Gravitational wave turbulence
In the primordial universe
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liGo VIR X: Time: -0.63 seconds

4 new detections [arXiv:1811.12907v1]



History of the Universe
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[Wheeler, PR, 1955] Quantum foam (space time quctuatlons) Quantum GraV|ty

Inflation is explained by introducing an hypothetical scalar field called inflaton [Guth, 1981]
[see however eg: ljjas+, PLB, 2013]
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Einstein equations

[Einstein, SPAW, 1915]

1

=9 [3jglk + Okgj1 — 3l9jk]

Ry = 0,1, — 0,18, + T, T35 — rgﬂrgy =
R =g¢""R,,
fRW: Ricci tensor Tff\,: Christoffel symbol
2 R :Ricciscalar : T,y : stress-energy
g, metric tensor G =6.67 10 m3kg's?
A :cosmological constant ¢ =2.99 102 ms 3




Gravitational waves A=

Exact linear solutions in an empty — flat — Universe: ‘R,w = O‘

9uv = Nuv + Ay, where by, <1

Poincaré-Minkowski |

space-time metric
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Weakly nonlinear general relativity A=0

g,LW — ’]7“1/ + h/“/, WheI‘e h/“/ << ]. RﬂV — O

1
R, = R}) + RY) + RE+RE +—  R()=—-0h,

Triadic interactions: |k = k; + ko and wx = wk, + wy,
WKk = C|k| — Ck

= Collinear wave vectors

We found no contribution on the resonant manifold

Three-wave interactions in GW turbulence does not contribute!

[SG & Nazarenko, PRL, 2017]



Weakly nonlinear general relativity A=0

g is the determinant of g,,,,

: : : : 1
Einstein-Hilbert action: S = - / RV/—gd’x ©
2 R is the scalar curvature

. : : —(Hp)? 0 0 0
Diagonal space-time metric: (Ho)

0
_ Iy = 0 0 (Hy)? 0
0/0z =10 0 0 02 (Hy)?

[Hadad & Zakharov, JGP, 2014] Hy = e_)"y, H, = e—AB, H, = e_)‘oe, Hi = e

(Lamé coefficients)

Lagrangian density:
Give the linear, contribution _
1 (a8, By aB | (0:a)(0xy) | (0yB)(0yY)
== [=£A B} -
= L=5]% B(a)a()7+ﬁ+a

a=F=v=1 AK1 A = ¢1 exp(—iwkt + ik - x) + c2 exp(iwkt + ik - x)




Hadad & Zakharov’s theorem (JGP, 2014)

* Dynamical equations given by: |35 _ .
SA1 — 4 equations
188 _ 8 _ 88 _ g
o — 88 — &y —
* Vacuum Einstein equations: Roo Ro1 Ro2 O
. o — Rll ng 0 o
7 equations Ruo)l=1 _ Rey 0 |~ (0]
- — — Rss

It’s compatible !



Hamiltonian formalism

] ax + a*_k . \/E(ak - a*_k) .
Normal variables: Jx=—"—"X = ,
T K i /5 (Fourier space)

OH
Oay;,

where H = Hpeo + Hint
Hfree — Z:Ida'kl2
k

Hamiltonian equation: iax =

W|th R01=R02=R12=0 we f|nd

1 012304 . asas +a*  a* 5  a* a5 +aga’ . .
Hine = 7 z =5 {[(& + q_s) ks (— — £-5 40 ) + P45 (44 + a* ) (as +a_5)]

13345 Vhaksksks L @ ks + k4 ks — k4 1y
. . P5 Qs asas +aZ a; aZas +asa’y
— — (2B _% — ka [ —
kaks(az —aZy)(az —aZ3) + [ (;D1 Q1) (P2p3 — g243)ks ( Py S Ny )
p4q5 - - Ed -
l 6{‘26}3‘4 { (k . k2)k1p3q4 ( ai1a2 + aila*_z a*_la2 e ala:2) * .
+ = — + a; +a_3)laz +a_
2 K 122:3 4 k1k2k3k4 pPq k2 + kl kg — kl ( 3 3)( 4 4)
klk3p2q4 = - - = * % - *



