity. We have also neglected the

molecular di↵usivity, that would imply a term Dr
2b in the r.h.s. of Equation (3), with

D the di↵usion coe�cient of the stratifying element (molecular di↵usivity for salt, thermal

di↵usivity for temperature). The importance of the dissipative terms with respect to the

nonlinear ones are described by the Reynolds UL/⌫ and the Peclet numbers UL/D, with U

and L typical velocity and length scales, or equivalently by the Reynolds number and the

Schmidt number ⌫/D. In many geophysical situations, both Reynolds and Peclet numbers

are large, and molecular e↵ects can be neglected at lowest order. In such cases, the results

do not depend on the Schmidt number. In laboratory settings, the Peclet is often also

very large, at least when the stratification agent is salt, in which case D ⇡ 10�9 m2
·s�1.

However, the viscosity of water is ⌫ ⇡ 10�6 m2
·s�1, and the corresponding Reynolds number

are such that viscous e↵ects can play an important role, as we will see later.

Let us first consider the simplest case of two-dimensional flow, which is invariant in the

transverse y-direction. The non-divergent two-dimensional velocity field is then conveniently

expressed in terms of a streamfunction  (x, z) as u = (@z , 0,�@x ). Introducing the

Jacobian J( , b) = @x @zb � @xb @z , the dynamical system (1), (2) and (3) is expressed

as

@tr
2 + J(r2 , ) = �@xb+ ⌫r4 . (4)

@tb+ J(b, )�N2@x = 0. (5)

Di↵erentiating Equation (4) with respect to time and Equation (5) with respect to the

spatial variable x, and subtracting the latter from the former, one gets finally

@ttr
2 +N2@xx = ⌫r4@t + @tJ( ,r

2 ) + @xJ(b, ), (6)

describing the nonlinear dynamics of non-rotating non-di↵usive viscous stratified fluids in

two dimensions.

2.2. Linear Approximation

In the linear approximation, assuming vanishing viscosity, the right-hand side of Equa-

tion (6) immediately vanishes leading to the following wave equation for the streamfunction

@ttr
2 +N2@xx = 0. (7)

This equation is striking for several reasons. First, its mathematical structure is clearly dif-

ferent from the traditional D’Alembert equation. Indeed, the spatial di↵erentiation appears
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: The buyoancy

• Uniform beams, regardless of their transversal profile, are also 
exact NL solutions.
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filtered at the excitation frequency ! the time series of the
density gradient field over one experimental tidal period !see
Ref. 13 for more details about this method".

An internal tide is clearly seen to emanate from the up-
per part of the slope and radiate away from the shelf-break in
both directions. However, it is important to stress the absence
of a third beam radiated transversely to the topography. This
contradicts Baines’ analytical theory2 in which this third
beam reflects on the surface and is present in the general
solution for the downward propagating wave. The explana-
tion presumably lies in the presence of a singular point in
Baines’ case or in St. Laurent et al. numerical simulation.9 In

numerical experiments with a smooth slope and a typically
shallow continental shelf,4 no such beam was found and the
presence of this third beam was already ambiguous in previ-
ous experiments.14

The amplitude of the vertical density gradient is given in
terms of variations of the squared Brunt-Väisälä frequency.
If one considers the original value of N2=0.66 rad2 /s2, the
measured amplitude of "N2= ±0.005 rad2 /s2 for the internal
wave is a very small perturbation of the original stratifica-
tion. Using the mass conservation relation

i!!# − #̄" = w
d#̄

dz
, !1"

where # is the perturbated density, #̄!z" is the initial density,
and w is the vertical density, we obtain typical vertical ve-
locities of order ±0.11 mm/s, corresponding to vertical dis-
placements of ±0.15 mm. This is one of the interests of the
synthetic Schlieren technique that allows us to measure very
weak perturbations of the buoyancy field and thus to inves-
tigate weakly nonlinear regimes. This vertical amplitude has
to be compared to the barotropic elevation of the water in-
duced by the forcing. The paddle oscillates with an A
=0.5 cm amplitude, and the width of the free water volume
in the tank is 90 cm for a height of H=12 cm. The corre-
sponding elevation of the water at the level of the slope is
thus "H=0.7 mm. The baroclinic component observed is
thus still a perturbation of the barotropic tide.

To the right of the generation point C, energy propaga-
tion is downward, while to the left it is upward. As a conse-
quence of the internal waves propagation law for which
group and phase velocities are orthogonal with opposite ver-
tical components, phase propagation is thus upward to the
right and downward to the left. One can conclude from this
simple observation that the phase has to rotate around C,
which is therefore an amphidromic point. Our filtering tech-
nique allows us to evaluate the phase of the wave,13 which is
plotted in Fig. 2!b". One can clearly see that the isophase
lines converge on a single point previously referred to as the
generation point C, around which the phase rotates
uniformly.

Whereas the location and the inclination of the internal
tide are well understood, the selection mechanism of the
width of the beam was not yet clearly identified by previous
studies. Several length scales can be considered in this prob-
lem. The first one corresponds to the thickness of the oscil-
lating boundary layer $= !% /!"1/2, where % is the kinematic
viscosity. In the present case, $=1.8 mm. The second one is
the local radius of curvature of the continental shelf R
=3.3 cm. Finally, the dimensions of the shelf itself !h,H , . . ."
that play a role2 in the “flat-bump” geometry for which &
'( happen to be irrelevant in the configuration of a steep
topography.

Our understanding18 is directly inspired from the genera-
tion of internal waves by oscillating cylinders. One can
therefore try to draw an analogy between the internal tide
generation by a curved static topography of a given radius of
curvature R and the internal waves generation by an oscillat-
ing cylinder of the same radius R in a stratified fluid.

FIG. 1. Sketch of the experimental setup. A PVC plate is oscillating between
the solid and dashed oblique lines indicated on the right, creating the tide.
The continental shelf consists of two planar PVC plates connected by a
quarter of cylinder of radius R=3.3 cm. The upper plate is nearly horizontal,
while the down-going one makes an angle &=78° with the horizontal. The
aspect ratio h/H is 2/3, for a total water height h+H=19 cm. The critical
point C indicates the location where the internal tide generation is supposed
to occur, i.e., where the internal beam inclined at an angle (=23° with the
horizontal tangent to the topography. The dotted rectangle indicates the zone
captured by the camera and presented in Fig. 2!a".

FIG. 2. !Color online" Panel !a" presents the two-dimensional vertical den-
sity gradient, while panel !b" shows the phase. Both plots have been aver-
aged over one tidal period of the experiment around t=3 T. Horizontal and
vertical distances are in cm. The generation point C appears to be an am-
phidromic point around which the phase of the wave rotates.
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Plate 1. Contours of turbulence kinetic energy dissipation rate " during the first along-ridge section. Ticks at the
top mark advanced microstructure profiler (AMP) drops, and white contour lines denote constant potential density
æµ at intervals of 0.1 kg m°3. The thicker white lines are æµ = 26.1 and 26.6 kg m°3. The ray path of the M2

internal tide emanating from the shelf break was calculated using an averaged vertical profile of buoyancy frequency
N (thick solid black curve) (equation (1)). The M2 characteristics including the eÆect of a horizontal stratification
Nx = 10°4 s°1 and a horizontal velocity gradient @xV = 10°5 s°1 (equation (2)) are identical to the solid curve.
The dashed black line denotes the M2 characteristics including the eÆect of mean vertical shear of a magnitude
of 0.001 s°1 (equation (3)). Black arrows represent acoustic Doppler current profiler (ADCP) horizontal velocity
vectors. We have rotated the velocity vector so that the positive x component of velocity denotes the along-ridge
onshore velocity and the positive y component velocity denotes the northwestward across-ridge velocity. The red
arrows at the top mark locations of the profiles shown in Figure 2.
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Internal Wave Attractor
Experimental setup:

2D flow

Generator profile: ⌘(z, t) = a cos(⇡z/H) cos(!t)
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Experimental result

Wave generator Isopycnals shown with fluoresceine
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Balance between viscous damping and focusing.
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C. BROUZET et al.