Kinetic equation of GW turbulence

_ 2
ng = (lax|") Hs .1 =0 — Additional symmetry

, T 1 1 1]
Nk = 477/ |Tll:1k1;°’2|2nk1nk2nk3nk [E + e e nkj d(k + ks — ki — ko) 6(wk + wky — wk, — wk,) dkidkadks,

with T5f = 3 (Wi + W5 +Wig +Wis), Wi = Q35+Q73

12 1 P4 q4 k2(p1ps — q193) P4 q4 k1koks
31 = 2 — — 2 + (12)
4/ k1 koksky P1—DP3 g1 —Gq3 k1 — ks P1—pP3 q1—q3) k1 — k3
( D2 g2 ) k1(psps — q3q4) ( D2 q2 ) k1ksks 2k1k3p2qa 2k1p3(q2ks + k2qa) }
+ - - + + .
P+p2 @t k1 + ko p+p2 @a+q)kit+ke (p1+p)(aa+e)  (pr—p3)(@g—qs)

[SG & Nazarenko, PRL, 2017]

Constant flux (isotropic) spectra:

Energy Wave action
E = // winkdk = const N = // nkdk = const
(1D)  ~1/31.0 IN(lD) 1/37.—2/3] finite
‘Ek ek k ¢k capacity
Direct cascade Inverse cascade




Local approximation: nonlinear diffusion model

e Rigorous derivation is rare (in MHD it’s possible) [SG & Buchlin, ApJ, 2010]
[see also Dyachenko+, PD, 1992]

* Here, it’s a phenomenological model

ON (k) 0 O(EN(k)) 4 N (k)
W_ 2 [kzNz(k) o | VKN () ==
10° - Ny ~ (V/3=2/3
10°- Explosive .
T T Constant
103 - inverse cascade hegative flux
o 10 l o I
=
1073 1
1076 ~——_ .
Initial spectrum
1072 (decay simulation)
10—12 |

102 10° 10" 10" 10 102
k

[SG, Nazarenko, Buchlin & Thalabard, 2018; arXiv:1809.07623v1]
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Anomalous scaling
Old subject (weak & strong)

3 x 10°
[Semikoz & Tkachev, PRL, 1995]
[SG+, JPP, 2000; Lacaze+, Physica D, 2001]

2 % 10° [see eg. Connaughton & Nazarenko, PRL, 2004;
< Nazarenko, JETPL, 2006, Boffetta+, JLTP, 2009]
= . [Thalabard+, JPAMT, 2015]

g
~
| Self-similar solution of the second kind:
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k [SG, Nazarenko, Buchlin & Thalabard, 2018; arXiv:1809.07623v1] t,—t 11




Big-Bang scenario driven by space-time turbulence ?

t > 1OOtP|anck ~104g [SG, Laurie & Nazarenko]
[Nazarenko & Onorato, 2006; 2007] .
[During+, PRE, 2015] A Speculative
|h(k)|? scenario
Strong wave Weak wave
- turbulence turbulence
Formation of/ -1 Taw ~ 1/w
I I
a condensate — k5/3 | v ~ L/ (hec)
t>103"s heNl ?.‘* N kzng
I * B
TGW ~ TNL c ,'\.;d
critical balance : 1ER|E
I ¥ | =
\\ < : : P &
— L ! >
0 k., k kK

The growth of hy(t) is interpreted as an expansion of the Universe

Inflation appears if the growth in time is fast enough
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Comparison with observations
Evolutlon from inflation

(k)24 K
Expansion leads

to dilution
fossil spectrum
for the CMB

k

Small fluctuations are treated in the Newtonian limit: V¢ = 47Gp

B S o Pok) = @2 (k) ~ ko2 ~
327G (2 ¢ —
Prediction compatible with the
(k) = p2(k) ~ p2(k)/k2 ~ k"~ Harrison-Zeldovich spectrum (ng=1) Latest data
[Dodelson+ suence 1996] [Harrison, PRD, 1970; Zeldovich, MNRAS, 1972] [Pllanck coIII., A&A, .2015]
o TN i Planck (T) + lowP
(5T/T ~ 5p/p ~ 10°5) S

0.15
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Conclusion

Theory of weak GW — space-time — turbulence (4 waves)
Explosive inverse cascade of wave action / anomalous scaling

The Riemann (4t" order) curvature tensor is non-trivial

Phenomenological (CB) model of inflation (via a condensate)

= a standard model of inflation (‘no’ tuning parameter)
=> falsifiable predictions (with dns of general relativity)
=> close to elastic wave turbulence [Hassaini+, 2018]

Fossil spectrum ~ compatible with CMB data

Presence of an anomalous scaling in the Planck data (n.<1)

=> necessary to explain the structures in the Universe

=> can this anomalous scaling be explained by turbulence ?
[Semikoz & Tkachev, PRL, 1995 ; Lacaze+, PD, 2001]
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