FIG. 6. (a) Width σ of branch 1 as a function of time, for the same three experiments as in Fig. 5. (b) Ratio
between the width σ and the wavelength λ of branch 1 as a function of time. The dashed black lines show the
time where the wave maker has been stopped. The symbols are the same as the ones in Fig. 5.

4. Scaling in the linear steady-state regime

Let us now consider in more detail the scaling for the width of the attractor in the linear steady-state
regime given by Eq. (5). Figure 7 shows a comparison between two attractors, one in the small tank
(left panel) and the other one in the large tank (right panel), both observed using SyS. The two
attractors have reasonably close (d,τ ) parameters but different scales. The horizontal and vertical
scales of the trapezoid in Fig. 7(a) are approximately 3 times smaller than the ones in Fig. 7(b).
Thus, plotting these two attractors with the same dimension in Fig. 7 is equivalent to normalizing
them. The horizontal density gradient fields are represented after filtering in frequency around ω0
and a normalization by the maximal amplitude of the branch 1. Therefore, the color bar is the same
for the two attractors and lies in the range [0–1]. According to Eq. (5), the width of the small tank
attractor [Fig. 7(a)] appears larger than the width of the large tank attractor [Fig. 7(b)]. The width
measurements made by cutting branch 1 of both attractors at the same distance from the virtual
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FIG. 7. |∂ρ ′/∂x| filtered around ω0 and normalized by the amplitude of the branch 1 for attractors made in
the small (a) and large (b) tanks. (d,τ ) = (0.38,1.85) for (a) and (d,τ ) = (0.52,1.83) for (b).

114803-10

Brouzet, Sibgatullin, Ermanyuk, Joubaud, Dauxois, Phys. Rev. Fluids 2, 114803 (2017).

Small tank Large tank

Scaling law ? Towards realistic applications.



I.Sibgatullin

Model: Navier-Stokes in Boussinesq approximation + continuity + salt transport
Method: spectral elements 2D and 3D, code Nek5000 (Fischer & Ronquist 1994)
BC: no-slip at rigid walls, stress-free at free surface

Numerical Calculations

Brouzet, Sibgatullin, Scolan, Ermanyuk, Dauxois JFM 793, 109-131(2016)
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Figure 2. Experimental (a) and numerical (b) snapshots of the horizontal density gradient at
t = 50 T0. The amplitude of the wave maker is a = 2 mm for the experiment and a = 1.8 mm for
the simulation. Both attractors are stable. Note that the shade (color online) scale is the same
in both panels. The small black quadrilateral defines the acquisition region used for computing
the time-frequency spectrum presented in figure 4. The wave frequency is !0/N = 0.62± 0.01.
Experimental (c) and numerical (d) horizontal density gradients as a function of the time, for
a point located on the most energetic branch within the black trapezoid depicted in panels (a)
and (b). In the calculation we take a piecewise linear approximation of the experimental density
profile, with the lower layer of depth H

0 = 308 mm and buoyancy frequency N , and the upper
layer of depth � = 18 mm with a density gradient 8 times smaller. The total depth of fluid
H = H

0 + � = 326 mm.

3.2. An unstable attractor

As the amplitude of oscillations of the wave generator increases, the attractor becomes
unstable. In what follows, we describe the comparison of the experimental and numerical
results for the onset of the triadic resonance instability. 2D simulations were also per-
formed and found to predict the instability to occur at the forcing amplitudes roughly
two times smaller than the experimental ones. This is due to the absence of lateral walls
in the 2D simulations. These walls introduce a significative dissipation in 3D simulations,
as demonstrated in subsection 4.5. In view of this quantitative discrepancy between 2D
and 3D simulations, in what follows we use the results of 3D calculations for compari-
son with the experiments. The experimental and numerical snapshots of the horizontal
density gradient field are presented in figure 3. The development of TRI is clearly seen
in the most energetic branch of the attractor. A very good quantitative and qualitative
agreement is again observed between the experimental and numerical wave fields. The
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Spatial resonance condition

The Triadic Resonant Instability (TRI) versus the Parametric Subharmonic Instability (PSI)

The classic Triadic Resonant Instability corresponds to the destabilization of a primary wave through the

spontaneous emission of two secondary waves. The frequencies and wave vectors of these three waves are

related by the spatial, k0 = k+ + k�, and the temporal, !0 = !+ + !�, resonance conditions, where the

indices 0 and ± refer respectively to the primary and secondary waves.

In the inviscid case, the most unstable triad corresponds to antiparallel, infinitely long secondary wave

vectors associated with frequencies which are both half of the primary wave frequency: !+ ' !� ' !0/2.

Because of the direct analogy with the parametric oscillator, this particular case defines the Parametric

Subharmonic Instability (PSI). This special case applies to many geophysical situations, and especially for

oceanic applications.

In laboratory experiments, viscosity plays an important role and the two secondary wave frequencies are

di↵erent. By abuse of language, some authors have sometimes extended the use of the name PSI to cases

for which secondary waves are not corresponding to half the forcing frequency. To avoid confusion, in the

general case, it is presumably more appropriate to use the acronym TRI.

X

j

[Ṙj � i!jRj � iN2`j j ]e
i(kj ·r�!jt) + c.c. = �J(b, ) , (11)

The left-hand sides represent the linear parts of the dynamics. Neglecting the nonlinear

terms, as well as the viscous terms and the temporal evolution of the amplitudes, one

recovers the polarization expression Rj = �(N2`j/!j) j and the dispersion relation !j =

N |`j |/
p
`2
j
+m2

j
. This linear system is resonantly forced by the Jacobian nonlinear terms

on the right-hand side when the waves fulfill a spatial resonance condition

k0 = k+ + k� (12)

and a temporal resonance condition

!0 = !+ + !� . (13)

The Jacobian terms in Equations (10) and (11) can then be written as the sum of a resonant

term that will drive the instability, plus some unimportant non resonant terms. Introducing

this result into Equation (10), one obtains three relations between  j and Rj for each mode

exp[i(kj · r � !jt)] with j = 0,+ or �. One gets

R± =
1
i`±

⇥
k2
±( ̇± � i!± ±) + ⌫k4

± ± + ↵± 0 
⇤
⌥
⇤
, (14)

where ↵± = (`0m⌥ � m0`⌥)(k
2
0 � k2

⌥). Here, one traditionally uses the “pump-wave”

approximation, which assumes that over the initial critical growth period of the secondary

waves, the primary wave amplitude,  0, remains constant and that the amplitude varies

slowly with respect to the period of the wave ( ̇j ⌧ !j j). Di↵erentiating the polarization

expression, cumbersome but straightforward calculations (Bourget et al. 2013) lead to first

order to

d ±

dt
= |I±| 0 

⇤
⌥ �

⌫
2
k2
± ±, (15)
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Temporal resonance condition

The Triadic Resonant Instability (TRI) versus the Parametric Subharmonic Instability (PSI)

The classic Triadic Resonant Instability corresponds to the destabilization of a primary wave through the

spontaneous emission of two secondary waves. The frequencies and wave vectors of these three waves are

related by the spatial, k0 = k+ + k�, and the temporal, !0 = !+ + !�, resonance conditions, where the

indices 0 and ± refer respectively to the primary and secondary waves.

In the inviscid case, the most unstable triad corresponds to antiparallel, infinitely long secondary wave

vectors associated with frequencies which are both half of the primary wave frequency: !+ ' !� ' !0/2.

Because of the direct analogy with the parametric oscillator, this particular case defines the Parametric

Subharmonic Instability (PSI). This special case applies to many geophysical situations, and especially for

oceanic applications.

In laboratory experiments, viscosity plays an important role and the two secondary wave frequencies are

di↵erent. By abuse of language, some authors have sometimes extended the use of the name PSI to cases

for which secondary waves are not corresponding to half the forcing frequency. To avoid confusion, in the

general case, it is presumably more appropriate to use the acronym TRI.

X

j
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Experimental & numerical setups
with rotating homogenous fluid

axisymmetric setup

Figure 2. Vertical component of velocity in the slice z = �15 cm, amplitude
a = 0.1 cm, !0 = 2.4 rad/s, ⌦ = 2 rad/s for positive nutation.

Figure 3. Vertical component of velocity in the slice y = 0, amplitude
a = 0.1 cm, !0 = 2.4 rad/s, ⌦ = 2 rad/s for positive nutation.

prevails, leading to concentration of wave energy at wave
attractors, whose linear ”skeletons” can be found by tracing
the wave-ray billiard. The 2D internal wave attractors have
been described in [22], [23]. Since then their relevance has
been recognized in numerous problems of geophysical and
astrophysical hydrodynamics, where an extensive literature
describes attractors in rotating spherical liquid shells [14],
[29], [34]. In ideal fluid, wave attractors represent singular
structures, with infinite concentration of wave energy at their
infinitely thin branches. The regularization of the problem
requires the presence of a dissipative mechanism, which can
be linear (purely viscous) [15], [16], [29]–[31], or more
general [2], [28], where viscosity acts in combination with
wave-wave interactions [6]–[8], [10], [32].

Numerical simulations of wave attractors are quite compli-
cated. In numerical simulations of linear regimes one needs to
resolve the boundary layers at rigid boundaries, and the struc-
ture of the attractor beams, which appear in form of oblique
viscous shear layers. In simulations of strongly nonlinear
regimes, one needs to resolve the small-scale patterns resulting
from a cascade of wave-wave interactions. In a density-
stratified fluid the numerical simulations are complicated by

Figure 4. Vertical component of velocity in the slice z = �15 cm, amplitude
a = 0.1 cm, !0 = 2.4 rad/s, ⌦ = 2 rad/s for negative nutation.

Figure 5. Vertical component of velocity in the slice y = 0, amplitude
a = 0.1 cm, !0 = 2.4 rad/s, ⌦ = 2 rad/s for negative nutation.

necessity to resolve diffusion of the stratifying agent.
It is important to note that the vast majority of studies

on wave attractors is concerned with two-dimensional (plane
or axisymmetric) problems. Existing studies of 3D problems
consider geometrical configurations of wave attractors which
are compatible with a specific shape of the fluid volume [12],
[17], [24]. In the present paper we take another look at
the three-dimensional effects. We consider an axisymmetric
fluid volume, a rotating annulus with a trapezoidal cross-
section as a generatrix. Previous studies of inertial waves in
a rotating annulus, with perturbations introduced by angular
oscillations of the inner cylinder, were focussed at linear and
weakly nonlinear effects [19]. We apply a strong forcing
to the upper boundary of the rotating annulus (physically
this can be done with a version of the apparatus described
in [25]) and explore via direct numerical simulations how
the inertial-wave patterns possessing rotational or purely axial
symmetry in linear regime evolve toward highly complex non-
axisymmetric small-scale wave patterns in nonlinear regime.
The direct numerical simulations are performed with Nek5000
open solver implementing the spectral element method.

The paper is organized as follows. In section 2 we introduce
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• Physics: Excellent experimental set-up to study 
-Wave-turbulence
-Abyssal mixing in the lab

• Mathematics: 
-Spectral properties (modes, quasi-modes)
-Viscosity is a mathematical issue
-Nonlinearity and validity of the approximations

• Real world analog:
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